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Prefaceto the Second Edition

In this second edition, the outline of chapters and sections has been preserved. The
subtitle “An Introduction”, as suggested by several reviewers, has been deleted. The
content, however, is brought up to date, both in the text and in the notes. Many
passages in the text have been either corrected or improved. Some biographical
notes have been added as well as a few exercises and computer assignments. The
typographical appearance has also been improved by printing vectors and matrices
consistently in boldface types.

With regard to computer language in illustrations and exercises, we now adopt
uniformly Matlab. For readers not familiar with Matlab, there are a number of
introductory texts available, some, like Moler [2004], Otto and Denier [2005],
Stanoyevitch [2005] that combine Matlab with numerical computing, others, like
Knight [2000], Higham and Higham [2005], Hunt, Lipsman and Rosenberg [2006],
and Driscoll [2009], more exclusively focused on Matlab.

The major novelty, however, isacomplete set of detailed solutionsto all exercises
and machine assignments. The solution manual is available to instructors upon
reguest at the publisher’s website http://www.birkhauser-science.com/978-0-8176-
8258- 3. Selected solutions are also included in the text to give students an idea of
what is expected. The bibliography has been expanded to reflect technical advances
in the field and to include references to new books and expository accounts. As a
result, the text has undergone an expansion in size of about 20%.

West Lafayette, Indiana Walter Gautschi
November 2011
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Prefaceto the First Edition

The book is designed for use in a graduate program in Numerical Analysis that
is structured so as to include a basic introductory course and subsequent more
specialized courses. The latter are envisaged to cover such topics as numerical
linear algebra, the numerical solution of ordinary and partial differential equations,
and perhaps additional topics related to complex analysis, to multidimensional
analysis, in particular optimization, and to functional analysis and related functional
equations. Viewed in this context, the first four chapters of our book could serve as
a text for the basic introductory course, and the remaining three chapters (which
indeed are at a distinctly higher level) could provide a text for an advanced course
on the numerical solution of ordinary differential equations. In a sense, therefore,
the book breaks with tradition in that it does no longer attempt to deal with all
major topics of numerical mathematics. It is felt by the author that some of the
current subdisciplines, particularly those dealing with linear algebra and partial
differential equations, have developed into major fields of study that have attained
a degree of autonomy and identity that justifies their treatment in separate books
and separate courses on the graduate level. The term “Numerical Analysis’ as
used in this book, therefore, is to be taken in the narrow sense of the numerical
analogue of Mathematical Analysis, comprising such topics as machine arithmetic,
the approximation of functions, approximate differentiation and integration, and the
approximate solution of nonlinear equations and of ordinary differential equations.

What is being covered, on the other hand, is done so with a view toward
stressing basic principles and maintaining simplicity and student-friendliness as far
as possible. In this sense, the book is “An Introduction”. Topics that, even though
important and of current interest, require alevel of technicality that transcends the
bounds of simplicity striven for, are referenced in detailed bibliographic notes at the
end of each chapter. It is hoped, in this way, to place the material treated in proper
context and to help, indeed encourage, the reader to pursue advanced modern topics
in more depth.

A significant feature of the book is the large collection of exercises that
are designed to help the student develop problem-solving skills and to provide
interesting extensions of topics treated in the text. Particular attention is given to
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machine assignments, where the student is encouraged to implement numerical
technigues on the computer and to make use of modern software packages.

The author has taught the basic introductory course and the advanced course on
ordinary differential equations regularly at Purdue University for the last 30 years
or so. The former, typically, was offered both in the fall and spring semesters, to a
mixed audience consisting of graduate (and some good undergraduate) students in
mathematics, computer science, and engineering, while the latter was taught only in
thefall, to asmaller but also mixed audience. Written notes began to materialize in
the 1970s, when the author taught the basic course repeatedly in summer courses on
Mathematics held in Perugia, Italy. Indeed, for some time, these notes existed only
in the Italian language. Over the years, they were progressively expanded, updated,
and transposed into English, and along with that, notes for the advanced course were
developed. This, briefly, is how the present book evolved.

A long gestation period such as this, of course, is not without dangers, the
most notable one being a tendency for the material to become dated. The author
tried to counteract this by constantly updating and revising the notes, adding newer
developments when deemed appropriate. There are, however, benefits as well: over
time, one develops a sense for what is likely to stand the test of time and what
may only be of temporary interest, and one selects and del etes accordingly. Another
benefit is the steady accumulation of exercises and the opportunity to have them
tested on alarge and diverse student population.

The purpose of academic teaching, in the author’s view, is twofold: to transmit
knowledge, and, perhaps more important, to kindle interest and even enthusiasm
in the student. Accordingly, the author did not strive for comprehensiveness —
even within the boundaries delineated — but rather tried to concentrate on what is
essential, interesting and intellectually pleasing, and teachable. In line with this,
an attempt has been made to keep the text uncluttered with numerical examplesand
other illustrative material . Being well aware, however, that mastery of a subject does
not come from studying alone but from active participation, the author provided
many exercises, including machine projects. Attributions of results to specific
authors and citations to the literature have been deliberately omitted from the body
of the text. Each chapter, as aready mentioned, has a set of appended notes that
help the reader to pursue related topicsin more depth and to consult the specialized
literature. 1t is here where attributions and historical remarks are made, and where
citations to the literature — both textbook and research — appear.

The main text is preceded by a prologue, which is intended to place the book in
proper perspective. In addition to other textbooks on the subject, and information
on software, it gives a detailed list of topics not treated in this book, but definitely
belonging to the vast area of computational mathematics, and it provides ample
referencesto relevant texts. A list of numerical analysisjournalsis also included.

The reader is expected to have a good background in calculus and advanced
calculus. Some passages of the text require a modest degree of acquaintance with
linear algebra, complex analysis, or differential equations. These passages, however,
can easily be skipped, without loss of continuity, by a student who is not familiar
with these subjects.
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It is a pleasure to thank the publisher for showing interest in this book and
cooperating in producing it. The author is also grateful to Soren Jensen and Manil
Suri, who taught from this text, and to an anonymous reader; they all made many
helpful suggestions on improving the presentation. He is particularly indebted to
Prof. Jensen for substantially helping in preparing the exercises to Chap. 7. The
author further acknowledges assistance from Carl de Boor in preparing the notes to
Chap. 2 and to Werner C. Rheinboldt for hel ping with the notesto Chap. 4. Last but
not least, he owes a measure of gratitude to Connie Wilson for typing a preliminary
version of the text and to Adam Hammer for assisting the author with the more
intricate aspects of LaTeX.

West Lafayette, Indiana Walter Gautschi
January 1997
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Prologue

P1 Overview

Numerical Analysisis the branch of mathematics that provides tools and methods
for solving mathematical problems in numerical form. The objective is to develop
detailed computational procedures, capable of being implemented on electronic
computers, and to study their performance characteristics. Related fields are ci-
entific Computation, which explores the application of numerical techniques and
computer architecturesto concrete problemsarising in the sciences and engineering;
Complexity Theory, which analyzes the number of “operations’ and the amount of
computer memory required to solve a problem; and Parallel Computation, which
is concerned with organizing computational procedures in a manner that alows
running various parts of the procedures simultaneously on different processors.

The problems dealt with in computational mathematics come from virtually
all branches of pure and applied mathematics. There are computational aspects
in number theory, combinatorics, abstract algebra, linear algebra, approximation
theory, geometry, statistics, optimization, complex analysis, nonlinear equations,
differential and other functional equations, and so on. It is clearly impossible
to deal with all these topics in a single text of reasonable size. Indeed, the
tendency today is to develop specialized texts dealing with one or the other
of these topics. In the present text we concentrate on subject matters that are
basic to problems in approximation theory, nonlinear equations, and differential
equations. Accordingly, we have chapters on machine arithmetic, approximation
and interpolation, numerical differentiation and integration, nonlinear equations,
one-step and multistep methods for ordinary differential equations, and boundary
value problems in ordinary differential equations. Important topics not covered
in this text are computational number theory, algebra, and geometry; constructive
methods in optimization and complex analysis; numerical linear algebra; and the
numerical solution of problemsinvolving partial differential equations and integral
equations. Selected texts for these areas are enumerated in Sect. P3.

XiX



XX Prologue

We now describe briefly the topics treated in this text. Chapter 1 deals with
the basic facts of life regarding machine computation. It recognizes that, although
present-day computers are extremely powerful in terms of computational speed,
reliability, and amount of memory available, they are less than ideal — unless
supplemented by appropriate software — when it comes to the precision available,
and accuracy attainable, in the execution of elementary arithmetic operations. This
raises serious questions as to how arithmetic errors, either present in the input
data of a problem or committed during the execution of a solution algorithm,
affect the accuracy of the desired results. Concepts and tools required to answer
such questions are put forward in this introductory chapter. In Chap. 2, the central
themeisthe approximation of functionshby simpler functions, typically polynomials
and piecewise polynomial functions. Approximation in the sense of least squares
provides an opportunity to introduce orthogonal polynomials, which are relevant
also in connection with problemsof numerical integrationtreated in Chap. 3. A large
part of the chapter, however, deals with polynomial interpolation and associated
error estimates, which are basic to many numerical procedures for integrating
functions and differential equations. Also discussed briefly is inverse interpolation,
an idea useful in solving equations.

First applications of interpolation theory are given in Chap. 3, where the tasks
presented are the computation of derivatives and definite integrals. Although the
formulae devel oped for derivatives are subject to the detrimental effects of machine
arithmetic, they are useful, nevertheless, for purposes of discretizing differential
operators. The treatment of numerical integration includes routine procedures, such
as the trapezoidal and Simpson’srules, appropriate for well-behaved integrands, as
well as the more sophisticated procedures based on Gaussian quadrature to deal
with singularities. It is here where orthogonal polynomials reappear. The method of
undetermined coefficientsis another technique for devel oping integration formulae.
It is applied to approximate general linear functionals, the Peano representation
of linear functionals providing an important tool for estimating the error. The
chapter ends with a discussion of extrapolation techniques; although applicable to
more general problems, they are inserted here since the composite trapezoidal rule
together with the Euler—Maclaurin formula provides the best-known application —
Romberg integration.

Chapter 4 deals with iterative methods for solving nonlinear equations and
systemsthereof, the piece de résistance being Newton’s method. The emphasis here
lies in the study of, and the tools necessary to analyze, convergence. The special
case of algebraic equationsis also briefly given attention.

Chapter 5 is the first of three chapters devoted to the numerical solution of
ordinary differential equations. It concernsitself with one-step methods for solving
initial value problems, such as the Runge-Kutta method, and gives a detailed
analysis of local and global errors. Also included is a brief introduction to stiff
equations and specia methods to deal with them. Multistep methods and, in
particular, Dahlquist’s theory of stability and its applications, is the subject of
Chap. 6. Thefinal chapter (Chap. 7) is devoted to boundary value problemsand their
solution by shooting methods, finite difference techniques, and variational methods.
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P2 Numerical Analysis Software

There are many software packages available, both in the public domain and dis-
tributed commercially, that deal with numerical analysis algorithms. A widely used
sourceof numerical softwareisNetlib, accessibleatht t p: // www. net 1 i b. or g.

Large collections of general-purpose numerical algorithms are contained in
sources such as Slatec (http://ww. netlib. org/slatec) and TOMS
(ACM Transactions on Mathematical Software). Specialized packages relevant
to the topics in the chapters ahead are identified in the “Notes’ to each chapter.
Likewise, specific files needed to do some of the machine assignments in the
Exercises are identified as part of the exercise.

Among the commercial software packages we mention the Visual Numerics
(formerly IMSL) and NAG libraries. Interactive systems include HiQ, Macsyma,
Maple, Mathcad, Mathematica, and Matlab. Many of these packages, in addition
to numerical computation, have symbolic computation and graphics capabilities.
Further information is availablein the Netlib file commer ci al . For morelibraries,
and for interactive systems, also see Lozier and Olver [1994, Sect. 3].

In this text we consistently use Matlab as a vehicle for describing algorithms
and as the software tool for carrying out some of the exercises and all machine
assignments.

P3 Textbooksand Monographs

We provide here an annotated list (ordered alphabetically with respect to authors)
of other textbooks on numerical analysis, written at about the same, or higher, level
as the present one. Following this, we also mention books and monographs dealing
with topicsin computational mathematicsnot coveredin our (and many other) books
on numerical analysis. Additional books dealing with specialized subject areas, as
well as other literature, are referenced in the “Notes” to the individual chapters. We
generaly restrict ourselves to books written in English and, with a few exceptions,
published within the last 25 years or so. Even so, we have had to be selective. (No
valuejudgment isto beimplied by our selectionsor omissions.) A reader with access
to the AMS (American Mathematical Society) MathSci Net homepage will have no
difficulty in retrieving amore completelist of relevant items, including older texts.

P3.1 Selected Textbooks on Numerical Analysis

Atkinson [1989] A comprehensive in-depth treatment of standard topics short of
partial differential equations; includes an appendix describing some of the better-
known software packages.
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Atkinson and Han[2009] An advanced text on theoretical (as opposed to com-
putational) aspects of numerical analysis, making extensive use of functional
anaysis.

Bruce, Giblin, and Rippon [1990] A collection of interesting mathematical prob-
lems, ranging from number theory and computer-aided design to differential
equations, that require the use of computersfor their solution.

Cheney and Kincaid [1994] Although an undergraduate text, it covers a broad
area, has many examples from science and engineering as well as computer
programs; there are many exercises, including machine assignments.

Conteand de Boor [1980] A widely used text for upper-division undergraduate
students; written for a broad audience, with algorithmic concerns in the fore-
ground; has Fortran subroutines for many algorithms discussed in the text.

Dahlquist and Bjorck [2003, 2008] The first (2003) text — a reprint of the 1974
classic — provides a comprehensive introduction to all major fields of numerical
analysis, striking a good balance between theoretical issues and more practical
ones. The second text expands substantially on the more elementary topics
treated in the first and represents the first volume of more to come.

Deuflhard and Hohmann[2003]  An introductory text with emphasis on machine
computation and algorithms; includes discussions of three-term recurrence
relations and stochastic eigenvalue problems (not usually found in textbooks),
but no differential equations.

Froberg [1985] A thorough and exceptionally lucid exposition of all major topics
of numerical analysis exclusive of algorithms and computer programs.

Hammerlin and Hoffmann[1991] Similar to Stoer and Bulirsch [2002] in its
emphasis on mathematical theory; has more on approximation theory and
multivariate interpolation and integration, but nothing on differential equations.

Householder [2006] A reissue of one of the early mathematical texts on the
subject, with coverage limited to systems of linear and nonlinear equations and
topicsin approximation.

Isaacson and Keller [1994]  One of the older but still eminently readable texts,
stressing the mathematical analysis of numerical methods.

Kincaid and Cheney [1996] Related to Cheney and Kincaid [1994] but more
mathematically oriented and unusually rich in exercises and bibliographic items.

Kress[1998] A rather comprehensive text with a strong functional analysis
component.

Neumaier [2001] A text emphasizing robust computation, including interval
arithmetic.

Rutishauser [1990] An annotated trandation from the German of an older text
based on posthumous notes by one of the pioneers of numerical analysis;
although the subject matter reflects the state of the art in the early 1970s, the
treatment is highly origina and is supplemented by translator’s notes to each
chapter pointing to more recent devel opments.

Schwarz [1989] A mathematically oriented treatment of al major areas of numer-
ical analysis, including ordinary and partial differential equations.



P3  Textbooks and Monographs XXiii

Stoer and Bulirsch [2002]  Fairly comprehensive in coverage; written in a style
appealing more to mathematicians than engineers and computer scientists; has
many exercises and bibliographic references; serves not only as a textbook but
also as areference work.

Todd [1979, 1977] Rather unique books, emphasizing problem-solving in areas
often not covered in other books on numerical analysis.

P3.2 Monographs and Books on Specialized Topics

A collection of outstanding survey papers on specialized topics in numerical
analysis is being assembled by Ciarlet and Lions [1990-2003] in handbooks of
numerical analysis, nine volumes have appeared so far. Another source of surveys
on avariety of topicsis Acta numerica, an annua series of books edited by |serles
[1992—-2010], of which 19 volumes have been published so far. For an authoritative
account of the history of nhumerical analysis from the 16th through the 19th century,
the reader is referred to the book by Goldstine [1977]. For more recent history, see
Bultheel and Cools, eds. [2010].

The related areas of Scientific Computing and Parallel Computing are rather
more recent fields of study. Basic introductory texts are Scott et a. [2005]
and Tveito and Winter [2009]. Texts relevant to linear algebra and differential
equations are Schendel [1984], Ortega and Voigt [1985], Ortega [1989], Golub
and Ortega [1992], [1993], Van de Velde [1994], Burrage [1995], Heath [1997],
Deuflhard and Bornemann [2002], O’ Leary [2009], and Quarteroni et a. [2010].
Other texts address topics in optimization, Pardalos et al. [1992] and Gonnet
and Scholl [2009]; computational geometry, Akl and Lyons [1993]; and other
miscellaneousareas, Crandall [1994], [1996], Kockler [1994], Bellomo and Preziosi
[1995], Danaila et al. [2007], and Farin and Hansford [2008]. Interesting historical
essays are contained in Nash, ed. [1990]. Matters regarding the Complexity of
numerical algorithms are discussed in an abstract framework in books by Traub and
Wozniakowski [1980] and Traub, Wasilkowski, and WoZzniakowski [1983], [1988],
with applicationsto the numerical integration of functions and nonlinear equations,
and similarly, applied to elliptic partial differential equationsand integral equations,
in the book by Werschulz [1991]. Other treatments are those by Krongjd [1987], Ko
[1991], Bini and Pan [1994], Wang et al. [1994], Traub and Werschulz [1998], Ritter
[2000], and Novak et al. [2009]. For an in-depth complexity analysis of Newton's
method, the reader is encouraged to study Smale’s[1987] lecture.

Material on Computational Number Theory can be found, at the undergraduate
level, inthe book by Rosen [2000], which also contains applicationsto cryptography
and computer science, and in Allenby and Redfern [1989], and at a more advanced
level in the books by Niven et al. [1991], Cohen [1993], and Bach and Shallit
[1996]. Computational methods of factorization are dealt with in the book by
Riesel [1994]. Other useful sources are the set of lecture notes by Pohst [1993]
on agebraic number theory agorithms, and the proceedings volumes edited by
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Pomerance [1990] and Gautschi [1994a, Part I1]. For algorithmsin Combinatorics,
see the books by Nijenhuis and Wilf [1978], Hu and Shing [2002], and Cormen et
a. [2009]. Various aspects of Computer Algebra are treated in the books by Geddes
etal. [1992], Mignotte [1992], Davenport et al. [1993], Mishra[1993], Heck [2003],
and Cox et al. [2007].

Other relatively new disciplines are Computational Geometry and Geometric
Modeling, Computer-Aided Design, and Computational Topology, for which rel-
evant texts are, respectively, Preparata and Shamos [1985], Edelsbrunner [1987],
Mantyla[1988], Taylor [1992], McL eod and Baart [1998], Gallier [2000], Cohen et
a. [2001], and Salomon [2006]; Hoschek and Lasser [1993], Farin [1997], [1999],
and Prautsch et al. [2002] ; Edel sbrunner [2006], and Edel sbrunner and Harer [2010].
Satistical Computing is covered in general textbooks such as Kennedy and Gentle
[1980], Anscombe [1981], Maindonald [1984], Thisted [1988], Monahan [2001],
Gentle [2009], and Lange [2010]. More specialized texts are Devroye [1986] and
Hormann et al. [2004] on the generation of nonuniform random variables, Spath
[1992] on regression analysis, Heiberger [1989] on the design of experiments,
Stewart [1994] on Markov chains, Xiu [2010] on stochastic computing and uncer-
tainty quantification, and Fang and Wang [1994], Manno [1999], Gentle [2003],
Liu[2008], Shonkwiler and Mendivil [2009], and Lemieux [2009] on Monte Carlo
and number-theoretic methods. Numerical techniques in Optimization (including
optimal control problems) are discussed in Evtushenko [1985]. An introductory
book on unconstrained optimization is Wolfe [1978]; among more advanced and
broader texts on optimization techniques we mention Gill et a. [1981], Ciarlet
[1989], and Fletcher [2001]. Linear programming is treated in Nazareth [1987] and
Panik [1996], linear and quadratic problems in Sima [1996], and the application of
conjugate direction methods to problems in optimization in Hestenes [1980]. The
most comprehensivetext on (numerical and applied) Complex Analysisis the three-
volume treatise by Henrici [1988, 1991, 1986]. Numerical methods for conformal
mapping are also treated in Kythe [1998], Schinzinger and Laura [2003], and
Papamichael and Stylianopoulos[2010]. For approximation in the complex domain,
the standard text is Gaier [1987]; Stenger [1993] deals with approximation by
sinc functions, Stenger [2011] providing some 450 Matlab programs. The book by
I serles and Ngrsett [1991] contains interesting discussions on the interface between
complex rational approximation and the stability theory of discretized differential
equations. The impact of high-precision computation on problems and conjectures
involving complex approximation is beautifully illustrated in the set of lectures by
Varga[1990].

For an in-depth treatment of many of the preceding topics, also see the four-
volume work of Knuth [1975, 1981, 1973, 2005-2006].

Perhaps the most significant topic omitted in our book is numerical linear algebra
and its application to solving partial differential equations by finite difference or
finite element methods. Fortunately, there are many treatises available that address
theseareas. For Numerical Linear Algebra, werefer to the classic work of Wilkinson
[1988] and the book by Golub and Van Loan [1996]. Links and applications
of matrix computation to orthogonal polynomials and quadrature are the subject
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of Golub and Meurant [2010]. Other general texts are Jennings and McKeown
[1992], Watkins [2002], [2007], Demmel [1997], Trefethen and Bau [1997], Stewart
[1973], [1998], Meurant [1999], White [2007], Allaire and Kaber [2008], and
Datta [2010]; Higham [2002], [2008] has a comprehensive treatment of error and
stability analysesand thefirst, equally extensive, treatment of the numerics of matrix
functions. Solving linear systems on vector and shared memory parallel computers
and the use of linear algebra packages on high-performance computersare discussed
in Dongarra et al. [1991], [1998]. The solution of sparse linear systems and the
special data structures and pivoting strategies required in direct methods are treated
in Psterby and Zlatev [1983], Duff et al. [1989], Zlatev [1991], and Davis [2006],
whereas iterative techniques are discussed in the classic texts by Young [2003]
and Varga [2000], and in II'in [1992], Hackbusch [1994], Weiss [1996], Fischer
[1996], Brezinski [1997], Greenbaum [1997], Saad [2003], Broyden and Vespucci
[2004], Hageman and Young [2004], Meurant [2006], Chan and Jin [2007], Byrne
[2008], and Woznicki [2009]. The books by Branham [1990] and Bjorck [1996]
are devoted especially to least squares problems. For eigenvalues, see Chatelin
[1983], [1993], and for a good introduction to the numerical analysis of symmetric
eigenvalue problems, see Parlett [1998]. The currently very active investigation of
large sparse symmetric and nonsymmetric eigenvalue problems and their solution
by Lanczos-type methods has given rise to many books, for example, Cullum and
Willoughby [1985], [2002], Meyer [1987], Sehmi [1989], and Saad [1992]. For
structured and sympl ectic eigenval ue problems, see Fassbender [2000] and Kressner
[2005], and for inverse eigenvalue problems, Xu [1998] and Chu and Golub [2005].
For readers wishing to test their algorithms on specific matrices, the collection of
test matrices in Gregory and Karney [1978] and the “matrix market” on the Web
(http:// math. nist.gov./MatrixMarket ) are useful sources.

Even more extensive is the textbook literature on the numerical solution of Par-
tial Differential Equations. Thefield has grown so much that thereare currently only
afew booksthat attempt to cover the subject more or less as awhole. Among these
are Birkhoff and Lynch [1984] (for elliptic problems), Hall and Porsching [1990],
Ames [1992], Celia and Gray [1992], Larsson and Thomée [2003], Quarteroni and
Valli [1994], Morton and Mayers [2005], Sewell [2005], Quarteroni [2009], and
Tveito and Winter [2009]. Variational and finite element methods seem to have
attracted the most attention. An early and still frequently cited reference is the
book by Ciarlet [2002] (a reprint of the 1978 original); among more recent texts
we mention Beltzer [1990] (using symbolic computation), K¥izek and Neittaanmaki
[1990], Brezzi and Fortin [1991], Schwab [1998], Kwon and Bang [2000] (using
Matlab), Zienkiewicz and Taylor [2000], Axelsson and Barker [2001], BabuSka
and Strouboulis [2001], Hollig [2003], Monk [2003] (for Maxwell’s equation),
Ern and Guermonde [2004], Kythe and Wei [2004], Reddy [2004], Chen [2005],
Elman et al. [2005], Thomée [2006] (for parabolic equations), Braess [2007],
Demkowicz [2007], Brenner and Scott [2008], Bochev and Gunzburger [2009],
Efendiev and Hou [2009], and Johnson [2009]. Finite difference methods are treated
in Ashyralyev and Sobolevskil [1994], Gustafsson et al. [1995], Thomas [1995],
[1999], Samarskii [2001], Strikwerda [2004], LeVeque [2007], and Gustafsson
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[2008]; the method of lines in Schiesser [1991]; and the more refined techniques
of multigrids and domain decomposition in McCormick [1989], [1992], Bramble
[1993], Shaidurov [1995], Smith et al. [1996], Quarteroni and Valli [1999], Briggs
et a. [2000], Toselli and Widlund [2005], and M athew [2008]. Problemsin potential
theory and elasticity are often approached viaboundary element methods, for which
representative texts are Brebbia and Dominguez [1992], Chen and Zhou [1992],
Hall [1994], and Steinbach [2008]. A discussion of conservation lawsisgivenin the
classic monograph by Lax [1973] and more recently in LeVeque [1992], Godlewski
and Raviart [1996], Kroner [1997], and LeVeque [2002]. Spectral methods, i.e.,
expansionsin (typically) orthogonal polynomials, applied to a variety of problems,
were pioneered in the monograph by Gottlieb and Orszag [1977] and have received
extensive treatments in more recent texts by Canuto et al. [1988], [2006], [2007],
Fornberg [1996], Guo [1998], Trefethen [2000] (in Matlab), Boyd [2001], Peyret
[2002], Hesthaven et al. [2007], and Kopriva[2009].

Early, but still relevant, texts on the numerical solution of Integral Equationsare
Atkinson [1976] and Baker [1977]. More recent treatises are Atkinson [1997] and
Kythe and Puri [2002]. Volterraintegral equationsare dealt with by Brunner and van
der Houwen [1986] and Brunner [2004], whereas singular integral equations are the
subject of Prossdorf and Silbermann [1991].

P4 Journals

Here we list the major journals (in aphabetical order) covering the areas of
numerical analysis and mathematical software.

ACM Transactions on Mathematical Software

Applied Numerical Mathematics

BIT Numerical Mathematics

Calcolo

Chinese Journal of Numerical Mathematics and Applications
Computational Mathematics and Mathematical Physics
Computing

IMA Journal on Numerical Analysis

Journal of Computational and Applied Mathematics
Mathematical Modelling and Numerical Analysis
Mathematics of Computation

Numerical Algorithms

Numerische Mathematik

SIAM Journal on Numerical Analysis

SIAM Journal on Scientific Computing



Chapter 1
Machine Arithmetic and Related M atters

The questions addressed in this first chapter are fundamental in the sense that
they are relevant in any situation that involves numerical machine computation,
regardless of the kind of problem that gave rise to these computations. In the first
place, one has to be aware of the rather primitive type of number system available
on computers. Itisbasically afinite system of numbersof finitelength, thusafar cry
from the idealistic number system familiar to us from mathematical analysis. The
passage from areal number to a machine number entails rounding, and thus small
errors, called roundoff errors. Additional errors are introduced when the individual
arithmetic operations are carried out on the computer. In themselves, these errors
are harmless, but acting in concert and propagating through a lengthy computation,
they can have significant — even disastrous — effects.

Most problems involve input data not representable exactly on the computer.
Therefore, even before the solution process starts, simply by storing the input in
computer memory, the problem is already slightly perturbed, owing to the necessity
of rounding theinput. It isimportant, then, to estimate how such small perturbations
in the input affect the output, the solution of the problem. This is the question of
the (numerical) condition of a problem: the problemis called well conditioned if the
changes in the solution of the problem are of the same order of magnitude as the
perturbations in the input that caused those changes. If, on the other hand, they
are much larger, the problem is called ill conditioned. It is desirable to measure by
a single number — the condition number of the problem — the extent to which the
solution is sensitive to perturbationsin the input. The larger this number, the more
ill conditioned the problem.

Once the solution process starts, additional rounding errors will be committed,
which also contaminate the solution. The resulting errors, in contrast to those
caused by input errors, depend on the particular solution algorithm. 1t makes sense,
therefore, to also talk about the condition of an algorithm, although its analysisis
usually quite a bit harder. The quality of the computed solution is then determined
by both (essentially the product of) the condition of the problem and the condition
of the algorithm.

W. Gautschi, Numerical Analysis, DOI 10.1007/978-0-8176-8259-0_1, 1
© Springer Sciencet+Business Media, LLC 1997, 2012



2 1 Machine Arithmetic and Related Matters
1.1 Real Numbers, Machine Numbers, and Rounding

We begin with the number system commonly used in mathematical analysis and
confront it with the more primitive number system available to us on any particular
computer. We identify the basic constant (the machine precision) that determines
the level of precision attainable on such a computer.

1.1.1 Real Numbers

One can introduce rea numbers in many different ways. Mathematicians favor
the axiomatic approach, which leads them to define the set of real numbers as a
“complete Archimedean ordered field.” Here we adopt a more pedestrian attitude
and consider the set of real numbers R to consist of positive and negative numbers
represented in some appropriate number system and manipulated in the usual
manner known from elementary arithmetic. We adopt here the binary number
system, since it is the one most commonly used on computers. Thus,

xeRIff x = £ (5,2" + by 12" 4 bg+ b 27+ b 272410 (L)
Heren > 0 is someinteger, and the “binary digits’ b; are either O or 1,
bi=0o0r b; =1 foradl i. (1.2

It is important to note that in general we need infinitely many binary digits to
represent a real number. We conveniently write such a number in the abbreviated
form (familiar from the decimal number system)

X =2 (bpby1-+bo.b_1b_2b_3--),, (13

where the subscript 2 at the end is to remind us that we are dealing with a binary
number. (Without this subscript, the number could also be read as a decimal number,
which would be a source of ambiguity.) The dot in (1.3) — appropriately called the
binary point — separates the integer part on the left from the fractional part on the
right. Note that representation (1.3) is not unique, for example, (0.0111...), =
(0.1),. We regain uniqueness if we always insist on a finite representation, if one
exists.

1
Examples. 1. (10011.01); =2* +2' +2°+272=164+2+ 1+ 1= (19.25)10

00 %) 1371\
2. (01010T..)p= } 27 =3 2" =13 (z)
k=2 m=1

m=0
(k even)

1 _
11— 3 = (0.333.. )1
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1 _
3. 5= (021 = (0.0011001T...),

To determine the binary digits on the right, one keeps multiplying by 2 and
observing the integer part in the result; if it is zero, the binary digit in question
is 0, otherwise 1. In the latter case, the integral part is removed and the process
repeated.

Thelast exampleis of interest insofar asit showsthat to afinite decimal number
there may correspond a (nontrivial) infinite binary representation. One cannot
assume, therefore, that a finite decimal number is exactly representable on a binary
computer. Conversely, however, to afinite binary number there always corresponds
afinite decimal representation. (Why?)

1.1.2 Machine Numbers

There are two kinds of machine numbers: floating point and fixed point. The first
correspondsto the “scientific notation” in the decimal system, whereby a number is
written as adecimal fraction times an integral power of 10. The second allows only
for fractions. On abinary computer, one consistently uses powers of 2 instead of 10.
Moreimportant, the number of binary digits, both in the fraction and in the exponent
of 2 (if any), isfinite and cannot exceed certain limits that are characteristics of the
particular computer at hand.

1.1.2.1 Floating-Point Numbers

We denote by ¢ the number of binary digits allowed by the computer in thefractional
part and by s the number of binary digits in the exponent. Then the set of (real)
floating-point numbers on that computer will be denoted by R(z, s). Thus,

x € R(z,s) iff x = f-2°, (1.4

where, in the notation of (1.3),
S =Fx(bytby--by)r, e=FE(cs—1Cs—2"Cp.)a. (15)
Here dl b; and ¢; are binary digits, that is, either zero or one. The binary fraction
f isusualy referred to as the mantissa of x and the integer e as the exponent of x.
The number x in (1.4) issaid to be normalized if initsfraction f wehaveb_; = 1.

We assumethat al numbersinR(z, s) are normalized (with the exception of x = 0,
which is treated as a special number). If x # 0 were not normalized, we could
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+ b*l b,2 e bft + Cs—1 Cs—2 e Co

t  bits s bits

Fig. 1.1 Packing of a floating-point number in a machine register

multiply £ by an appropriate power of 2, to normalize it, and adjust the exponent
accordingly. This is always possible as long as the adjusted exponent is still in the
admissible range.

We can think of a floating-point number (1.4) as being accommodated in a
machineregister asshownin Fig. 1.1. Thefigure does not quite correspond to reality,
but is close enough to it for our purposes.

Note that the set (1.4) of normalized floating-point numbersis finite and is thus
represented by afinite set of points on thereal line. What is worse, these points are
not uniformly distributed (cf. Ex. 1). This, then, isall we have to work with!

It is immediately clear from (1.4) and (1.5) that the largest and smallest
magnitude of a (normalized) floating-point number is given, respectively, by

max |x| = (1—-2"2%""" min |x| =277. 1.6
xeR(t.s)|x| ( ) xe]R(t,s)|x| ( )

On a Sun Sparc workstation, for example, one has ¢ = 23, s = 7, 0 that the
maximum and minimum in (1.6) are 1.70 x 10° and 2.94 x 107, respectively.
(Because of an asymmetric internal hardware representation of the exponent on
these computers, the true range of floating-point numbers is dightly shifted, more
like from 1.18 x 1073® to 3.40 x 10%.) Matlab arithmetic, essentially double
precision, usest = 53 and s = 10, which greatly expands the number range from
something like 1073% to 10139,

A real nonzero number whose modulus is not in the range determined by (1.6)
cannot be represented on this particular computer. If such a number is produced
during the course of a computation, one says that overflow has occurred if its
modulus is larger than the maximum in (1.6) and underflow if it is smaller than
the minimum in (1.6). The occurrence of overflow is fatal, and the machine (or its
operating system) usually prompts the computation to be interrupted. Underflow
is less serious, and one may get away with replacing the delinquent number by
zero. However, this is not foolproof. Imagine that at the next step the number that
underflowed is to be multiplied by a huge number. If the replacement by zero has
been made, the result will always be zero.

To increase the precision, one can use two machine registers to represent a
machine number. In effect, one then embeds R(z,s) C R(2¢,s), and calls x €
R(2t, s) adouble-precision number.
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+ b—l })_2 et b—t b*(t+l) b*(tﬁ»s)

Fig. 1.2 Packing of afixed-point number in a machine register

1.1.2.2 Fixed-Point Numbers

Thisisthe case (1.4) wheree = 0. That is, fixed-point numbers are binary fractions,
x = f, hence |f| < 1. We can therefore only deal with numbers that are in
the interval (-1,1). This, in particular, requires extensive scaling and rescaling to
make sure that all initial data, aswell as all intermediate and final results, lie in that
interval. Such a complication can only be justified in special circumstances where
machine time and/or precision is at a premium. Note that on the same computer as
considered before, we do not need to allocate space for the exponent in the machine
register, and thus havein effect s 4+ binary digitsavailablefor thefraction £, hence
more precision; cf. Fig. 1.2.

1.1.2.3 Other Data Structuresfor Numbers

Complex floating-point numbers consist of pairs of real floating-point numbers,
the first of the pair representing the real part and the second the imaginary part.
To avoid rounding errors in arithmetic operations atogether, one can employ
rational arithmetic, in which each (rational) number is represented by a pair
of extended-precision integers — the numerator and denominator of the rational
number. The Euclidean algorithm is used to remove common factors. A device
that allows keeping track of error propagation and the influence of data errors is
interval arithmetic involving intervals guaranteed to contain the desired numbers. In
complex arithmetic, one employs rectangular or circular domains.

1.1.3 Rounding

A machineregister acts much like the infamous Procrustes bed in Greek mythology.
Procrustes was the innkeeper whose inn had only beds of one size. If afellow came
along who was too tall to fit into his beds, he cut off his feet. If the fellow was too
short, he stretched him. In the same way, if areal number comes along that is too
long, its tail end (not the head) is cutoff; if it is too short, it is padded by zeros at
the end.
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More specificaly, let

o0
xeR, x =4+ (Zb_kz—k) 2¢ (1.7)
k=1

be the “exact” real number (in normalized floating-point form) and

t
x* eR(t,s), x* =+ (Zbikz—k) 2¢" (1.8)

k=1

the rounded number. One then distinguishes between two methods of rounding, the
first being Procrustes’ method.

(@) Chopping. One takes
x* =chop(x), € =e, b*, =b_y for k =1,2,...,1. (1.9

(b) Symmetric rounding. This correspondsto the familiar rounding up or rounding
down in decimal arithmetic, based on the first discarded decimal digit: if it is
larger than or equal to 5, one rounds up; if it islessthan 5, one rounds down. In
binary arithmetic, the procedure is somewhat simpler, since there are only two
possibilities: either thefirst discarded binary digitis 1, in which case one rounds
up, or it is 0, in which case one rounds down. We can write the procedure very
simply in terms of the chop operationin (1.9):

x* =rd(x), rd(x) := chop (x + % 27! -26) . (1.10)

Thereisasmall error incurred in rounding, which is most easily estimated in the
case of chopping. Here the absolute error |x — x*| is

o0
|lx — chop(x)| = [ > b 27| 2¢
k=t+1
o0
< Z 27k .06 =27 . 0¢,
k=t+1

It depends on e (i.e., the magnitude of x), which is the reason why one prefers the
relativeerror |(x — x*) /x| (if x # 0), which, for normalized x, can be estimated as
x — chop(x) 27t.2¢ - 27".2¢

00 L. 9e
iZb_kz_"
k=1

<

=2.27", (1.11)

2¢ 2
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Similarly, in the case of symmetric rounding, one finds (cf. Ex. 6)

x — rd(x)
X

<27 (1.12)

The number on the right is an important, machine-dependent quantity, called the
machine precision (or unit roundoff),

eps=27"; (1.13)

it determines the level of precision of any large-scale floating-point computation.
In Matlab double-precision arithmetic, one has ¢ = 53, so that eps ~ 1.11 x 1076
(cf. EX. 5), corresponding to a precision of 15-16 significant decimal digits.

Since it is awkward to work with inequalities, one prefers writing (1.12)
equivalently as an equality,

rd(x) = x(1 +¢), |e| < eps, (1.14)

and defers dealing with the inequality (for ¢) to the very end.

1.2 Machine Arithmetic

The arithmetic used on computers unfortunately does not respect the laws of
ordinary arithmetic. Each elementary floating-point operation, in general, generates
asmall error that may then propagate through subsequent machine operations. As
arule, this error propagation is harmless, except in the case of subtraction, where
cancellation effects may seriously compromise the accuracy of the results.

1.2.1 A Modd of Machine Arithmetic

Any of the four basic arithmetic operations, when applied to two machine numbers,
may produce a result no longer representable on the computer. We have therefore
errorsal so associated with arithmetic operations. Barring the occurrence of overflow
or underflow, we may assume as amodel of machine arithmetic that each arithmetic
operation o (= +, —, x, /) produces a correctly rounded result. Thus, if x,y €
R(z,s) are floating-point machine numbers, and fl(xoy) denotes the machine-
produced result of the arithmetic operation xoy, then

fl(xoy) = xoy (1 + ¢), |e| < eps. (1.15)
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This can be interpreted in a number of ways, for example, in the case of
multiplication,

flixxy)=x(+e)]xy=xxy(4+e]=cVI+e)x(yv/1+e) =---.

In each equation we identify the computed result as the exact result on data that are
dlightly perturbed, whereby the respective relative perturbations can be estimated,
for example, by |¢| < epsin thefirst two equations, and /T + € ~ 1 + ¢, |1¢| <
%eps in the third. These are elementary examples of backward error analysis, a
powerful tool for estimating errors in machine computation (cf. also Sect. 1.3).

Even though a single arithmetic operation causes a small error that can be
neglected, asuccession of arithmetic operations can well result in asignificant error,
owing to error propagation. It is like the small microorganismsthat we all carry in
our bodies: if our defense mechanism isin good order, the microorganisms cause no
harm, in spite of their large presence. If for some reason our defenses are weakened,
then all of asudden they can play havoc with our health. The sameistruein machine
computation: the rounding errors, athough widespread, will causelittle harm unless
our computations contain some weak spots that allow rounding errors to take over
to the point of completely invalidating the results. We learn about one such weak
spot (indeed the only one) in the next section.!

1.2.2 Error Propagation in Arithmetic Operations.
Cancellation Error

We now study the extent to which the basic arithmetic operations propagate
errors already present in their operands. Previoudly, in Sect. 1.2.1, we assumed the

'Rounding errors can aso have significant implications in rea life. One example, taken from
politics, concerns the problem of apportionment: how should the representatives in an assembly,
such as the US House of Representatives or the Electoral College, be constituted to fairly reflect
the size of population in the various states? If the total number of representatives in the assembly
isgiven, say, A, thetotal population of the USis P, and the population of Statei is p;, then State
i should be allocated
rp = &A
P

representatives. The problem isthat »; isnot an integer, in general. How then should r; be rounded
to an integer r*? One can think of three natural criteria to be imposed: (1) r* should be one
of the two integers closest to r; (“quota condition™). (2) If A isincreased, al other things being
the same, then r;* should not decrease (“ house monotonicity”). (3) If p; isincreased, the other p;
remaining constant, then r;* should not decrease (“ population monotonicity”). Unfortunately, there
is no apportionment method that satisfies all three criteria. There is indeed a case in US history
when Samuel J. Tilden lost his bid for the presidency in 1876 in favor of Rutherford B. Hayes,
purely on the basis of the apportionment method adopted on that occasion (which, incidentally,
was not the one prescribed by law at the time).
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operandsto be exact machine-representablenumbersand discussed the errorsdue to
imperfect execution of the arithmetic operations by the computer. We now change
our viewpoint and assume that the operands themselves are contaminated by errors,
but the arithmetic operations are carried out exactly. (We aready know what to do,
cf. (1.15), when we are dealing with machine operations.) Our interest is in the
errorsin the results caused by errorsin the data.

@

(b)

(©

Multiplication. We consider values x(1 + &) and y(1 + &,) of x and y
contaminated by relative errorse, and s, respectively. What isthe rel etive error
in the product? We assume ¢, ¢, sufficiently small so that quantities of second
order, €2, e e, si —and even more so, quantities of still higher order — can be
neglected against the epsilons themselves. Then

x(1+ey)-y(1 +8y) =x-y( +8x+8y+8x€y) ~x-y(l +5x+8y)-
Thus, the relative error ¢.., in the product is given (at least approximately) by
Exy = Ex + &), (1.16)

that is, the (relative) errorsin the data are being added to produce the (relative)
error in the result. We consider this to be acceptable error propagation, and in
this sense, multiplication is a benign operation.

Division. Here we have similarly (if y # 0)

x(1 4 &) X 2
S T S | (1 — 4.
y(1+¢,) .f Tedmey e =t

X
~ _(1 + &x _gy),
y
that is,

Ex/y = Ex — Ey. (1.17)

Also division is a benign operation.
Addition and subtraction. Since x and y can be numbers of arbitrary signs, it
sufficesto look at addition. We have

x(I+e)+y(d+e)=x+y+xe+ys,

X&y + ysy)

=(x+y)(1+ Xty

assuming x + y # 0. Therefore,

T e+ 2, (1.18)

Ex+y = Ex
T Y4y xX+y
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!

T = 1 011001010b b ggyg g e

Yy = 101100101V V gggyg e

r—y= 0000000000V bV gggg e
V'Y g g g g ? 7722772 e—9

T
Fig. 1.3 The cancellation phenomenon

As before, the error in the result is a linear combination of the errors in the
data, but now the coefficients are no longer 1 but can assume values that are
arbitrarily large. Note first, however, that when x and y have the same sign, then
both coefficients are positive and bounded by 1, so that

lex+yl < lex| +ey] (x-y > 0); (1.19)

addition, in this case, is again a benign operation. It is only when x and y have
opposite signs that the coefficients in (1.18) can be arbitrarily large, namely, when
|x + y| isarbitrarily small comparedto |x| and | y|. Thishappenswhen x and y are
almost equal in absolute value, but oppositein sign. The large magnification of error
then occurring in (1.18) is referred to as cancellation error. It is the only serious
weakness — the Achilles heel, as it were — of numerical computation, and it should
be avoided whenever possible. In particular, one should be prepared to encounter
cancellation effects not only in single devastating amounts, but also repeatedly over
along period of time involving “small doses’ of cancellation. Either way, the end
result can be disastrous.

We illustrate the cancellation phenomenon schematically in Fig. 1.3, where b,
b’, b" stand for binary digits that are reliable, and the g represent binary digits
contaminated by error; these are often called “ garbage” digits. Notein Fig. 1.3 that
“garbage — garbage = garbage,” but, more importantly, that the final normalization
of the result movesthe first garbage digit from the 12th position to the 3rd.

Cancellation is such a serious matter that we wish to give anumber of elementary
examples, not only of its occurrence, but also of how it might be avoided.

Examples. 1. Analgebraicidentity: (a — b)?> = a*> — 2ab + b%. Although thisis
avalid identity in algebra, it is no longer valid in machine arithmetic. Thus, on
a 2-decimal-digit computer, witha = 1.8, b = 1.7, we get, using symmetric
rounding,

fl(a®> —2ab + b*) =32—-62+2.9=—0.10

instead of the true result 0.010, which we obtain also on our 2-digit computer
if we use the left-hand side of the identity. The expanded form of the square
thus produces a result which is off by one order of magnitude and on top has
thewrong sign.
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2. Quadratic equation: x> —56x + 1 = 0. The usual formulafor aquadratic gives,
in 5-decimal arithmetic,

x; = 28 — /783 = 28 — 27.982 = 0.018000,

Xy =28 4+ /783 = 28 4 27.982 = 55.982.

This should be contrasted with the exact roots 0.0178628. .. and 55.982137. ... .
As can be seen, the smaller of the two is obtained to only two correct decimal
digits, owing to cancellation. An easy way out, of course, isto compute x, first,
which involves a benign addition, and then to compute x; = 1/x, by Vieta's
formula, which again involves a benign operation — division. In this way we
obtain both roots to full machine accuracy.

3. Compute y = +/x + 8 — 4/x, wherex > 0 and |§| is very small. Clearly, the
formula as written causes severe cancellation errors, since each square root has
to be rounded. Writing instead

8
y:—
x4+ 8+ Jx

completely removes the problem.
4. Compute y = cos(x + §) — cosx, where |§] is very small. Here cancellation
can be avoided by writing y in the equivalent form

hd 5 . )

y = S|n25|n(x+2).

5. Computey = f(x+8)— f(x), where|5| isvery small and f agiven function.
Special tricks, such as those used in the two preceding examples, can no longer
be played, but if 1 is sufficiently smooth in the neighborhood of x, we can use
Taylor expansion:;

1
y=f'08+ S8 4
Theterms in this series decrease rapidly when || is small so that cancellation
isno longer a problem.

Addition is an example of a potentialy ill-conditioned function (of two vari-
ables). It naturally leads usto study the condition of more general functions.

1.3 TheCondition of a Problem

A problem typically has an input and an output. The input consists of a set of
data, say, the coefficients of some equation, and the output of another set of
numbers uniquely determined by the input, say, all the roots of the equation in some
prescribed order. If we collect the input in a vector x € R™ (assuming the data
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X —— P P — Y

Fig. 1.4 Black box representation of a problem

consist of real numbers), and the output in the vector y € R” (also assumed redl),
we have the black box situation shown in Fig. 1.4, where the box P accepts some
input x and then solves the problem for thisinput to produce the output .

We may thus think of a problemasamap f, given by

fiR" SR y= f(x) (1.20)

(Oneor both of the spacesR™, R" could be complex spaceswithout changing in any
essential way thediscussion that follows.) What we areinterested in isthe sensitivity
of themap f at some given point x to asmall perturbation of x, that is, how much
bigger (or smaller) the perturbation in y is compared to the perturbation in x. In
particular, we wish to measure the degree of sensitivity by a single number — the
condition number of the map f at the point x. We emphasize that, as we perturb
x, thefunction f* isaways assumed to be evaluated exactly, with infinite precision.
The condition of £, therefore, is an inherent property of the map f and does not
depend on any algorithmic considerations concerning its implementation.

This is not to say that knowledge of the condition of a problem is irrelevant
to any algorithmic solution of the problem. On the contrary, the reason is that
quite often the computed solution y* of (1.20) (computed in floating-point machine
arithmetic, using a specific agorithm) can be demonstrated to be the exact solution
to a“nearby” problem, that is,

yo= 1", (1.21)
where x* is avector close to the given data x,
x=x 48, (1.22)

and moreover, the distance ||§ || of x* to x can be estimated in terms of the machine
precision. Therefore, if we know how strongly (or weakly) the map f reactsto a
small perturbation, such as § in (1.22), we can say something about the error y* — y
in the solution caused by this perturbation. This, indeed, is an important technique
of error analysis — known as backward error analysis —which was pioneered in the
1950s by J. W. Givens, C. Lanczos, and, above all, J. H. Wilkinson.

Maps f between more general spaces (in particular, function spaces) have aso
been considered from the point of view of conditioning, but eventually, these spaces
have to be reduced to finite-dimensional spaces for practical implementation of the
maps in question.
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1.3.1 Condition Numbers

We start with the simplest case of asingle function of one variable.

Thecasem =n = 1: y = f(x). Assuming first x # 0, y # 0, and denoting
by Ax asmall perturbation of x, we have for the corresponding perturbation Ay by
Taylor’'sformula

Ay = f(x + Ax) — f(x) ~ f/(x)Ax, (1.23)

assuming that 1 is differentiable at x. Since our interest is in relative errors, we
writethisin the form
Ay xf'(x) Ax
y S x

The approximate equality becomes a true equality in the limit as Ax — 0. This
suggests that the condition of f at x be defined by the quantity

xf'(x)
Jf(x)

This number tells us how much larger the relative perturbation in y is compared to
the relative perturbationin x.

If x = 0and y # 0, it is more meaningful to consider the absolute error
measure for x and for y dtill the relative error. This leads to the condition number
| f'(x)/f(x)|]. Similarly for y = 0, x # 0. If x = y = 0, the condition number by
(1.23) would then simply be | /7 (x)|.

The case of arbitrary m, n: here we write

(1.24)

(cond f)(x) :=

. (1.25)

x = [xl,xz,...,xm]TeR’", y = [yl,yz,...,yn]T e R”

and exhibit the map f in component form
Yo = f(X1,X2, .., xm), v=1,2,...,n. (1.26)

We assume again that each function f, has partial derivatives with respect to all m
variables at the point x. Then the most detailed analysis departs from considering
each component y, as a function of one single variable, x,. In other words, we
subject only onevariable, x,,, to asmall change and observe the resulting changein
just one component, y, . Then we can apply (1.25) and obtain

ofy
M Oxy,

Jo(x)

You(x) == (cond,, f)(x) :=

(1.27)
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This gives us a whole matrix T'(x) = [y,u(x)] € R of condition numbers.
To obtain a single condition number, we can take any convenient measure of the
“magnitude” of the matrix I (x) such as one of the matrix norms defined in (1.30),

(cond f)(x) = [T (x)]l. T(x) = [yu(x)]. (1.28)

The condition so defined, of course, depends on the choice of horm, but the order
of magnitude (and that is all that counts) should be more or less the same for any
reasonable norm.
If acomponent of x, or of y, vanishes, one modifies (1.27) as discussed earlier.
A lessrefined analysis can be modeled after the one-dimensional case by
defining the relative perturbation of x € R™ to mean

[ Ax [

||x ”R’” ’

Ax = [Ax), Axs, ..., Ax,]T, (1.29)

where Ax is a perturbation vector whose components Ax,, are small compared to
x,, andwhere| - |z~ issomevector normin R™. For the perturbation A y caused by
Ax, one defines similarly the relative perturbation || Ay ||g: /||y ||z, With a suitable
vector norm || - ||z in R”. One then tries to relate the relative perturbationin y to
theonein x.

To carry this out, one needs to define a matrix norm for matrices A € R, We
choose the so-called “ operator norm,”

AX||r
”A”]Rnxm = MmaXx || ||Rl . (130)
T e

In the following we take for the vector normsthe “uniform” (or infinity) norm,
lellzn = max x| =:llxlloo, [lyllzr = MaX [y, =yl - (1.31)
=p=m I<v<n

It isthen easy to show that (cf. Ex. 32)
| Al = [ Allo := maX D lav|. A = [ay,] € R™". (1.32)
<vsn o=

Now in analogy to (1.23), we have

m_ o g
A= Sl + A0~ i)~ Y 2

p=1 H

Axy
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with the partial derivatives evaluated at x. Therefore, at least approximately,

m

m
af, af,
ISHEDY o, |Axy] = max|Ax,| -} i
pu=1 =1
m
af,
< max|A - max .
= | Xu| . /; 8)6“

Since this holds for each v = 1,2,...,n, it aso holds for max |Ay,|, giving, in
view of (1.31) and (1.32),

af
183 oo < A% oo Ha_” (1.33)
X o0
Here,
0 WO
ax;  0xp 00X,
L VR
8_f = 0x; 0x, X, e RMXm (134)
ox
Afn  Ofn fn
| dx; Oxp X,

is the Jacobian matrix of f. (Thisisthe analogue of thefirst derivative for systems
of functions of several variables.) From (1.33) one now immediately obtainsfor the
relative perturbations

[Aylloo _ lxlleo 0 /0% o [[AXlloo
IYllo = f ()l [l [l oo
Although thisis an inequality, it is sharp in the sense that equality can be achieved

for a suitable perturbation Ax. We are justified, therefore, in defining a global
condition number by

% lloo 19 /9 || oo
I1f Ge)lloo

Clearly, inthecasem = n = 1, definition (1.35) reduces precisely to definition
(1.25) (aswell as (1.28)) given earlier. In higher dimensions (i and/or n larger than
1), however, the condition number in (1.35) is much cruder than the one in (1.28).
This is because norms tend to destroy detail: if x, for example, has components

(1.35)

(cond f)(x) :=
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of vastly different magnitudes, then ||x || is Simply equal to the largest of these
components, and all the othersareignored. For thisreason, some cautionisrequired
when using (1.35).

To give an example, consider

Fay=| % 2 x=

The components of the condition matrix I (x) in (1.27) are then

X2 X1

X1+ x»

X2 X1

Y11 = , Y2 = , Y21 = , Y2 =

)

X1+ X2 X2 — X X2 — X

indicating ill-conditioning if either x; ~ x; or x; &~ —x; and |x;| (hence aso |x,|)
isnot small. The global condition number (1.35), on the other hand, since

o 1| x5 2
—(x) = — s
dx xix?

X3 —xp
becomes, when L vector and matrix norms are used (cf. Ex. 33),

2 2 .2
]l - —— max(xy, x;

(cond f)(x) = — s -
(Jx1 + 22| + |x1 — x2])

x| max(x7, x3)
[x1x2| X1 + x| + |x; — X2

|x1x2 ]

Here x| &~ x; or x| ~ —x;, yields(cond f)(x) = 2, whichisobviously misleading.

1.3.2 Examples

We illustrate the idea of numerical condition in a number of examples, some of
which are of considerable interest in applications.

1 n

1. Compute I, = f t+—5dt for some fixed integer n > 1. As it stands, the
0
example here deals with a map from the integers to reals and therefore does
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Yy —— Sy e,

Fig. 1.5 Black box for recursion (1.38)

not fit our concept of “problem” in (1.20). However, we propose to compute 7,
recursively by relating I, to I;—; and noting that

bode 1 6
Iy = —— = 1In(z+5| = In-. 1.36
o= [ 5=+ =g (1.3

To find the recursion, observe that

1_15
r+5 t+5°

Thus, multiplying both sides by #*~! and integrating from 0 to 1 yields
1
Ikz—Slk_1+z, k=12,...,n. (1.37)

We see that I isasolution of the (linear, inhomogeneous, first-order) difference
eguation
1
yk=—5)’k—1+z, k=1,2,3,.... (1.38)
We now have what appears to be a practical schemeto compute /,,: start with
yo = Ip given by (1.36) and then apply in succession (1.38) fork = 1,2,...,n;
then y, = I,,. Recursion (1.38), for any starting value y,, definesafunction,

Yn = Ju(30)- (1.39)

We have the black box in Fig. 1.5 and thus a problem f, : R — R. (Heren
is a parameter.) We are interested in the condition of f, at the point yo = Iy
given by (1.36). Indeed, 1, in (1.36) is not machine representable and must be
rounded to /; before recursion (1.38) can be employed. Even if no further errors
are introduced during the recursion, the final result will not be exactly I,,, but
someapproximation 1, = f, (1), and we have, at |east approximately (actually
exactly; see the remark after (1.46)),

¥ -1,
I,

Ir— I
Iy

= (cond £,)(Io) : (1.40)
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To compute the condition number, note that f, is a linear function of yy.
Indeed, if n = 1, then

1= fi(yo) = =5y0 + 1.
If n = 2, then
1 5 1
2= fa(yo) = =5y + 5= (=5 y0—5+ 5
and so on. In general,
Yo = fu(¥o) = (=5)"yo + pu,
where p, is some number (independent of y,). Therefollows

yo £, (¥o)
Yn

Yo(=5)"
Y

(cond f,)(y0) = : (1.42)

Now, if yo = Iy, then y, = I, and from the definition of 7, as anintegral it is
clear that 7, decreases monotonically in n (and indeed converges monotonically
to zeroasn — o0). Therefore,

Iy-5"  1p-5"
> — =

(cond fu)(fo) = —; T

5, (1.42)

We see that f,(yo) is severely ill-conditioned at yo = I, the more so the
larger n.

We could have anticipated this result by just looking at the recursion (1.38):
we keep multiplying by (-5), which tends to make things bigger, whereas
they should get smaller. Thus, there will be continuous cancellation occurring
throughout the recursion.

How can we avoid this ill-conditioning? The clue comes from the remark
just made: instead of multiplying by a large number, we would prefer dividing
by alarge number, especialy if the results get bigger at the same time. Thisis
accomplished by reversing recurrence (1.38), that is, by choosing an v > n and
computing

1 /1
yk_1=§(E—yk), k=v,v—1,...,n+ 1. (1.43)

The problem then, of course, is how to compute the starting value y, . Before we
deal with this, let us observe that we now have a new black box, as shown in
Fig. 1.6.

As before, the function involved, g,, is a linear function of y,, and an
argument similar to the one leading to (1.41) then gives
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Wl O | ——— V0 (v>D)

Fig. 1.6 Black box for the recursion (1.43)

_l v—n
(condg,)(yv) = & , V> (1.44)
For y, = I,,, we get, again by the monatonicity of 7,,,
1 v—n
(condg,)(1,) < (g) , V>, (1.45)

In analogy to (1.40), we now have

1* — 1,

I,

I*—1, I¥—1,

I,

, (1.46)

1 v—n
< —
(5)
where /7 is some approximation of /,. Actually, /7 does not even have to be

closeto I, for (1.46) to hold, since the function g, is linear. Thus, we may take
I} = 0, committing a 100% error in the starting value, yet obtaining /,* with a

relative error
1 v—n
< (—) , V> 0. (2.47)

‘ = (Condgn)(lv)

v

¥ -1,

1, 5

The bound on the right can be made arbitrarily small, say, < ¢, if we choose v
large enough, for example,

L (1.48)
v_n—i—lns. .

Thefinal procedure, therefore, is: given the desired relative accuracy ¢, choose v
to be the smallest integer satisfying (1.48) and then compute

I* =0,
(1.49)

1 /1
I, ZE(E—I:), k=v,v—1,....n+ 1.

This will produce a sufficiently accurate I, ~ I,, even in the presence of
rounding errors committed in (1.49): they, too, will be consistently attenuated.
Similar ideas can be applied to the more important problem of computing
solutions to second-order linear recurrence relations such as those satisfied by
Bessel functions and many other special functions of mathematical physics.
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The procedure of backward recurrence is then closely tied up with the theory
of continued fractions.

. Algebraic equations: these are equations involving a polynomial of given
degreen,

p(x) =0, p(x) =x" 4+ a1 x" "+ +ax +ap, ap#0. (1.50)
Let £ be some fixed root of the equation, which we assumeto be simple,
p&) =0, p'(€) #0. (1.51)
The problem then isto find £, given p. The datavector @ = [ag. a1, ..., a,—1]"
€ R” consists of the coefficients of the polynomia p, and the result is &, areal
or complex number. Thus, we have

E: R"—>C, £§=E&(ap,ar,...,an—1). (1.52)

What is the condition of &? We adopt the detailed approach of (1.27) and first
define

0§
vy = (cond, &)(a) = Ta v=0,1,....n—1. (1.53)
Then we take a convenient norm, say, the L; norm ||y||; = Zﬁ;}, |yv| of the
vector y = [yo. . ... Va—1]', to define
n—1
(cond§)(a) = > (cond, £)(a). (1.54)
v=0

To determine the partial derivative of £ with respect to a,, observe that we have
the identity

[Eao.ar.....an)]” + anaa[EC-I" ™+t an[EC)] + -+ ag = 0.

Differentiating this with respect to «,,, we get

9 9
nlé(ao.ai, ... ,an)]"”% + ay—1(n — 1)[5(...)]'1—2% 4.
+avv[5(---)]“‘1;—§ + - Fa 885 + [EC-)] =0,
ay a,

wherethelast term comes from differentiating thefirst factor in the product a,, £V.
Thelast identity can be written as
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d
Pt =0
ay
Since p’(§) # 0, we can solve for 9¢/da, and insert the result in (1.53) and
(1.54) to obtain

n—1

(cond£)(a) = m X lo il (1.55)

We illustrate (1.55) by considering the polynomial p of degreen that has the
zeros1,2,...,n,

) =[] =v) =x" +ap1x"" 4+ +ao. (1.56)

v=1

This is a famous example due to J. H. Wilkinson, who discovered the ill-
conditioning of some of the zeros almost by accident. If we let £, = pu,
u=1,2,...,n, it can be shown that

mincond £, = cond & ~ n*> as n — oo,
n

max cond & ! <ﬁ+1>” as n — oo
K " (2—\/§)nn V2-1

The worst-conditioned root is &, with 1o the integer closest to 2/ V2, whenn is
large. Its condition number growslike (5.828 .. .)", thus exponentialy fast in n.
For example, when n = 20, then cond§,,, = 0.540 x 10'“.

The example teaches us that the roots of an algebraic equation written in the
form (1.50) can be extremely sensitive to small changesin the coefficientsa, . It
would, therefore, be ill-advised to express every polynomial in terms of powers,
asin (1.56) and (1.50). Thisis particularly true for characteristic polynomials of
matrices. It is much better here to work with the matrices themselves and try to
reduce them (by similarity transformations) to aform that allowsthe eigenvalues
—theroots of the characteristic equation — to be read off relatively easily.

3. Systems of linear algebraic equations. given a nonsingular square matrix A €
R™" and avector b € R", the problem now discussed is solving the system

Ax = b. (1.57)

Herethe dataarethe elementsof A and b, and theresult the vector x. Themapin
questionisthusR"*+" — R". To simplify matters, let us assumethat A isafixed
matrix not subject to change, and only the vector b is undergoing perturbations.
Wethenhaveamap f : R" — R” given by

x=f(b):=A""b.
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Itisinfact alinear map. Therefore, d f /0b = A~', and we get, using (1.35),

5114~

(cond £)(b) = S

(1.58)

where we may take any vector norm in R" and associated matrix norm
(cf. (1.30)). We can write (1.58) alternatively in the form

lAx| A"l

(cond f)(b) =
[l

(Where Ax = b),

and since thereis a one-to-one correspondence between x and b, we find for the
worst condition number

[Ax]

AT = Al 147
[l

max (cond f)(b) = max
bER! xERN
bF#0 xF#0

by definition of the norm of A. The number on the far right no longer dependson
the particular system (i.e., on ») and is called the condition number of the matrix
A. We denoteit by

condA := [|A]|- A" . (1.59)

It should be clearly understood, though, that it measures the condition of alinear
system with coefficient matrix A, and not the condition of other quantities that
may depend on A, such as eigenvalues.

Although we have considered only perturbationsin the right-hand vector b, it
turns out that the condition number in (1.59) is also relevant when perturbations
in the matrix A are allowed, provided they are sufficiently small (so small, for
example, that |AA | - |A7Y < 1).

We illustrate (1.59) by several examples.

(@) Hilbert? matrix:

?David Hilbert (1862-1943) was the most prominent member of the Gottingen school of mathe-
matics. Hilbert's fundamenta contributions to amost all parts of mathematics — algebra, number
theory, geometry, integral equations, calculus of variations, and foundations —and in particular the
23 now famous problems he proposed in 1900 at the International Congress of Mathematicians
in Paris gave a new impetus, and new directions, to 20th-century mathematics. Hilbert is also
known for hiswork in mathematical physics, where among other things he formulated a variationl
principle for Einstein’s equations in the theory of relativity.
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1 1
1 — —
2 n
11 1
H,=| 2 3 n+1 | ¢ prn, (1.60)
1 1
L n n+1 2n—1 4

This is clearly a symmetric matrix, and it is also positive definite. Some
numerical values for the condition number of H,, computed with the
Euclidean norm,® are shown in Table 1.1. Their rapid growth is devastating.

Table 1.1 The condition of

Hilbert matrices

n cond, H ,,
10 1.60 x 1013
20 2.45x10%8
40 7.65 x 10°8

A system of order n = 10, for example, cannot be solved with any reliability
in single precision on a 14-decimal computer. Double precision will be
“exhausted” by the time we reach n = 20. The Hilbert matrix thus is a
prototype of an ill-conditioned matrix. From a result of G. Szegd it can be
seen that

4n+a
(ﬁ+ 1)
215/4 /.T[n

(b) Vandermonde* matrices: these are matrices of the form

condhH, ~ as n — oo.

3We have conth H,, = Amax(H ) * Amax(H "), Where Amax (A ) denotes the largest eigenval ue of
the (symmetric, positive definite) matrix A. The eigenvalues of H,, and H, ! are easily computed
by the Matlab routine ei g, provided that theinverse of H,, iscomputed directly from well-known
formulae (not by inversion); see MA 9.

4Alexandre Théophile Vandermonde (1735-1796), a musician by training, but through acquain-
tance with Fontaine turned mathematician (temporarily), and even elected to the French Academy
of Sciences, produced a total of four mathematical papers within 3 years (1770-1772). Though
written by a novice to mathematics, they are not without interest. The first, e.g., made notable
contributions to the then emerging theory of equations. By virtue of his fourth paper, he is
regarded as the founder of the theory of determinants. What today is referred to as“Vandermonde
determinant,” however, does not appear anywhere in his writings. As a member of the Academy,
he sat in acommittee (together with Lagrange, among others) that was to define the unit of length —
the meter. Later in hislife, he became an ardent supporter of the French revolution.
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[1 [2 e tn

V, = ' ’ ’ e R™", (1.61)

n—1 n—1 n—1
[1 [2 cee tn

wheret, t,, ..., t, areparameters, here assumed real. The condition number
of these matrices, in the co-norm, has been studied at length. Here are some
sample results: if the parameters are equally spaced in [-1,1], that is,

2(v—1)

th=1———=, v=12,...,n0,
n—1

then

1 _ 7ol
condeo V, ~ —e /4@ (5+302) - o
T

Numerical values are shown in Table 1.2. They are not growing quite as
fast as those for the Hilbert matrix, but still exponentially fast. Worse than
exponential growth is observed if onetakes harmonic numbersas parameters,

Table 1.2 The condition of
Vandermonde matrices

n condoo V ,,

10 1.36 x 10*
20 1.05 x 10°
40 6.93 x 10'8
80 3.15x 10%

Then indeed
condeo V,, > n" 1.

Fortunately, there are not many matrices occurring naturally in applications
that are that ill-conditioned, but moderately to severely ill-conditioned
matrices are no rarity in real-life applications.

1.4 The Condition of an Algorithm

We again assume that we are dealing with a problem f given by

f: R" SR y=f(x). (1.62)
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Along with the problem f, we are also given an algorithm A that “solves’ the
problem. That is, given a machine vector x € R™(t, s), the algorithm A produces
a vector y4 (in machine arithmetic) that is supposed to approximate y = f(x).
Thus, we have another map f; describing how the problem f is solved by the
algorithm A4,

f1: R, s) > R"(t,5), ya = fa(x). (1.63)

In order to be able to analyze f4 in these general terms, we must make a basic
assumption, namely, that

forevery x € R"(¢t,s), thereholds
(1.64)

fi(x) = f(x4) for some x4 € R™.

That is, the computed solution corresponding to some input x is the exact solution
for some different input x4 (not necessarily a machine vector and not necessarily
uniquely determined) that we hope is close to x. The closer we can find an x,4 to
x, the more confidence we should place in the algorithm A. We therefore define
the condition of A in terms of the x4 closest to x (if there is more than one), by
comparing its relative error with the machine precision eps:

(cond 4)(x) = inf % Jeps. (1.65)

Here the infimum is over al x, satisfying y4 = f (x4). In practice, one can take
any such x4 and then obtain an upper bound for the condition number:

lla — x|

(condA)(x) < /€ps. (1.66)

[l

The vector normin (1.65), respectively, (1.66), can be chosen as seems convenient.
Here are some very elementary examples.

1. Suppose alibrary routine for the logarithm function y = Inx, for any positive
machine number x, produces a y, satisfying y4 = [Inx](1 + &), |¢] < 5eps.
What can we say about the condition of the underlying algorithm A? We clearly
have

y4 =Inx,, where x4 = x'*¢ (uniquely).

Consequently,

— X

O T

X
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and, therefore, (cond A)(x) < 5|Inx|. The agorithm A is well conditioned,
except in the immediate right-hand vicinity of x = 0 and for x very large. (In
the latter case, however, x is likely to overflow before A becomes serioudly ill-
conditioned.)
2. Consider the problem
f: R'=>R, y=ux1x2:X,.

We solve the problem by the obvious algorithm

P1 = X1,

A pe=f(xkpr—1), k=2,3,....n,
YA = Dn-
Note that x, is machine representable, since for the algorithm A we assume x €

R (¢, s).
Now using the basic law of machine arithmetic (cf. (1.15)), we get

P1 = X1,
P = Xk pre—1(1 + &), k=2,3,....n, |ex| < eps,

from which

Pn = x1x2- Xy (1 + &) (1 + &3) -+ (1 + &,).
Therefore, we can take for example (thereis no uniqueness),
x4 =[xl + &) x(1+ )]
This gives, using the co-norm,

x4 —*lloo _ 0. X282, ... Xu2a]"lloo _ X [loo®PS _

[l x [ oEPS x| oEpS ~ lxllooeps

’

and so, by (1.66), (cond A)(x) < 1forany x € R"(z, s). Our algorithm, to nobody’s
surprise, is perfectly well conditioned.
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1.5 Computer Solution of a Problem; Overall Error

The problem to be solved isagain
f: R"> R y=f(x). (2.67)

Thisisthe mathematical (idealized) problem, where the data are exact real numbers,
and the solution is the mathematically exact solution.

When solving such a problem on a computer, in floating-point arithmetic with
precision eps, and using some algorithm A, onefirst of al roundsthe data, and then
appliesto these rounded datanot £, but f:

*

lx* =l _

x* = rounded data, =
] (1.68)

i = fax").

Here ¢ represents the rounding error in the data. (The error & could also be due to
sources other than rounding, e.g., measurement.) The total error that we wish to
estimateis then .
lyi =yl (1.69)
Iyl
By the basic assumption (1.64) made on the algorithm A4, and choosing x
optimally, we have
% — ™|l

o (CondAET) - eps (1.70)

f1(x¥) = f(x7).

Let y* = f(x*). Then, using the triangle inequality, we have

(R0l e O e [ e O Ml
Iyl =yl Iyl Lyl Lyl

’

wherewe have used the (harmless) approximation ||y || ~ ||y*|. By virtueof (1.70),
we now have for the first term on the right,

i ="l _ IfaG™) = SO _ L) = f D)l
Lyl I el I el

% — x|
(Bl

=< (cond f)(x") -

= (cond f)(x*) - (cond A)(x™) - eps.
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For the second term we have
Iy* =yl /&)= f x* — x|
— d  c_— —_ — d - E.
T T = N T = cond ) e
Assuming finally that (cond f)(x*) ~ (cond f)(x), we get
%—_”y” < (cond £)(x){e + (cond A)(x*) - eps}. (L.71)

This shows how the data error and machine precision contribute toward the total
error: both are amplified by the condition of the problem, but the latter is further
amplified by the condition of the algorithm.

1.6 Notesto Chapter 1

In addition to rounding errorsin the data and those committed during the execution
of arithmetic operations, there may be other sources of errors not considered in this
introductory chapter. One such source of error, which is not entirely dismissible, is
a faulty design of the computer chip that executes arithmetic operations. This was
brought home in an incident several years ago, when it was discovered (by Thomas
Nicely in the course of number-theoretic computations involving reciprocals of
twin primes) that the Pentium floating-point divide chip manufactured by Intel can
produce erroneousresultsfor certain (extremely rare) bit patternsin the divisor. The
incident — rightly so — has stirred up considerable concern and prompted not only
remedial actionsbut also careful analysis of the phenomenon; somerelevant articles
arethose by Coe et al. [1995] and Edelman [1997].

Neither should the occurrence of overflow and proper handling thereof be taken
lightly, especialy notin real-time applications. Again, acasein point isthefailure of
the French rocket Ariane 5, which on June 4, 1996, less than aminuteinto itsflight,
self-destructed. The failure was eventually traced to an overflow in a floating-point
to integer conversion and lack of protection against this occurrence in the rocket’s
on-board software (cf. Anonymous[1996]).

Many of the topics covered in this chapter, but also the effect of finite precision
computation on convergence and stability of mathematical processes, and issues of
error analyses are dealt with in Chaitin-Chatelin and Frayssé [1996].

Section1.1.1. The abstract notion of the real number system is discussed in most
textson real analysis, for example, Hewitt and Stromberg [1975, Chap. 1, Sect. 1.5]
or Rudin [1976, Chap. 1]. The development of the concept of real (and complex)
numbers has had along and lively history, extending from pre-Hellenic times to the
recent past. Many of the leading thinkers over time contributed to this devel opment.
A reader interested in a detailed historical account (and who knows German) is
referred to the monograph by Gericke [1970].
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Section1.1.2.1. The notion of the floating-point number system and associated
arithmetic, including interval arithmetic, can also be phrased in abstract algebraic
terms; see, for example, Kulisch and Miranker [1981]. For a comprehensive treat-
ment of computer arithmetic, including questions of validation, see Kulisch [2008].
A more elementary, but detailed, discussion of floating-point numbers and arith-
metic is given in Sterbenz [1974]. There the reader will learn, for example, that
computing the average of two floating-point numbers, or solving a quadratic
equation, can be fairly intricate tasks if they are to be made foolproof. The
quadratic equation problem is aso considered at some length in Young and
Gregory [1988, Sect. 3.4], where further references are given to earlier work of
W. Kahan and G. E. Forsythe.

The basic standard for binary floating-point arithmetic, used on all contemporary
computers, is the ANSI/IEEE Standard 754 established in IEEE [1985]. It provides
for t = 23 bits in the mantissa and s = 7 hits in the exponent, in single-
precision arithmetic, and has¢t = 52, s = 11 in double precision. There is aso
an “extended precision” for which t = 63, s = 14, alowing for a number range
of approx. 1074 to 10749%*, A good source for | EEE floating-point arithmetic is
Overton [2001].

Section 1.1.2.3. Rational arithmetic is available in all major symbolic computation
packages such as Mathematica and Macsyma.

Interval arithmetic has evolved to become an important tool in computations that
strive at obtaining guaranteed and sharp inclusion regions for the results of mathe-
matical problems. Basic texts on (real) interval analysis are Moore [1966], [1979],
Alefeld and Herzberger [1983], and Moore et a. [2009], whereas complex interval
arithmetic is treated in Petkovi€ and Petkovic [1998]. For the newly evolving field
of validated numerics we refer to Tucker [2011]. Specific applications such as
computing inclusions of the range of functions, of global extrema of functions
of one and several variables, and of solutions to systems of linear and nonlinear
equations are studied, respectively, in Ratschek and Rokne [1984], [1988], Hansen
and Walster [2004], and Neumaier [1990]. Other applications, e.g., to parameter
estimation, robust control, and robotics can be found in Jaulin et al. [2001].
Concrete algorithms and codes (in Pascal and C*™) for “verified computing” are
contained in Hammer et a. [1993], [1995]. Interval arithmetic has been most widely
used in processes involving finite-dimensional spaces; for applications to infinite-
dimensional problems, notably differential equations, see, however, Eijgenraam
[1981] and Kaucher and Miranker [1984]. For a recent expository account, see also
Rump [2010].

Section 1.2.  For floating-point arithmetic, see the handbook by Muller et al. [2010].
The fact that thoughtless use of mathematical formulae and numerical methods, or
inherent sensitivities in a problem, can lead to disastrous results has been known
since the early days of computers; see, for example, the old but still relevant
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papers by Stegun and Abramowitz [1956] and Forsythe[1970]. Nearby singularities
can also cause the accuracy to deteriorate unless corrective measures are taken;
Forsythe [1958] has an interesting discussion of this.

Section1.2.1. For the implications of rounding in the problem of apportion-
ment, mentioned in footnote 1, a good reference is Garfunkel and Steen,
eds. [1988, Chap. 12, pp.230—249].

Section1.3.1. Anearly but basic referencefor ideas of conditioning and error anal-
ysisin algebraic processesis Wilkinson [1994]. An impressive continuation of this
work, containing copious references to the literature, is Higham [2002]. It analyzes
the behavior in floating-point arithmetic of virtually all the algebraic processes
in current use. Problems of conditioning specifically involving polynomias are
discussed in Gautschi [1984]. The condition of general (differentiable) maps has
been studied as early as 1966 in Rice [1966].

Section1.3.2. 1. For a treatment of stability aspects of more general difference
equations, and systems thereof, including nonlinear ones, the reader is referred to
the monograph by Wimp [1984]. This also contains many applications to special
functions. Other relevant texts are Lakshmikantham and Trigiante [2002] and
Elaydi [2005].

2. The condition of algebraic equations, although considered already in 1963 by
Wilkinson, has been further analyzed by Gautschi [1973]. The circumstances
that led to Wilkinson's example (1.56), which he himself describes as “the
most traumatic experience in [his] career as a numerical analyst,” are related
in the essay Wilkinson [1984, Sect. 2]. This reference also deals with errors
committed in the evaluation and deflation of polynomials. For the latter, also
see Cohen [1994]. The asymptotic estimates for the best- and worst-conditioned
roots in Wilkinson's example are from Gautschi [1973]. For the computation
of eigenvalues of matrices, the classic treatment is Wilkinson [1988]; more
recent accounts are Parlett [1998] for symmetric matrices and Golub and Van
Loan [1996, Chap. 7-9] for general matrices.

3. A more complete analysis of the condition of linear systems that also allows for
perturbations of the matrix can be found, for example, in the very readable books
by Forsythe and Moler [1967, Chap. 8] and Stewart [1973, Chap. 4, Sect. 3]. The
asymptotic result of Szegd cited in connection with the Euclidean condition
number of the Hilbert matrix is taken from Szeg6 [1936]. For the explicit inverse
of the Hilbert matrix, referred to in footnote 3, see Todd [1954]. The condition
of Vandermonde and Vandermonde-like matrices has been studied in a series of
papers by the author; for a summary, see Gautschi [1990], and Gautschi [2011b]
for optimally scaled and optimally conditioned Vandermonde and Vandermonde-
like matrices.

Sections1.4and 1.5. Thetreatment of the condition of algorithmsand of the overall
error in computer solutions of problems, as given in these sections, seemsto be more
or less original. Similar ideas, however, can be found in the book by Dahlquist and
Bjorck [2008, Sect. 2.4].
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Exercises and Machine Assignmentsto Chapter 1

Exercises

1. Represent all elementsof R4 (3,2) = {x € R(3,2) : x > 0, x normalized} as
dotson thereal axis. For clarity, draw two axes, one from O to 8, the other from
Oto L.

2
2. (8) Whatisthedistance d(x) of apositive normalized floating-point number
x € R(z, s) to its next larger floating-point number:

d = min —x)?
() = min (v =)

(b) Determinetherelativedistancer(x) = d(x)/x, with x asin (a), and give
upper and lower boundsfor it.
3. Theidentity fl(1+x) = 1, x > 0, istruefor x = 0 and for x sufficiently small.
Wheat is the largest machine number x for which the identity still holds?
4. Consider a miniature binary computer whose floating-point words consist of
four binary digits for the mantissa and three binary digitsfor the exponent (plus
sign bits). Let

x = (0.1011); x2°  y = (0.1100), x 2°.

Mark in the following table whether the machine operation indicated (with
the result z assumed normalized) is exact, rounded (i.e., subject to a nonzero
rounding error), overflows, or underflows.

Operation Exact Rounded Overflow Underflow
z="fl(x—y)

z=1l((y —0)'")

z="fl(x +y)

z="fl(y + (x/4))
2= f(x + (y/4))

5. The Matlab “machine precision” eps is twice the unit roundoff (2 x 277,
t = 53; cf. Sect. 1.1.3). It can be computed by the following Matlab program
(attributed to CLEVE MOLER):
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%l _5 Matlab machi ne precision
%

a=4/ 3;

b=a- 1;

c=b+b+b;

epsO=abs(c-1)

Run the program and prove its validity.

Prove (1.12).

A set S of rea numbers is said to possess a metric if there is defined a
distance function d(x, y) for any two elements x, y € S that has the following
properties:

(i) d(x,y)=0andd(x,y) =0if andonly if x = y (positive definiteness);
(i) d(x,y) = d(y,x) (symmetry);
(ili) d(x,y) <d(x,2 + d(z y) (triangleinequality).

Discuss which of the following error measuresis, or is not, a distance function
onwhat set S of real numbers:

(a) absoluteerror: ae(x, y) = |x—y|;
(b) relativeerror: re(x,y) =
(c) relative precision (FW.J. Olver 1978) rp(x,y) = | Injx| =In|y||.

If y = x(1 + &), show that rp(x, y) = O(¢) ase — 0.
Assume that x}, xJ are approximations to x;, x, with relative errors £, and
E,, respectively, and that |E;| < E,i = 1, 2. Assume further that x; # x,.

(@ How small must E (in dependence of x; and x;) be to ensure
that x} # x

(b) Taking ——— to approxmar[e , obtain a bound on the relative error
commltted a&ummg D exact arlthmetlc (2) machine arithmetic with
machine precision eps. (In both cases, neglect higher-order terms in Ey,

E;, eps)

Consider the quadratic equation x? + px + g = 0 with roots x, x,. Asseenin
the second Example of Sect. 1.2.2, the absolutely larger root must be computed
first, whereupon the other can be accurately obtained from x;x, = ¢. Suppose
oneincorporatesthisideain a program such as

x1=abs(p/ 2) +sqrt (p*p/ 4-q);
if p>0, x1=-x1; end
x2=q/ x1;

Find two serious flaws with this program as a “genera-purpose quadratic
equation solver.” Take into consideration that the program will be executed in
floating-point machine arithmetic. Be specific and support your arguments by
examples, if necessary.
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10.

11.

12.

13.

14.

15.

16.

Suppose, for |x| small, one has an accurate value of y = e* — 1 (obtained, e.g.,
by Taylor expansion). Use this value to compute accurately sinhx = %(e‘ —
e™) for small |x]|.

Let f(x) =1+ x2—1.

(@) Explainthedifficulty of computing f(x) for asmall value of |x| and show
how it can be circumvented.

(b) Compute (cond f')(x) and discuss the conditioning of f(x) for small |x]|.

(¢) How can the answersto (a) and (b) be reconciled?

The nth power of some positive (machine) number x can be computed

(i) either by repeated multiplication by x, or
(i) asx" = ¢g''nx,

In each case, derive bounds for the relative error due to machine arithmetic,
neglecting higher powers of the machine precision against the first power.
(Assume that exponentiation and taking logarithms both involve arelative error
& with |¢| < eps.) Based on these bounds, state a criterion (involving x and n)
for (i) to be more accurate than (ii).
Let f(x) = (1 —cosx)/x,x #0.

(8 Show that direct evaluation of f is inaccurate if |x| is small; assume
fl(f(x)) = fl((1 — fl(cosx))/x), where fl(cosx) = (1 + &.) cosx, and
estimate the relative error ¢ » of fl( f(x)) asx — 0.

(b) A mathematically equivalent form of £ is f(x) = sin® x/(x(1 4 cosx)).
Carry out asimilar analysis as in (a), based on fl( f(x)) = fl([fl(sinx)]?/
fl(x (1 + fl(cosx)))), assuming fl(cosx) = (1 + &.)cosx, fl(shx) =
(1 4+ &) sinx and retaining only first-order terms in ¢; and ¢.. Discuss
the result.

(c) Determine the condition of f(x). Indicate for what values of x (if any)
f(x) isill-conditioned. (x| is no longer small, necessarily.)

If z=x + iy, then yz= (=5)"7 +i(552)", where r = (x2 + y?)!/2,
Alternatively, /Z = u + iv, u = (”Tx)l/z, v = y/2u. Discuss the
computational merits of these two (mathematically equivalent) expressions.
llustrate with z = 4.5 + 0.025i, using eight significant decimal places. {Hint:
you may assume x > 0 without restriction of generality. Why?}

Consider the numerical evaluation of
> 1
1) = ,
S nX:(:) 1 +n*(t —n)2(t —n—1)?

say, for t = 20, and 7-digit accuracy. Discuss the danger involved.

Let X be the largest positive machine representable number, and X_ the
absolute value of the smallest negative one (so that —X_ < x < X for any
machine number x). Determine, approximately, all intervalson R on which the
tangent function overflows.
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18.

19.

20.

21.
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(@) Use Matlab to determine the first value of the integer n for which n!
overflows. {Hint: use Stirling’sformulafor n!.}

(b) Dothesameas(a), but for x”, x = 10, 20, ..., 100.

(c) Discuss how x"e™/n! can be computed for large x and n without
unnecessarily incurring overflow. {Hint: use logarithms and an asymptotic
formulafor Inn!.}

Consider a decimal computer with three (decimal) digits in the floating-point
mantissa.

(8) Estimate the relative error committed in symmetric rounding.

(b) Let x; = 0.982, x, = 0.984 be two machine numbers. Calculate in
machine arithmetic the mean m = %(xl + x3). Is the computed number
between x; and x,?

(c) Derive sufficient conditionsfor x; < fl(m) < x, to hold, where x;, x, are
two machine numberswith 0 < x; < x,.

For this problem, assume a binary computer with 12 bits in the floating-point
mantissa.

() What isthe machine precision eps?

(b) Letx = 6/7 and x* be the correctly rounded machine approximation to x
(symmetric rounding). Exhibit x and x* as binary numbers.

(c) Determine (exactly) therelativeerror ¢ of x* asan approximationto x, and
calculatetheratio |¢|/eps.

The distributive law of algebra states that
(a +b)c =ac + be.

Discuss to what extent this is violated in machine arithmetic. Assume a
computer with machine precision eps and assume that «, b, ¢ are machine-
representable numbers.

(8 Let y; be the floating-point number obtained by evaluating (a + b)c (as
written) in floating-point arithmetic, and let y; = (a+b)c(1+¢;). Estimate
le1| interms of eps (neglecting second-order termsin eps).

(b) Let y, be the floating-point number obtained by evaluating ac + bc (as
written) in floating-point arithmetic, and let y, = (a+b)c(1+e,). Estimate
le2| (neglecting second-order terms in eps) in terms of eps (and «, b, and
c).

(c) Identify conditions (if any) under which one of the two y; is significantly
less accurate than the other.

Let x, x2,...,Xx,, n > 1, bemachine numbers. Their product can be computed
by the algorithm

P1 = X1,

pszl(xkpk_l), k=2,3,...,l’l.
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22.

23.

24,

25.

26.

27.

(@ Find an upper bound for the relative error (p, — xi1x2---Xx,)/
(x1x3 - - - x,,) in terms of the machine precision eps and n.
(b) For any integer r > 1 not too large so asto satisfy r - eps < 11—0 show that
(14+eps) —1<1.06-r-eps.

Hence, for n not too large, simplify the answer givenin (a). {Hint: use the
binomial theorem.}

Analyze the error propagation in exponentiation, x* (x > 0):

(@) assuming x exact and « subject to asmall relative error g,;
(b) assuming o exact and x subject to asmall relative error ¢, .

Discuss the possibility of any serious loss of accuracy.
Indicate how you would accurately compute

(x +y)l/4—yl/4, x>0, y>0.

(8 Leta =0.23371258 x 107*, b = 0.33678429 x 10%, ¢ = —0.33677811 x
10%. Assuming an 8-decimal-digit computer, determine the sum s = a +
b+c either as(1) fl(s) = fl(fl(a +b)+c) oras(2) fl(s) = fl(a+fl(b+c)).
Explain the discrepancy between the two answers.

(b) For arbitrary machine numbers a, b, ¢ on a computer with machine
precision eps, find a criterion on a, b, ¢ for the result of (2) in (a) to be
more accurate than the result of (1). {Hint: compare bounds on the relative
errors, neglecting higher-order termsin epsand assuminga + b + ¢ # 0;
seeaso MA 7.}

Write the expression a®> — 2ab cosy + b* (@ > 0,b > 0) as the sum of two

positive terms to avoid cancellation errors. Illustrate the advantage gained in

thecasea = 16.5,b = 15.7, y = 5°, using 3-decimal-digit arithmetic. Isthe
method fool proof?

Determine the condition number for the following functions:

@ f(x)=Inx, x>0;
(b) f(x) =cosx, |x|< %71’;
(© fx)=sn'x, |x]<I;

(d) f(x) =sin"!

1+ x2
Indicate the possibility of ill-conditioning.
Compute the condition number of the following functions, and discuss any
possible ill-conditioning:
@ f(x)=x"" (x>0, n>0aninteger);
(b) fx)=x—+x2=1 (x>1);
© f(x1,x2) = \/Xlz + x3;
(d) f(X1,X2) = X1 + Xx2.
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28.

29.

30.

31.

32.

33.
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(@) Consider the composite function () = g(f(¢)). Expressthe condition of
h in terms of the condition of ¢ and f. Be careful to state at which points
the various condition numbers are to be evaluated.

(b) Nlustrate (@) with i (r) = HS0 = L,

Show that (cond f - g)(x) < (cond f)(x) 4+ (cond g)(x). What can be said

about (cond f/g)(x)?

Let £ : R2 — R begivenby y = x; + x,. Define (cond f)(x) =

(cond;; £)(x)+ (cond;, £)(x), where x = [x;, x3]" (cf. (1.27)).

(@) Deriveaformulafor k(x1,x2) = (cond f)(x).

(b) Show that «(x1, xz) as a function of xi, x, is symmetric with respect to
both bisectors b, and b, (seefigure).

(c) Determine the lines in R? on which «(x;,x;) = ¢, ¢ > 1 a constant.
(Simplify the analysis by using symmetry; cf. part (b).)

Let || - || beavector normin R" and denote by the same symbol the associated

matrix norm. Show for arbitrary matrices A, B € R™*" that

(@ AB| <[4l IB]l;
(b) cond(AB) <condA -condB.

Prove (1.32). {Hint: let moo = max, 3_, [ay,|. Show that A e < meo @
well as || 4 ||oo > Mmoo, thelatter by taking a special vector x in (1.30).}

Let the L, norm of avector y = [y,] bedefined by |[y|li = Y, |yl|. Fora
matrix A € R"*™, show that

| Ax |
Al = ax =
41 := max §j|am|
X

thet is, ||A||; isthe“maximum column sum.” {Hint: let m; = max, >, |avul.
Show that ||A||; < m; aswell as ||A||; > m, the latter by taking for x in
(1.30) an appropriate coordinate vector.}

. Let a, g belinearly independent vectorsin R” of (Euclidean) length 1. Define

b(p) € R" asfollows:
b(p)=a—pq, peR
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Compute the condition number of the angle «(p) between b(p) and ¢ at the
value p = pyp = ¢q"a. (Thenb(py) L ¢; seefigure.) Discuss the answer.

b(pg) u

35. Thearea A of atriangle ABCisgivenby A = %ab siny (seefigure). Discuss
the numerical condition of A.

>

36. Define, for x # 0,

dn —X
fnzfn(x)z(—l)n@ (ex ) , n=0,1,2,....

(a) Show that { f,,} satisfiestherecursion

k e e~
yk: _Yk—l + ) k:]»2»3a"'; y0=
X X

X

{Hint: differentiate k timestheidentity e = x - (€7 /x).}

(b) Why do you expect the recursion in (&), without doing any analysis, to be
numerically stableif x > 0?How about x < 0?

(c) Support and discuss your answer to (b) by considering y, as a function of
vo (which for yo = fo(x) yields f, = f,(x)) and by showing that the
condition number of thisfunctionat f is

1

len(x)] 7

(Cond Yn)(fo) =

wheree,(x) = 1 + x + x2/2! + --- + x""/n! isthe nth partial sum of the
exponential series. {Hint: use Leibniz'sformulato evaluate f, (x).}

37. Consider the algebraic equation

xX"+ax—-1=0, a>0, n>2.
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38.

39.

40.

41.

42.

1 Machine Arithmetic and Related Matters

(@) Show that the equation has exactly one positive root £ (a).
(b) Obtain aformulafor (cond &)(a).
(c) Obtain (good) upper and lower boundsfor (cond &)(a).

Consider the algebraic equation

X"+ x"'—ag=0, a>0, n>2.

(@) Show that thereis exactly one positive root & (a).
(b) Show that & (a) iswell conditioned as afunction of a. Indeed, prove

1
(condé)(a) < —— .
n—1
Consider Lambert’s equation

for real valuesof x and a.

(@) Show graphically that the equation has exactly oneroot £(a) > 0if a > 0,
exactly tworoots & (a) < &1(a) < 0if —1/e < a < 0, adoubleroot —1 if
a=—1/e,andnorootifa < —1/e.

(b) Discuss the condition of &(a), & (a), &(a) as a varies in the respective
intervals.

Given the natural number n, let £ = £(a) be the unique positive root of
the equation x" = a€™* (¢ > 0). Determine the condition of £ as a
function of a; simplify the answer as much as possible. In particular, show that
(cond €)(a) < 1/n.

Let f(x1,x2) = x1 + x» and consider the algorithm A given as follows:

fi: RY(t,s) = R(t,s) ya =l + x2).

Estimate y (x;, x2) = (cond A)(x), using any of the norms

Ixells = il + [xal, xlla = /a7 +x3, lxlloo = max (lxi], |x2]).

Discuss the answer in the light of the conditioning of .
This problem dealswith the function f(x) = V1 —x -1, —0c0 < x < 1.

(8 Compute the condition number (cond f)(x).

(b) Let A be the algorithm that evaluates f'(x) in floating-point arithmetic on
a computer with machine precision eps, given an (error-free) floating-point
number x. Let g, &, g3 be the relative errors due, respectively, to the
subtractionin 1 — x, to taking the square root, and to the final subtraction of
1. Assume |¢;| < eps(i = 1,2,3). Letting f4(x) bethevalueof f(x) so
computed, write f4(x) = f(x4) and x4 = x(1 +¢,4). Expresse 4 interms
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(©

of x, €1, &2, &3 (neglecting terms of higher order in the ¢;). Then determine
an upper bound for |e4| in terms of x and eps and finally an estimate of
(cond A)(x).

Sketch a graph of (cond f)(x) (found in (a)) and a graph of the estimate
of (cond A)(x) (foundin (b)) as functions of x on (—oo, 1). Discuss your
results.

43. Consider thefunction f(x) = 1 —€e* ontheinterval 0 < x < 1.

@
(b)

(©

44. (@)

(b)

(©

Show that (cond f)(x) < 10on{0,1].

Let A be the algorithm that evaluates f(x) for the machine number x in
floating-point arithmetic (with machine precision eps). Assume that the ex-
ponential routine returnsa correctly rounded answer. Estimate (cond 4)(x)
for 0 < x < 1, neglecting terms of O(eps’). {Point of information:
IN(1+¢)=¢e+ 0(?),e — 0.}

Plot (cond f)(x) and your estimate of (cond A)(x) as functions of x on
[0,1]. Comment on the results.

Suppose 4 is an agorithm that computes the (smooth) function f(x) for a
given machine number x, producing f4(x) = f(x)(1+¢/), where|e | <
@(x)eps (eps = machine precision). If 0 < (cond f)(x) < oo, show that

¢ (x)
(Cond A)(X) < W

if second-order terms in eps are neglected. {Hint: set f4(x) = f(x4),
x4 = x(1 4+ &4), and expand in powers of ¢ 4, keeping only the first.}
Apply the result of (g) to f(x) = 1522 0 < x < 1, when evaluated
as shown. (You may assume that cosx and sinx are computed within a
relative error of eps.) Discuss the answer.

Do the same as (b), but for the (mathematically equivalent) function
fx) = Fo, 0 < x < 57

Machine Assignments

1. Letx = 1+m/10%. Computethenth power of x for n = 100,000,200,000, .. .,
1,000,000 once in single and once in double Matlab precision. Let the two
results be p, and dp,. Use the latter to determine the relative errors r,, of the
former. Print n, p,,dp,, r,, r,/(n - ep0), where eps0 is the single-precision
eps. What should x" be, approximately, when n = 1,000,000? Comment on
the results.

2. Compute the derivative dy /dx of the exponentia functiony = e* ax = 0
from the difference quotients d (k) = (¢ — 1)/ h with decreasing 1. Use

@ h=hl:=27,i=5:5:50;
() h=h2:=22)7",i=5:5:50.
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Print the quantitiesi, i1, h2,d1 := d(h1),d?2 := d(h2), thefirst and two last
onesin f -format, the othersin e-format. Explain what you observe.
. Consider the following procedure for determining the limit }linz)(eﬁ —1)/hona

computer. Let
d, =ﬂ(ez _1) forn =0,1,2,...
z—n
and accept as the machine limit the first value satisfying d, = d,—;
(n>1).

(@) Write and run a Matlab routine implementing the procedure.

(b) In RR(z, s)-floating-point arithmetic, with rounding by chopping, for what
value of n will the correct limit be reached, assuming no underflow (of
27") occurs? {Hint: use € = 1 + h + 1h* 4 ... .} Compare with the
experiment madein (a).

(c) On what kind of computer (i.e., under what conditions on s and ¢) will
underflow occur beforethe limit is reached?

. Euler'sconstant y = 0.57721566490153286 . .. isdefined asthe limit

. 1 1 1
y=limy,, wherey,=14+-4+-+4+---4+ ——Inn.
n

n—>od 2 3
Assumingthat y —y, ~ cn™?, n — oo, for some constantsc and d > 0, try to

determine ¢ and d experimentally on the computer.
. Letting Au, = u,4+; — u,, one hasthe easy formula

N
Z AU, = Uy — Ur.

n=1

With u, = In(1 + n), compute each side (asit stands) for N = 1,000 : 1,000 :
10,000, the left-hand side in Matlab single precision and the right-hand sidein
double precision. Print the relative discrepancy of the two results. Repeat with
Z,’f:l u,: compute the sum in single and double precision and compare the
results. Try to explain what you observe.

. (@) Write aprogram to compute

N

G R
N e R e

n=1 n=lI

once using the first summation and once using the (mathematically equiv-
alent) second summation. For N = 10%, k = 1:7, print the respective
absolute errors. Comment on the results.
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(b) Write aprogram to compute

7. (@

(b)

N

pN:Hnj—l'

n=1

For the same values of N asin part (), print the relative errors. Comment
on theresults.

Prove: based on best possible relative error bounds, the floating-point
addition fl(fl(x + y) + 2) is more accurate than fl(x + fl(y + 2)) if and
onlyif |x + y| < |y + Z. As applications, formulate addition rules in the
cases

@) o<x<y<z
(@) x>0,y <0,z> 0;
(@3) x<0,y>0,z<0.

Consider the nth partial sums of the series defining the zeta function ¢ (s),
resp., etafunction n(s),

n n

N k-1 L
_gk e,,—Z( 1) lks.

Fors =2,11/3,5,7.2,10andn = 50, 100, 200, 500, 1000, compute these
sums in Matlab single precision, once in forward direction and once in
backward direction, and compare the results with Matlab double-precision
evaluations. Interpret the results in the light of your answers to part (a),
especidly (a2) and (a3).

8. Letn = 10° and

@
(b)

n
s=10"n + Zln k.
k=1

Determine s analytically and evaluate to 16 decimal digits.
The following Matlab program computes s in three different (but mathe-
matically equivalent) ways:

%VAlI 8B
%
n=10"6; s0=10"11*n;
s1=s0;
for k=1:n
sl=s1+l og(k);
end
s2=0;
for k=1:n
s2=s2+l og(k);
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end

$2=s2+s0;

i=1:n;

s3=s0+sun(l og(i));
[s1 s2 s3]’

Run the program and discuss the results.

9. Write a Matlab program that computes the Euclidean condition number of the
Hilbert matrix H ,, following the prescription given in footnote 3 of the text.

(@) Theinverse of the Hilbert matrix H,, has elements

. . . . 2
(H,"), =(—1)f+f‘(i+j—1)(”*’_.1>(”+’fl)(’ff‘z)
n—j n—i i—1

(cf. Note 3 to Sect. 1.3.2). Simplify the expression to avoid factorials of
large numbers. {Hint: expressall binomial coefficientsin termsof factorials
and simplify.}

(b) Implement in Matlab the formula obtained in (a) and reproduce Table 1.1
of the text.

10. The (symmetrically truncated) cardinal series of afunction f is defined by

al x —kh
Cufie = Y ik sine (252,

k=—N

where i > 0 isthe spacing of the data and the sinc function is defined by

sin(mu) if U0,
sinc(u) = u
1 ifu=0.

Under appropriate conditions, Cy ( f, h)(x) approximates f(x) on [-Nh, N h].

(@) Show that

bis h

Since this requires the evaluation of only one value of the sine function,
it provides a more efficient way to evaluate the cardinal series than the
origina definition.
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11.

12.

13.

14.

15.

(b) Whilethe form of Cy givenin (a) may be more efficient, it is numerically
unstable when x is near one of the abscissae k. Why?

(c) Find away to stabilize the formulain (a). {Hint: introduce the integer &,
and the real number ¢ such that x = (ko + 1)k, |t| < 5.}

(d) Write a program to compute Cy ( £, h)(x) according to the formulain (a)
and the one developed in () for N = 100, 1 = 0.1, f(x) = x exp(—x?),
andx = 0.55,x = 0.5+ 1078, x = 0.5+ 107, Print Cy ( f. h)(x), f(x),
and theerror |Cy (f, h)(x) — f(x)| in either case. Compare the results.

In the theory of Fourier series, the numbers

1 2 <1 krm
A, = 2N Ctan——— n=1,2.3....,
' 2n+1+nk§k mt1 "

known as Lebesgue constants, are of some importance.

(@) Show that the termsin the sum increase monotonically with k. How do the
termsfor k near n behave when n islarge?

(b) Compute A, for n = 1,10,10%,...,10° in Matlab single and double
precision and compare the results. Do the same with n replaced by [r/2].
Explain what you observe.

Sum the series

o0 o0
@ Y (=1)"/n? (b) Y 1/n??

n=0 n=0
until there is no more change in the partial sums to within the machine
precision. Generate the terms recursively. Print the number of terms required
and the value of the sum. (Answers in terms of Bessel functions: (8) Jo(2);
cf. Abramowitz and Stegun [1964, (9.1.18)] or Olver et al. [2010, (10.9.1)] and
(b) 1p(2); cf. Abramowitz and Stegun [1964, (9.6.16)] or Olver et a. [2010,
(10.32.1)].)
(PJ. Davis, 1993) Consider the series > 7, m Try to compute the sum
to three correct decimal digits.
We know from calculus that

1 n
lim (1 + —) =e.
n—00 n

What is the “machine limit”? Explain.
Let f(x) = (n + 1)x — 1. Theiteration

xp = f(xe1), k=1,2,....K; xo=1/n,
in exact arithmetic convergesto the fixed point 1/x in one step (Why?). What

happens in machine arithmetic? Run a programwithn = 1:5and K = 10 :
10 : 50 and explain quantitatively what you observe.
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16.

17.

1 Machine Arithmetic and Related Matters

Compute the integral fole"dx from Riemann sums with n equal subintervals,
evaluating the integrand at the midpoint of each. Print the Riemann sums for
n = 5,000 : 5,000 : 100,000 (to 15 decimal digits after the decimal point),
together with absolute errors. Comment on the results.

Lety, = f,"edr,n =0,1,2,... .

(@) Useintegration by partsto obtain a recurrence formularelating yx to yi—1
fork =1,2,3,..., and determine the starting value y.

(b) Write and run a Matlab program that generates yy, y1, ..., ¥20, Using the
recurrenceof (@), and print the resultsto 15 decimal digits after the decimal
point. Explain in detail (quantitatively, using mathematical analysis) what
is happening.

(c) Use the recursion of (a) in reverse order, starting (arbitrarily) with yy =
0. Place into five consecutive columns of a (21 x 5) matrix Y the values
ysM M 8D thus obtained for N = 22,24, 26,28, 30. Determine
how much consecutive columns of Y differ from one another by printing

e =max| (Y(i +1)—Y(i)./YCi+ D, i=1234.

Print thelast column Y (:, 5) of Y and explainwhy thisrepresentsaccurately
the column vector of the desired quantities yy, y1, ..., ¥20.

Selected Solutionsto Exercises

14.

21.

We may assume x > 0, since otherwise we could multiply z by —1 and the
result by —i.

In the first expression for ,/z there will be a large cancellation error in
the imaginary part when |y| is very small, whereas in the second expression
al arithmetic operations are benign. Illustration: z = 4.5 + 0.025i (in eight
significant digits)

r = 4.5000694,

r—x\1/2 3
v=( . ) — 5.8906706 x 1072,

ve — 2 58925338 x 1072,

rix)\1/2
2 (5

Thelast five digitsin thefirst evaluation of v arein error!
(d We have

P11 = X1,

Pk IXkPk—l(l +8k)’ |8k| = €ps, k =2,3,...,n.
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Therefore,
P2 = x1x2(1 + &),
p3 = x1x2x3(1 + £2)(1 + €3),
Pn=X1x2- X, (1 +&2)(1 +&3)--- (1 + &),
S0 that

_xx ---x
P TR I  (Ite)(I4e3)e- (I +e0)— 1 = E.
X1Xp Xy

If E>0,then|E| < (1+eps)"~' —1; otherwise, |[E| < 1—(1—eps)"".
Since the first bound is larger than the second, we get

|E| < (14+epg)" ' —1.

(b) Using the binomial theorem, one has

(1+eps) —1= <1+(:)eps+(;)epsz+--~+epsf)—1

-1 —-1)(r—-2
:reps{l_}_rTeps_i_(r;#epsz_k

N r=0(r-=2)---1 epsr_l}.

r!

1
Sincer - eps < l—O,onehasaIso
1
(r—k)epS< m, k = 1,2,...,7’-1,

and so

r 1 1 1 ) 1 —r—1)
(I+eps)’ —1 <r-epsil+ 107" + 1072 4o 4 =10
: ! r!

10 ! 107! ! 1072
< r.eps. F + 5 +
=r-eps-10{€'" —1} = 1.051709...7 - €ps

< 1.06-r - eps.
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Hence, if (n — 1)eps < 1/10, theresult in (a) can be simplified to

|E| < 1.06(n — 1)eps.

34. We have
__abp) _ 4'@—pg)
cos a(p) = l2l- 16~ [(@—pq)T(@— pg)]'/?
Po—p

= = R s
(1 —=2pop + p?)1/2 2

a(p) = cos™' R(p). R(po) =0 if |po| <1,

o (p) = WEm)
-1
N )

= =2p0p+ )2 = (po — P)[(1 = 2p0p + p*)!2Y
(1 =2pop + p?)

R'(p)

For p = po, therefore, assuming |po| < 1, we get

(1—pp)'? 1
Ol/(po) = 02 = N1/2°
1—p (1= pp)
0 0
lpol ——=; 5 2 2
(conda)(po) = <: D2 | ool

37 o (1—-pp)
If po = 0,i.e, a isaready orthogonal to ¢, hence b = a, then (conda)(pg) =
0, as expected. If |po| 1 1, then (conda)(po) 1 oo, since in the limit, a is
paralel to ¢ and cannot be orthogonalized. In practice, if |po| is closeto 1, the
problem of ill-conditioning can be overcome by a single, or possibly repeated,
reorthogonalization.

44. (a) Following the Hint, we have

Sa(x) = f(x)(A +ef) = f(xa)
= f(x(1 +e4)) = f(x + xeq)
= f(x) +xeaf'(x) + O(e)).
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(b)

Neglecting the O(¢?) term, one gets

xeqf'(x) = f(x)ey,
hence

_| S
xf ()

e | < &
1= (cond £)(x)

‘XA—X

| = leal | eps,

X

which proves the assertion.
One easily computes

X b/
d =—, 0 —.
(cond f)(x) - <x< >

Furthermore,

(1 —(cosx)(1 + &)1+ &)

S = T G+ e)

(1+¢4), lei| < eps,

whereey, &5, €3, €4 aretherelative errors committed, respectively, in evaluating
the cosine function, the difference in the numerator, the sine function, and the
quotient. Neglecting terms of O(¢7), one obtains by a simple computation that

£1() 1 —cosx {1+ n COSXx }
X)=—Y——" 3 E4—E3— & ———— ¢,
4 sinx 2 ! 3 l1—003x
that is,
o] . CcoSx ’<(3 coSx ) <
Efl=lertes—e3—6 ——— —_—
/ 2 R "1 cosx| — 1 — cosx P
Therefore,
CcoSx
x)=3 ,
¢(x) + 1 —cosx
and one gets
sin CcoSx b1
(cond A4)(x) < -~ (3 ) 0<x<2.
1 —cosx 2

Obviously, (cond A)(x) — oo asx — 0, whereas (cond 4)(x) — 6/ as
x — m/2. Theagorithmisill-conditioned near x = 0 (cancellation error), but
well conditioned near /2. The function itself is quite well conditioned,

1 < (cond f)(x) <

|
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(c) Inthiscase (the condition of f being of course the same),

@it o
S = G cosm (L 1 e 1o O T84 lail = eps

giving
that is,
COSX COSX
les] = |e —83+84—82m = (3_‘_1—+-m)epS
and

sinx COSx
cond A < 3 .
( ) = x ( + 1+Cosx)

Now, A isentirely well conditioned,

L) < (condA)(x) <
T

N

, O<x<£.
2

Selected Solutionsto Machine Assignments

7. (&) For arbitrary real x, y, z thefirst addition can be written as

fiflx +y)+2=((x+»)A +e1) +2(1 + &)
Ax+y+z+x+yea+x+y+2e

xX+y
=(x+y+2) |14+ ———se + ,
( )( x—i—y—i—zgl 82)

where the ¢; are bounded in absolute value by eps. The best bound for the
relative error is

lx + y|

[rel.err.| < (—
Ix+y+17

+1)eps
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Likewise, for the second addition, there holds (interchange x and 2)

ly + 2

[rel.err.| < (—
x +y+7

1) eps

Based on these two error bounds, the first addition is more accurate than
the second if and only if |x + y| < |y + Z|, as claimed.

Examples

(@) 0 < x <y < z Here,
x+yl=x+y<y+z=|y+12.

Thus, addition in increasing order is more accurate.
(82) x >0,y <0,z> 0. Here,

lx+yl=Ix—=yIl. ly+2=lz=1|yll,

and adding to the negative number y the positive number closer to | y|
first is more accurate.
(@3) x <0,y >0,z< 0. Here,

|x +y| = [=lx| +y] = []x] =y,

ly+2=1ly—12l=114d-yl.

and adding to the positive number y the negative number first whose
modulusis closer to y is more accurate.

(b) PROGRAM

%Al _7B
%
fO="96.4f %8.1le 90.2e 99.2e 99.2e 99.2e\n’;
di sp(’ zeta eta’)
di sp(’ s n forw backw forw backw)
for s=[2 11/3 5 7.2 10]
for n=[50 100 200 500 1000]

k=1:n;

z=sum(1./k."s);

e=sun((-1). (k-1)./k."s);

zf=singl e(0); ef=single(0);

for kf=1:n

zf =zf +si ngl e(1/ kf~s);
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ef =ef +singl e((-1) " (kf-1)/kf"s);
end
zf 0=zf; efO=ef;
zb=si ngl e(0); eb=single(0);
for kb=n:-1:1
zb=zb+si ngl e(1/ kb~ s) ;
eb=eb+si ngl e((-1) " (kb-1)/kb™s);
end
zb0=zb; ebO=eb;
errzf=abs((zf0-2)/z);
errzb=abs((zb0-2)/z);
erref=abs((ef0-e)/e);
erreb=abs((eb0-e)/e);
fprintf(f0,s,n,errzf,errzb, erref, erreb)

end
fprintf('\n")
end

QUTPUT

>> VAl _7B
zeta eta
s n forw backw forw backw

2.0000 5.0e+01 1.14e-07 3.30e-08 5.16e-08 2.09e-08
2.0000 1.0e+02 7.11e-08 1.82e-09 4.35e-08 4.35e-08
2.0000 2.0e+02 9.34e-08 5.20e-08 1.16e-07 2.94e-08
2.0000 5.0e+02 4.52e-08 4.52e-08 3.92e-07 3.01le-08
2.0000 1.0e+03 1.70e-07 4.77e-08 3.85e-07 2.23e-08
3.6667 5.0e+01 2.48e-07 3.30e-08 2.84e-08 3.54e-08
3.6667 1.0e+02 1.26e-07 1.82e-08 5.97e-08 4.07e-09
3.6667 2.0e+02 1.43e-06 3.15e-08 8.21e-08 1.84e-08
3.6667 5.0e+02 1.65e-06 4.06e-08 8.40e-08 2.02e-08
3.6667 1.0e+03 1.67e-06 4.88e-08 8.41e-08 2.03e-08
5.0000 5.0e+01 2.46e-07 1.61e-08 4.04e-08 2.09e-08
5.0000 1.0e+02 2.81le-07 5.08e-08 3.89e-08 2.24e-08
5.0000 2.0e+02 2.83e-07 5.30e-08 3.88e-08 2.25e-08
5.0000 5.0e+02 2.83e-07 5.31e-08 3.88e-08 2.25e-08
5.0000 1.0e+03 2.83e-07 5.31e-08 3.88e-08 2.25e-08
7.2000 5.0e+01 7.20e-09 7.20e-09 5.45e-08 5.52e-09
7.2000 1.0e+02 7.20e-09 7.20e-09 5.45e-08 5.52e-09
7.2000 2.0e+02 7.20e-09 7.20e-09 5.45e-08 5.52e-09
7.2000 5.0e+02 7.20e-09 7.20e-09 5.45e-08 5.52e-09
7.2000 1.0e+03 7.20e-09 7.20e-09 5.45e-08 5.52e-09

10. 0000 5.0e+01 1.20e-08 1.20e-08 2.32e-08 2.32e-08
10. 0000 1.0e+02 1.20e-08 1.20e-08 2.32e-08 2.32e-08
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10. 0000 2.0e+02 1.20e-08 1.20e-08 2.32e-08 2.32e-08
10. 0000 5.0e+02 1.20e-08 1.20e-08 2.32e-08 2.32e-08
10. 0000 1.0e+03 1.20e-08 1.20e-08 2.32e-08 2.32e-08
>>

Interpretation

Rather consistently, backward summation gives more accurate results than
forward summation, by as much as two decimal orders (for s = 11/3 and
n = 200 in the case of ¢(s)). For large s (for example s = 10) thereis no
noticeable difference in accuracy. All this (and more) is consistent with the
answers given in part (a). Indeed, the series for the zeta function has terms that
are al positive and strictly decreasing, so that by (al) summation in increasing
order of the terms, i.e., backward summation, is more accurate. In the case of
the eta series, consider

1 1 . 1
X = —, = =, = —
YT Tk x 1y (k +2)°

ks
eyl L1, ko
TN TS Ty K k+1) )

SRS S B (l_lilf
YTAT Ay ht2y  k+1)y (k+2))'

Sincethefunction x/(x + 1) for x > 0 increases monotonically, it follows that
|x +y| > |y +2 foral k > 0, and backward summation is more accurate than
forward summation. Moreover,

1 (1 1\ S
|X+Y|—F Ity ~ R FT o

ly + 7 ! 1+1_S1 1+1S1+2_‘ S koo
= — —_ — — — ~ — —
Y ks k k k fs+1° ’

so that the improvement Ilijiill of backward over forward summation disappears

asymptotically as k — oo. Also, for large s, the improvement is relatively
small, even for only moderately large k.
The same discussion holdsfor

Then

1 1 1
SR TR e e
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11. () Letx = 527, sothat 0 < x < Zif I < k < n. Then, up to a positive

constant factor, the general term of the sumis
1

f(x) = — tanx.
X

We show that f increases monotonically: we have

’_
/) = o
hence
1 1 sinx
/ _ _ — _
X x) = cos? x Sx) COS’X X COSX
1 { 1 . }
= 1——-sinx cosx
cos? x X
1 sin2x
= 1-— > 0.
cos? x 2x

Thus, the terms in the sum increase monotonically. For n very large, say
n = 10°, most terms of the sum are negligibly small except for afew very
near n, where they sharply increase to the maximum value ~ % This can
be seen by letting k = n — r for some fixed (small) integer r and large n.

Then
n—r 1 2r +1

2n+1 2 22n+1)

and, asn — oo,

mm—ﬂﬂ_m(z_z%+l)_mq%ﬂnwi n
- - 7 2r+1
2n + 1 2 22n+1 Sm(52n+1) m2r+1
Therefore,
1 n—rymx 4 1
tan ~ — as n — oo.
n—r 2n + 1 T 2r+1

(b) PROGRAM

%Al _11B

%

f0="9d0.0f 9%2.8f 949.16f 9%12.4e\n’;

di sp(’ n Lebesgue Lebesgue doubl e diff’)

% di sp(’ n truncated single and doubl e Lebesgue’)

for n=[1 10 100 1000 10000 100000]
denO=si ngl e(1/ (2xn+1));



Selected Solutions to Machine Assignments 53

den=1/(2xn+1);
k=1:n;
% k=1:ceil (n/2);
sO=sun(si ngl e(tan(k*pi xden0)./k));
s=sun(tan(k=*pi xden)./Kk);
s0=den0+si ngl e(2*s0/ pi ) ;
s=den+2xs/ pi ;
di f f =abs(s-s0);
fprintf(f0,n, subs(s0),s,diff)

end
QUTPUT
>> MAl_11B
n Lebesgue Lebesgue doubl e di ff
1 1.43599117 1.4359911241769170  4.3845e-08
10 2.22335672 2.2233569241536819 2. 0037e- 07
100  3.13877344 3.1387800926548395 6.6513e-06
1000 4.07023430 4.0701636043524356  7.0694e-05
10000 5.00332785 5.0031838616314577 1.4398e-04
100000 5.92677021 5.9363682125234796  9.5980e-03
>>
Comments

Because of the behavior of the terms in the sum, when # is large, the

accuracy of the sum is largely determined by the accuracy of the terms

very near to n. But there, the argument of the tangent is very close to /2.

Since

x(1 + tan® x)
tanx

the tangent is very ill-conditioned for x near x/2. In fact, for ¢ > 0
very small,

(cond tan)(x) = , O0<x<m/2,

(cond tan) (% —g) ~ Ztan (E _8) _

T COSeg v
2 2 "2 sine  2¢’

b4

y J— s J— n H J— T
Since k = n correspondsto 7 — e = 5% 7, thatis, ¢ = D "~

one has

T

T
(cond tan) (5 - s) ~ 20/ =

2n, n — oo.

So, for n = 10°, for example, we must expect aloss of about five decimal
digits. Thisis confirmed by the numerical results shown above.

The inaccuracy observed cannot be ascribed merely to the large volume
of computation. In fact, if we extended the sum only to, say, k = n/2, we
would escape the ill-conditioning of the tangent and, even for n = 10°,
would get more accurate answers. This is shown by the numerical results
below.
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>> MAl_11B
n truncated single and doubl e Lebesgue

1 1.43599117 1.4359911241769170 4.3845e-08

10 0.57060230 0.5706023117647347 1. 3982e- 08

100  0.54363489 0.5436349730685069 8. 1558e- 08

1000 0.54078776 0.5407873971420362 3. 5930e- 07

10000 0.54050153 0.5405010907553436 4.4418e- 07

100000 0.54047358 0.5404724445910691 1. 1358e- 06

>>



Chapter 2
Approximation and I nter polation

The present chapter is basically concerned with the approximation of functions. The
functions in question may be functions defined on a continuum — typically a finite
interval — or functions defined only on afinite set of points. Thefirst instance arises,
for example, in the context of special functions (elementary or transcendental) that
one wishes to evaluate as a part of a subroutine. Since any such evaluation must be
reduced to afinite number of arithmetic operations, we must ultimately approximate
the function by means of a polynomial or arational function. The second instance
is frequently encountered in the physical sciences when measurements are taken
of a certain physical quantity as a function of some other physical quantity (such
as time). In either case one wants to approximate the given function “as well as
possible” in terms of other simpler functions.

The general scheme of approximation can be described as follows. We are
given the function f to be approximated, along with a class ® of “approximating

functions’ ¢ and a“norm” || - || measuring the overall magnitude of functions. We
arelooking for an approximation ¢ € ® of f such that
ILf =@l <Ilf —¢l foral ¢ € d. (21)

The function ¢ is called the best approximation to f from the class @, relative to
thenorm || - ||

The class @ is caled a (rea) linear space if with any two functions ¢y,
¢, € ® it dsocontains ¢; + ¢, and cy; for any ¢ € R, hence aso any (finite)
linear combination of functions ¢; € ®. Given n “basis functions” =; € &,
j = 1,2,...,n,wecandefinealinear space of finite dimensionn by

d=00, = {(p: o) = c;mi(0). ¢ ER}. (2.2)

Jj=1

Examples of linear spaces @. 1. ® = P, polynomiasof degree < m. A basisfor
P, is, for example, ;(t) = t/~', j = 1,2,....m + 1, 0thatn = m + 1.
Polynomials are the most frequently used “general-purpose” approximants for

W. Gautschi, Numerical Analysis, DOI 10.1007/978-0-8176-8259-0_2, 55
© Springer Sciencet+Business Media, LLC 1997, 2012
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dealing with functions on bounded domains (finite intervals or finite sets of
points). One reason is Weierstrass’s theorem, which states that any continuous
function can be approximated on a finite interval as closely as one wishes by a
polynomial of sufficiently high degree.

2. ® = Sk (A): (polynomial) spline functions of degree m and smoothness class k
on the subdivision

A a=tHH<h<B<---<iIiy_1<ty=Db

of the interval [a, b]. These are piecewise polynomials of degree < m pieced
together at the “joints’ 1,, ..., ty—; in such away that all derivatives up to and
including the kth are continuouson thewholeinterval [, b], including thejoints:

SE(A) = {s € C¥[a,b] : Pn, i =1,2,...,N —1}.

S|[fiqfi+1] €
We assume here 0 < k < m; otherwise, we are back to polynomials P, (see
Ex. 68). We set k = —1 if we alow discontinuities at the joints. The dimension
of SK (A)isn = (m—k)- (N —2) +m + 1 (seeEx. 71), but to find abasisisa
nontrivial task; for m = 1, see Sect. 2.3.2.

3. ® =T, [0,2x]: trigonometric polynomials of degree < m on [0, 2x]. These
are linear combinations of the basic harmonics up to and including the mth one,
that is,

ap(t)y=cos (k—Dt, k=1,2,....m+1;
Tm+14k () = sinkt, k=1,2,...,m,

where now n = 2m + 1. Such approximants are a natural choice when the
function f to be approximated is periodic with period 2. (If f has period p,
one makes a preliminary change of variablest — ¢ - p/2x.)

4. & = E,: exponential sums. For given distinct o; > 0, onetakes r; (1) = e /',
j = 1,2,...,n. Exponentia sums are often employed on the half-infinite
interval Ry: 0 <t < oo, especidly if oneknowsthat f decays exponentially as
r — 00.

Note that the important class of rational functions,

=R, ={¢: ¢=p/q, peP, qelPg,

isnot alinear space. (Why not?)

Possible choices of norm — both for continuous and discrete functions —
and the type of approximation they generate are summarized in Table 2.1. The
continuous case involves an interval [a, b] and a “weight function” w(z) (possibly
w(t) = 1) defined on [, b] and positive except for isolated zeros. The discrete case
involvesa set of N distinct pointst, t,, ..., ¢y aong with positive weight factors
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Table 2.1 Types of approximation and associated norms

Continuous norm Approximation  Discrete norm
lulloo = max |u()] Loo lulloo = max |u()]
a<t=<b I<i<N
Uniform
Chebyshev
b N
fulli = [ ol L ully = > luc)|
a , i:}\/
lull = [ luolwod Weighted Ly lulli = wilu(ey)|
a i=1

1 1

2

b 2 N 2
ullo = ( / |u(z)|2w<r>dt) Weighted L, [lullo.y = (Zw,-|u<z,->|2)
a i=l1

Least squares

Wi, W, ..., Wy (possibly all equal to 1). Theinterva [a, ] may be unbounded if
the weight function w is such that the integral extended over [«, b], which defines
the norm, makes sense.

Hence, we may take any one of the normsin Table 2.1 and combineit with any of
the preceding linear spaces @ to arrive at ameaningful best approximation problem
(2.2). In the continuous case, the given function f, and the functions ¢ of the class
®, of course, must be defined on [, 5] and such that thenorm || /' — ¢ || makes sense.
Likewise, f and ¢ must be defined at the pointsz; in the discrete case.

Note that if the best approximant ¢ inthe discrete caseissuchthat || f —¢| = 0,
then ¢(z;) = f() fori = 1,2,..., N. We then say that ¢ interpolates f at
the points ¢; and we refer to this kind of approximation problem as an interpola-
tion problem.

The simplest approximation problems are the least squares problem and the in-
terpolation problem, and the easiest space ® to work with the space of polynomials
of given degree. These are indeed the problems we concentrate on in this chapter.
In the case of the least squares problem, however, we admit general linear spaces
® of approximants, and also in the case of the interpolation problem, we include
polynomial splinesin addition to straight polynomials.

Before we start with the least squares problem, we introduce a notational device
that alows us to treat the continuous and the discrete case simultaneously. We
define, in the continuous case,

0 if t <a (whenever — oo < a),
t
A1) = /aw(r)dr if a<t<b, (2.3)

b
/ w(t)dr if t+ > b (whenever b < 00).
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Then we can write, for any (say, continuous) function u,

b
/u(l)dl([) =/ u(r)w(z)dr, (2.4)
R a

since dA(r) = 0 “outside’ [a,b], and dA(r) = w(z)dr inside. We cal dA a
continuous (positive) measure. The discrete measure (also called “ Dirac measure”)
associated with the point set {z,1,, ..., ty} isameasure dA that is nonzero only at
the points¢; and hasthe valuew; there. Thus, in this case,

N
/u(z)dk(t) =Y wiu(). (2.5)
R i=1

(A more precise definition can be given in terms of Stieltjes integrals, if we define
A(t) to be astep function having jump w; at ¢;.) In particular, we can define the L,
norm as

lulloa = ( /R |u(r)|2dx(r))2 , (2.6)

and obtain the continuous or the discrete norm depending on whether A is taken to
beasin (2.3), or astep function, asin (2.5).

We call the support of dA —and denote it by suppdA — the interval [a, b] in the
continuous case (assuming w positive on [a, b] except for isolated zeros), and the
set{t1, 1, ..., ty} inthediscrete case. We say that the set of functions; (¢) in (2.2)
is linearly independent on the support of dA if

> cjmi(t) =0 foral ¢ € suppdi implies ¢; = ¢y =---=¢, =0. (27)
j=1
Example: thepowersz; (1) =¢/~', j =1,2,...,n.
Here ch wj(t) = pa—1(t) isapolynomial of degree < n — 1. Supposg, first,
j=1
that suppdA = [a, b]. Then the identity in (2.7) says that p,—i(t) = 0 on [a, b].
Clearly, thisimplies¢; = ¢; = --- = ¢, = 0, 0 that the powers are linearly

independent on suppdA = [a, b]. If, on the other hand, suppdA = {1,1,...,tn},
then the premisein (2.7) saysthat p,—1(t;,) = 0,i = 1,2,...,N; thatis, p,—; has

N distinct zeros¢;. Thisimplies p,—; = 0 only if N > n. Otherwise, p,—1(t) =
[T, — ) € P,y would satisfy p,—i(t;) = 0,i = 1,2,..., N, without being
identically zero. Thus, we have linear independenceon suppdA = {t1, 1, ..., Iy} if

andonly if N > n.
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2.1 Least Squares Approximation

We specialize the best approximation problem (2.1) by taking as norm the L, norm

lulloa = ( [R |u(z)|2dx(t))2, (28)

where dA is either a continuous measure (cf. (2.3)) or adiscrete measure (cf. (2.5)),
and by using approximants ¢ from an n-dimensional linear space

D=0, = {(p: o)=Y cim(1). ¢ ER}. (2.9)

J=1

Herethe basisfunctions r; are assumed linearly independent on suppdA (cf. (2.7)).
We furthermore assume, of course, that the integral in (2.8) is meaningful whenever
u=um; oru= f,thegiven function to be approximated.

The solution of the least squares problem is most easily expressed in terms of
orthogonal systems 7, relative to an appropriate inner product. We therefore begin
with adiscussion of inner products.

2.1.1 Inner Products

Given a continuous or discrete measure dA, asintroduced earlier, and given any two
functionsu, v having afinite norm (2.8), we can define the inner product

(u,v) = f u()v(r)dA (). (2.10)
R

(Schwarz'sinequality |(u, V)| < ||u]l2.dx - IVll2.dx, Cf. EX. 6, tells us that the integral
in (2.10) is well defined.) The inner product (2.10) has the following obvious (but
useful) properties:

1. symmetry: (u,v) = (v, u);

2. homogeneity: (au,Vv) = a(u,Vv), a € R;

3. additivity: (u+ v,w) = (u,w) + (v, w); and

4. positive definiteness. (u, u) > 0, with equality holding if and only if u = 0 on
supp da.

Homogeneity and additivity together give linearity,

(iU + azUz, V) = a1 (Ug, V) + a2(Us, V) (2.11)
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Fig. 2.1 Orthogonal vectors and their sum

in the first variable and, by symmetry, also in the second. Moreover, (2.11) easily
extendsto linear combinations of arbitrary finite length. Note also that

Ull3, g = (u,u). (2.12)
We say that u and v are orthogonal if
(u,v) =0. (2.13)

Thisisawaystrivially trueif either u or v vanishesidentically on suppda.
It isnow asimple exercise, for example, to prove the Theorem of Pythagoras:

it (u,v) =0, then [lu+v|* = [lull” +[lv|*. (214)

where || - || = || - |l2.ax- (From now on we use this abbreviated notation for the
norm.) Indeed,
Jlu+Vv[? = U+ Vv,u+v) = (U,u) + UV) + (v,u) + (v,V)
= [lull® +2(u,v) + VI = JJul® + [Iv]*,
where the first equality is a definition, the second follows from additivity, the
third from symmetry, and the last from orthogonality. Interpreting functions u, v
as “vectors,” we can picture the configuration of u, v (orthogonal) and u + v asin
Fig.2.1.
More generally, we may consider an orthogonal systems {u; };_,:
(Ui, u;) =0 if i # j, ux # 0 onsuppda;
i,j=12,....n; k=1,2,...,n. (2.15)
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For such a system we have the Generalized Theorem of Pythagoras,

n
Dok
k=1

The proof is essentially the same as before. An important consequence of (2.16) is
that every orthogonal system is linearly independent on the support of dA. Indeed,
if the left-hand side of (2.16) vanishes, then so does the right-hand side, and this,
since ||ug ||> > 0 by assumption, impliesa; = @ = --- = @, = 0.

2 n
= >l flue | (2.16)
k=1

2.1.2 TheNormal Equations

We are now in a position to solve the least squares approximation problem. By
(2.12), we can write the L, error, or rather its square, in the form:

Elpl:=le—fIP=(p— fig— 1) =(0.0) —2(¢. f) + (f. ).

Inserting ¢ here from (2.9) gives

2
2[] = - _ - 2
E-lpl = A(j;cﬂf}(t)) dA(r) 24(;Cjﬂj(t))f(t)dl(t)+[l;f (1)dA(r).

(2.17)
The squared L, error, therefore, is a quadratic function of the coefficients ¢y,
¢, ..., cy Of @. The problem of best L, approximation thus amountsto minimizing
a quadratic function of n variables. This is a standard problem of calculus and is
solved by setting all partial derivatives equal to zero. Thisyields a system of linear
algebraic equations. Indeed, differentiating partially with respect to ¢; under the
integral signin (2.17) gives

a 2 —_— . . . . J— .
3 Flel =2 /R (;c,n,(r)) 7 (1)dA (1) — 2 [R (1) (£,

and setting this equal to zero, interchanging integration and summation in the
process, we get

Z(m,nj)cj =, f), i =1,2,...,n. (2.18)
j=1

These are called the normal equations for the least squares problem. They form a
linear system of the form

Ac =b, (2.19)

where the matrix A and the vector b have elements
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A= [aij], aj; = (7T,',7Tj); b= [bi], b,’ = (7'[,‘, f) (220)

By symmetry of theinner product, A isasymmetric matrix. Moreover, A ispositive
definite; that is,
xTAx =) ayxix; >0 if x #1[0,0.....0]". (2.21)
i=1j=1

Thequadratic functionin (2.21) iscalled aquadratic form (sinceit ishomogeneous
of degree 2). Positive definiteness of A thus says that the quadratic form whose
coefficients are the elements of A4 is always nonnegative, and zero only if all
variables x; vanish.

To prove (2.21), al we have to do is insert the definition of the a;; and use the
elementary properties 1-4 of the inner product:

n n n n
xTAx = ZZ xixj (i, 7wy) = ZZ(xi”i’xj”j) =

i=1j=1 i=1j=1

n 2

i=

Thisclearly is nonnegative. It is zero only if > "_, x;7; = 0 on suppdA, which, by
the assumption of linear independence of the r;, impliesx; = x, = --- = x,, = 0.

Now it is a well-known fact of linear algebra that a symmetric positive definite
matrix A isnonsingular. Indeed, its determinant, as well as al its |eading principal
minor determinants, are strictly positive. It follows that the system (2.18) of normal
equations has a unique solution. Does this solution correspond to a minimum of
Elp]in(2.17)?Caculustellsusthat for thisto bethe case, the Hessian matrix H =
[02E?/dc;dc;] has to be positive definite. But H = 24, since E? is a quadratic
function. Therefore, H, with A, isindeed positive definite, and the solution of the
normal equations gives us the desired minimum. The least squares approximation
problem thus has a unique solution, given by

P) =Y &), (2.22)

=1

whereé = [¢1, 65, ..., ¢,]" isthe solution vector of the normal equation (2.18).
This completely settles the least squares approximation problem in theory. How
about in practice?
Assuming a genera set of (linearly independent) basis functions, we can see the
following possible difficulties.

1. The system (2.18) may be ill-conditioned. A simple example is provided by
suppdr = [0,1], dA(r) = dr on[0,1], and 7;(¢) = ¢/7', j = 1,2,...,n.
Then

1

— ij=12...m
ivj-1 "

1
(i, 7)) =/ 72 dr =
0
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that is, thematrix A in (2.18) isprecisely the Hilbert matrix (cf. Chap. 1, (1.60)).

The resulting severe ill-conditioning of the normal equations in this example
is entirely due to an unfortunate choice of basis functions — the powers. These
become almost linearly dependent, more so the larger the exponent (cf. Ex. 38).
Another source of degradation lies in the element b; fo ;i (t) f(¢)dt of the
right-hand vector b in (2.18). When ; is large, the power 7r; = #/~! behaves
very much like a discontinuous function on [0,1]: it is practically zero for much
of the interval until it shoots up to the value 1 at the right endpoint. This has
the unfortunate consequence that a good deal of information about f is lost
when one formsthe integral defining b;. A polynomial r; that oscillates rapidly
on [0,1] would seem to be preferable from this point of view, since it would
“engage” the function f more vigorously over all of theinterval [0,1].

2. The second disadvantage is the fact that all coefficients ¢; in (2.22) depend on
n; that is, ¢; = c("), j = 1,2,...,n. Increasing n, for example, will give an
enlarged system of normal equations with a completely new solution vector. We
refer to this as the nonpermanence of the coefficients¢; .

Both defects 1 and 2 can be eliminated (or at least attenuated in the case of 1)
in one stroke: select for the basis functions 7; an orthogonal system,

(71’,‘,7[]'):0”:1'75].; (ﬂj,ﬂj)=||7[j||2>0. (223)

Then the system of normal equations becomes diagonal and is solved immedi-
ately by
~ (”j > f)

&
/ (7[/’7[/)

Clearly, each of these coefficients ¢; is independent of », and once com-
puted, remains the same for any larger n. We now have permanence of
the coefficients. Also, we do not have to go through the trouble of solv-
ing a linear system of equations, but instead can use the formula (2.24)
directly. This does not mean that there are no numerical problems associ-
ated with (2.24). Indeed, it is typical that the denominators |7, (> in (2.24)
decrease rapidly with increasing j, whereas the integrand in the numera-
tor (or the individual terms in the case of a discrete inner product) are of
the same magnitude as f. Yet the coefficients ¢; also are expected to de-
crease rapidly. Therefore, cancellation errors must occur when one computes
the inner product in the numerator. The cancellation problem can be alleviated
somewhat by computing ¢; in the aternative form

=1,2,....n. (2.24)

1 i
6 = —— (f—ZAknk,ﬂj), j=12,....n, (2.25)
k=1

(wj,mj)

where the empty sum (when j = 1) is taken to be zero, as usual. Clearly, by
orthogonality of the z;, (2.25) is equivalent to (2.24) mathematically, but not
necessarily numerically.
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An agorithm for computing ¢; from (2.25), and at the sametime ¢(¢), isas
follows:
so =0,
for j =1,2,...,n do

. 1
& =z (f =sjm1.7))
;1P |

s; =581+ ¢;m(t).

This producesthe coefficients ¢y, ¢,, .. ., ¢, aswell as@(t) = s,.

Any system {7;} that is linearly independent on the support of dA can be
orthogonalized (with respect to the measure dA) by a device known as the
Gram-Schmidt “procedure. One takes

A

T = 1
and, for j = 2,3, ..., recursively forms
j—1 ~
~ (”jJTk)
Ty =M — Ck M, Cp=-—"T-".
’ / ,; (7, k)

Then each 7; so determined is orthogonal to all preceding ones.

2.1.3 Least SquaresError; Convergence

We have seen in Sect. 2.1.2 that if the class ® = &, consists of » functions r;,
j = 1,2,...,n, that are linearly independent on the support of some measure dA,
then the least squares problem for this measure,

min| f —¢lza = 1./ — @l (2.26)
¢e®”

1Jorgen Pedersen Gram (1850-1916) was a farmer's son who studied at the University of
Copenhagen. After graduation, he entered an insurance company as computer assistant and,
moving up the ranks, eventually became its director. He was interested in series expansions of
specia functions and also contributed to Chebyshev and least squares approximation. The “Gram
determinant” was introduced by him in connection with his study of linear independence.

2Erhard Schmidt (1876-1959), a student of Hilbert, became a prominent member of the Berlin
School of Mathematics, where he founded the Institute of Applied Mathematics. He is considered
one of the originators of Functional Analysis, having contributed substantially to the theory of
Hilbert spaces. His work on linear and nonlinear integral equations is of lasting interest, asis his
contribution to linear algebraic systems of infinite dimension. Heis also known for his proof of the
Jordan curve theorem. His procedure of orthogonalization was published in 1907 and today also
carries the name of Gram. It was known, however, already to Laplace.
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OL/N O @,

Fig. 2.2 Least squares approximation as orthogonal projection

has a unique solution ¢ = ¢, given by (2.22). There are many ways we can select
abasis 7; in @, and, therefore, many ways the solution ¢, can be represented.
Nevertheless, it is always one and the same function. The least squares error — the
guantity on the right-hand side of (2.26) — therefore is independent of the choice of
basi s functions (although the calcul ation of the |east squares solution, as mentioned
previoudly, is not). In studying this error, we may thus assume, without restricting
generality, that the basis 7; is an orthogonal system. (Every linearly independent
system can be orthogonalized by the Gram—Schmidt orthogonalization procedure;
cf. Sect. 2.1.2.) We then have (cf. (2.24))

. S s (7 f)
Gu(t) = ) ¢imi(1), ¢; = e (2.27)
jZ::l 770 J (ﬂj,ﬂj)
We first note that the error f — ¢, is orthogonal to the space ®,,; that is,
(f —@n.p) =0 for al ¢ € D, (2.28)

where the inner product is the onein (2.10). Since ¢ is alinear combination of the
7k, it suffices to show (2.28) for each ¢ = 7y, k = 1,2, ..., n. Inserting ¢, from
(2.27) in the left-hand side of (2.28), and using orthogonality, we find indeed

(f —¢n.m) = (f —ijﬂj,ﬂk) = (fimk) — Ck (mp, i) = 0,
j=1

the last equation following from the formulafor ¢, in (2.27). The result (2.28) has
a simple geometric interpretation. If we picture functions as vectors, and the space
®, as aplane, then for any f that “sticks out” of the plane ®,, the least squares
approximant ¢, isthe orthogonal projection of f onto ®,; see Fig. 2.2.

In particular, choosing ¢ = ¢, in (2.28), we get

(f _gan, (ﬁn) =0
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and, therefore, since f = (f —@,) + @, by the Theorem of Pythagoras (cf. (2.14))
and its generalization (cf. (2.16)),

LA =1 = @ull® + 16ull?

n
z :Cjnf

Jj=1

2

=/ = ¢l +

=[1f = @ull® + Y 16517112

=1

Solving for the first term on the right-hand side, we get

If = énll = {||f||2—2|5j RES ||2} ;G = .1, (2.29)

j:1 (n/’ﬂ])

Note that the expression in braces must necessarily be nonnegative.

The formula (2.29) for the error is interesting theoretically, but of limited
practical use. Note, indeed, that as the error approaches the level of the machine
precision eps, computing the error from the right-hand side of (2.29) cannot produce
anything smaller than , /eps because of inevitable rounding errors committed during
the subtraction in the radicand. (They may even produce a negative result for the
radicand.) Using instead the definition,

1

Hf—@H={AU®—¢Am%MOZ,

aong, perhaps, with a suitable (positive) quadrature rule (cf. Chap. 3, Sect. 3.2),
is guaranteed to produce a nonnegative result that may potentially be as small as
O(eps).

If we are now given a sequence of linear spaces ®,,n = 1,2,3,..., asdefined
in (2.2), then clearly

If=edl = 1f =@l =If—ésll =

which follows not only from (2.29), but more directly from thefact that &, C @, C
®; C --- . If there are infinitely many such spaces, then the sequence of L, errors,
being monotonically decreasing, must convergeto alimit. Isthislimit zero?f so, we
say that the least squares approximation process converges (in the mean) asn — oo.
It is obviousfrom (2.29) that a necessary and sufficient condition for thisis

Yo 1é PP = 112 (2.30)
j=1
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An equivalent way of stating convergenceisasfollows: givenany f with || /|| <
oo, thatis, any f inthe L, g4, space, and givenany ¢ > 0, no matter how small, there
exists an integer n = n, and afunction ¢* € ®, suchthat | f — ¢*| < ¢. A class
of spaces @, having this property is said to be complete with respect to the norm
I -1l=1 - ll2.dr- Onetherefore calls (2.30) also the completeness relation.

For afinite interval [a, b], one can define completeness of {®,} also for the

uniformnorm || - || = || - |l ON [a, b]. One then assumes f € Cla, b] and aso
m; € Cla, b] for &l basis functionsin &l classes ®,, and one calls {®,} complete
inthenorm || - || if forany f € Cla,b] andany ¢ > O thereisann = n, and a

p* € @, suchthat | f — ¢*||loc < e&. Itiseasy to seethat completenessof {®,} in
thenorm || - || (0N [a, b]) implies completenessof {®, } inthe L, norm || - ||2.4x,
where suppdA = [a, b], and hence convergence of the least squares approximation
process. Indeed, let ¢ > 0 be arbitrary and let n and ¢* € ®,, be such that

If =9 lloo £ ———.
([o0)

Thisis possible by assumption. Then

1 = 0*loa = ( [urw- so*(z>12dx(r>)2

e foo) < o) =
If -l /R dA(r) (/de(t))z /R ) =e

[S1e
[S1e

as claimed.

Example: ©, = P,_.

Here completeness of {®,} in the norm || - |« (on afinite interva [a, b]) is
a consequence of Weierstrass's Approximation Theorem. Thus, polynomial least
sguares approximation on afinite interval always converges (in the mean).

2.1.4 Examplesof Orthogonal Systems

There are many orthogonal systems in use. The prototype of them all is the system
of trigonometric functions known from Fourier analysis. Other widely used systems
involve algebraic polynomials. We restrict ourselves here to these two particular
examples of orthogonal systems.
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. Trigonometric functions: 1, cost, cos2t, cos3t ..., sint, sin2t, sin3¢, ... .
These are the basic harmonics; they are mutually orthogonal on the interval
[0, 27r] with respect to the equally weighted measure on [0,27],

dt on [0,2n],
dr(r) = (2.31)
0 otherwise

We verify thisfor the sine functions: for k, £ = 1,2,3,... wehave
2 1 2
[ sinkt-sinft dt i / [cos(k + £)t — cos(k — £)t] dt.
0 0
Theright-hand sideis equal to

2
=0,
0

1 sin(k + £)t 3 sin(k — {)t
2 k+1£ k—1¢

when k # £, and egual to = otherwise. Thus,

2 0 if k#¢,
/ sinkt-sinft dr = k,£=1,2,3,.... (2.32)
’ 7o if k=t
Similarly, one shows that
0 if k#¢,
2
/ coskt-coslrdt =27 if k=¢=0 k€=0/12,... (233
0 9
7 if k=£>0,

and
2
/ sinkt-cosftdt =0, k=1,2,3,..., £=0,1,2,.... (2.34)
0

The theory of Fourier series is concerned with the expansion of a given 27-
periodic function in terms of these trigonometric functions,

o0 o0
f@6) =" axcoskt + > besinkt. (2.35)
k=0 k=1
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Using (2.32)—2.34), one formally obtains

1 2w 1 21
ap = — f(t) dr, ak=—[ f()coskr dt, k=1,2,...,
21w Jo T Jo
2w

1 .
by = — f@)sinktdt, k=1,2,..., (2.36)
T Jo

which are known as Fourier coefficients of f. They are precisely the coefficients
(2.24) for the system 7r; consisting of our trigonometric functions. By extension,
onethereforecallsthe coefficients ¢; in (2.24), for any orthogonal system r;, the
Fourier coefficientsof f relativeto this system. In particular, we now recognize
the truncated Fourier series (the series on the right-hand side of (2.35) truncated
atk = m,withay, by givenby (2.36)) asthebest L, approximationto f fromthe
class of trigonometric polynomialsof degree < m relativeto the norm (cf. (2.31))

1

2 2
ullz = ( /0 |u(r)|2dr) .

2. Orthogonal polynomials: given a measure dA as introduced in (2.3)—«2.5), we
know from the example immediately following (2.7) that any finite number of
consecutive powers 1, ¢, t2, ... arelinearly independent on [a, b], if suppdi =
[a,b], whereasthefiniteset 1, ¢,...,t¥~! islinearly independent on suppdi =
{t|,tp, ..., ty}. Sincealinearly independent set can be orthogonalized by Gram—
Schmidt (cf. Sect. 2.1.2), any measure dA of the type considered generates
a unique set of (monic) polynomias 7;(t) = m;(t;dA), j = 0,1,2,...,
satisfying

degn, = j, j=0,1,2,...,

/manmmmn=0ﬁk¢n (2.37)
R

These are called orthogonal polynomials relative to the measure dA. (We dlightly
deviate from the notation in Sects. 2.1.2 and 2.1.3 by letting the index ; start
from zero.) The set «; isinfinite if suppdA = [a, b], and consists of exactly N
polynomials ng, 71, ..., wy—; if SuppdA = {11,1,,...,ty}. The latter are referred
to as discrete orthogonal polynomials.

It isan important fact that three consecutive orthogonal polynomials are linearly
related. Specifically, there are real constants oy = oy (dA) and positive constants
Br = Bk (dA) (depending on the measure dA) such that

J'[k.H(l) = (l — Otk)ﬂk(l) — ﬂknk_1(l), k=0,1,2,...,
m_1(t) =0, mo(t) = 1. (2.38)
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(It is understood that (2.38) holds for all integers k > 0 if suppdA = [a, b], and
onlyfor0 <k < N —1if suppdA ={t,15, ..., IN}.)

To prove (2.38) and, at the same time identify the coefficients oy, Bx, we note
that

T41(2) — tm(2)

is apolynomial of degree < k, since the leading terms cancel (the polynomials r;
are assumed monic). Since an orthogonal system is linearly independent (cf. the
remark after (2.16)), we can express this polynomial as alinear combination of ),

1, ..., . We choose to write this linear combination in the form:
k—2
Mot (1) — 1 (6) = =i (1) — B (1) + Y a7 (1) (2.39)
j=0

(with the understanding that empty sums are zero). Now multiply both sides
of (2.39) by m; in the sense of the inner product (- , -) defined in (2.10). By
orthogonality, this gives (—tmty, x) = —oy (i, i ); that is,

(e, i)

- k=0,1,2,.... (2.40)
(7w, )

Uk

Similarly, forming the inner product of (2.39) with mx—, gives (—tmy, wr—1) =
—Br (=1, Tp—1). Since (tmy, wp—1) = (g, tmp—1) and tmi—y differs from 7 by
a polynomial of degree < k, we obtain by orthogonality (¢my, mx—1) = (k. 7x);
hence

By = (7k, k)

- =1,2,.... (2.41)
(wk—1, T —1)

Finaly, multiplication of (2.39) by 7, £ < k — 1, yields

Ve=0, £=01,....k—2. (2.42)

Solving (2.39) for mx4+; then establishes (2.38), with oy, B defined by (2.40)
and (2.41), respectively. Clearly, fr > 0. By convention, 8y = [ dA(r) =
S 75 ()dA ().

The recursion (2.38) provides us with a practical scheme of generating orthogo-
nal polynomials. Indeed, since 7y = 1, we can compute « by (2.40) with & = 0.
Thisalowsusto compute s () for any ¢, using (2.38) with k& = 0. Knowing n, 71,
we can go back to (2.40) and (2.41) and compute, respectively, oy and 8. Thisgives
us access to 7, via (2.38) with k = 1. Proceeding in this fashion, using aternately
(2.40), (2.41), and (2.38), we can generate as many orthogonal polynomials as are
desired. This procedure — called Stieltjes’s procedure — is particularly well suited
for discrete orthogonal polynomials, since the inner product is then a finite sum,
(u,v) = vazl w;u(t; )v(t;) (cf. (2.5)), so that the computation of the ay, B from
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(2.40) and (2.41) is straightforward. In the continuous case, the computation of the
inner product requiresintegration, which complicates matters. Fortunately, for many
important special measuresdA (t) = w(¢)dt, the recursion coefficients are explicitly
known (cf. Chap. 3, Table 3.1). In these cases, it is again straightforward to generate
the orthogonal polynomialshby (2.38).

The special case of symmetry (i.e., dA(z) = w(¢)dr with w(—¢) = w(¢) and
supp(dA) symmetric with respect to the origin) deserves special mention. In this
case, defining pi(t) = (—1)*m (—t), one obtains by a simple change of variables
that (pr. pe) = (=) (i, me) = 0if k # L. Since py is monic, it follows by
uniquenessthat py (1) = my (¢); that is,

(=¥ (—=1) = me(r)  (dA symmetric). (2.43)

Thus, if k is even, then m; is an even polynomial, that is, a polynomial in 2.
Likewise, when k is odd, rr; containsonly odd powersof ¢. As a consequence,

ar =0 foralk >0 (dA symmetric), (2.44)

which aso follows from (2.40), since the numerator on the right-hand side of this
equation is an integral of an odd function over a symmetric set of points.

Example: Legendre® polynomials.
We may introduce the monic Legendre polynomials by

0 = (<) = -k, k=01,2,..., 2.45
(1) = (=) (2k),dtk( ) (2.45)
which is known as the Rodrigues formula.

We first verify orthogonality on the interval [—1, 1] relative to the measure

dA(¢) = dr. Forany £ with 0 < £ < k, repeated integration by parts gives

14

1 k
/ ;—k(l — )t = D)) (= D
-1

m=0
dk m—1

dzk m— 1( - tz)k =0,

—1

thelast equation since0 <k —m — 1 < k. Thus,

(e, p) =0 forevery p € Pr_y,

SAdrien Marie Legendre (1752-1833) was a French mathematician active in Paris, best known
not only for his treatise on eliptic integrals but also famous for his work in number theory and
geometry. He is considered as the originator (in 1805) of the method of least squares, athough
Gauss had already used it in 1794, but published it only in 1809.
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proving orthogonality. Writing (by symmetry)

m(t) =t + et k> 2,
and noting (again by symmetry) that the recurrence relation has the form

Teq1(t) =t (1) — Brmr—1 (1),

we obtain
tr(t) — w41 ()
r—1(2)

whichisvalidfor al ¢. In particular, ast — oo,

B =

i () — e (1) (e — ) 4o
Br = lim ———— = — |im

1—>00 7e—1 (1) 1—>00 =1 ... = M= Mkt

(If £ =1, set u; = 0.) From Rodrigues's formula, however, we find

d* (2 2%h—2 k! f
m () = (2k)'dtk( —ktTT ) = a0 (2k(2k — 1)+ (k + 1)t
—k-Qk—2)2k =3)--- (k= Di* 2 +..)
_ g K=
2(2k — 1) ’
so that
_ k(k—1) 5
M= =1y T
Therefore,
B = i — _ k=1 +(k+1)k k 2k .
T T 0k - ) T 2@k + 1) 2 @k+ D@k—1)
that is, since u; = 0,
Bi=— k>l (2.46)

4— k=2 -

We conclude with two remarks concerning discrete measures dA with suppdi =
{t1,t2,...,tn}. Asbefore, the L, errors decrease monotonically, but the last oneis
now zero, since there is a polynomial of degree < N — 1 that interpolates f at the
N pointsty,t,...,ty (cf. Sect. 2.1.2). Thus,

\f=doll = IIf —¢ill == If —¢n-1ll =0, (2.47)
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where ¢, isthe L, approximant of degree < n,

_ (. )

G

Gu(t) =) &jm(t:dh), ¢ (2.48)

j=0
We see that the polynomial ¢—; solvesthe interpolation problem for Py_;. Using
(2.48) with n = N — 1 to obtain the interpolation polynomial, however, is a
roundabout way of solving the interpolation problem. We learn of more direct ways
in the next section.

2.2 Polynomial Interpolation

We now wish to approximate functions by matching their values at given points.
Using polynomial s as approximants givesrise to the following problem: givenn + 1

distinct points xo, xi,...,x, and values f; = f(x;) of some function f at these
points, find a polynomial p € P, such that
pxi)=fi, i=0,1,2,...,n.

Since we haveto satisfy n + 1 conditions, and have at our disposal n + 1 degrees of
freedom — the coefficients of p —we expect the problem to have a unique solution.
Other questions of interest, in addition to existence and uniqueness, are different
ways of representing and computing the polynomial p, what can be said about the
error e(x) = f(x) — p(x) when x # x;,i = 0,1,...,n, and the quality of
approximation f(x) =~ p(x) when the number of points, and hence the degree of
p, isalowed to increase indefinitely. Although these questions are not of the utmost
interest in themsel ves, the results discussed here are widely used in the devel opment
of approximate methods for more important practical tasks such as solving initial
and boundary value problems for ordinary and partia differential equations. Itisin
view of these and other applications that we study polynomial interpolation.

The simplest example s linear interpolation, that is, the casen = 1. Here, it is
obviousfrom Fig. 2.3 that the interpolation problem has a unique solution. It isalso
clear that the error e(x) can be aslarge as onelikes (or dislikes) if nothing is known
about f other than itstwo valuesat x, and x;.

One way of writing down the linear interpolant p is as a weighted average of f,
and f; (already taught in high schoal),

— X1 X — Xo

Jo+

— X1 X1 — Xo

fi-

Thisistheway Lagrange expressed p in the general case (cf. Sect. 2.1.2). However,
we can write p also in Taylor’s form, noting that its derivative at x, is equal to the
“difference quotient,”

p(x) = a
X0

ﬁ_fu—my

X1 — X

p(x) = fo+
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Fig. 2.3 Linear interpolation

This indeed is a prototype of Newton’s form of the interpolation polynomial
(cf. Sect. 2.2.6).

Interpolating to function values is referred to as Lagrange interpolation. More
generally, we may wish to interpolate to function and consecutive derivative values
of somefunction. Thisis called Hermite interpolation. It turns out that the latter can
be solved as a limit case of the former (cf. Sect. 2.2.7).

2.2.1 Lagrange Interpolation Formula: I nterpolation Operator

We prove the existence of the interpolation polynomial by simply writing it down.
Itisclear, indeed, that

n

e,-(x)zl_[j__zf., i=0,1,....n (2.49)
1 J

Jj=0
j##i

isapolynomial of degreen that interpolatesto 1 at x = x; and to O at al the other

points. Multiplying it by f; producesthe correct value at x;, and then adding up the
resulting polynomials,

px) = fili(x),
i=0

produces a polynomial, still of degree < n, that has the desired interpolation
properties. To provethis formally, note that
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€(x) = S = ik=0,1,....n. (2.50)

Therefore,

pOk) =D filiCo) =Y fibik = fi, k=0,1,....n.

i=0 i=0
This establishes the existence of the interpolation polynomial. To prove uniqueness,

assume that there are two polynomials of degree < n, say, p and p*, both
interpolatingto f at x;,i = 0,1,...,n. Then

d(x) = p(x) = p*(x)
isapolynomial of degree < n that satisfies
dixj))=fi— fi=0, i =0,1,....,n.

In other words, d hasn + 1 distinct zeros x;. There is only one polynomial in P,
with that many zeros, namely, d(x) = 0. Therefore, p*(x) = p(x).
We denote the unique polynomial p € P, interpolating f at the (distinct) points
X0y X14...,X, DY
Pa(fix0, X1, .. X1 x) = pu(fi2), (2.51)

where we use the long form on the left-hand side if we want to placein evidencethe
points at which interpolation takes place, and the short form on the right-hand side
if the choice of these pointsis clear from the context. We thus have what is called
the Lagrange” interpolation formula

pa(f3x) =) fOa)ti (%), (2.52)
=0

with the ¢; (x) — the elementary Lagrange interpolation polynomials — defined in
(2.49).

4Joseph Louis Lagrange (1736-1813), born in Turin, became, through correspondence with Euler,
his protégé. In 1766 he indeed succeeded Euler in Berlin. He returned to Paris in 1787. Clairaut
wrote of the young Lagrange: “ ... a young man, no less remarkable for his talents than for
his modesty; his temperament is mild and melancholic; he knows no other pleasure than study.”
Lagrange made fundamental contributions to the calculus of variations and to number theory, and
worked also on many problems in analysis. He is widely known for his representation of the
remainder term in Taylor's formula. The interpolation formula appeared in 1794. His Mécanique
Analytique, published in 1788, made him one of the founders of analytic mechanics.
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It is useful to look at Lagrange interpolation in terms of a (linear) operator P,
from (say) the space of continuous functionsto the space of polynomiasP,,

Py Cla.b] = Py, p(+) = pa(f:-). (253)

Theinterval [a, b] hereisany interval containing all pointsx;,i = 0,1,...,n. The
operator P, hasthe following properties:

1. P,(af)=aP,f, « € R (homogeneity);
2. Pu(f+g) = Puf + P,g (additivity).

Combining 1 and 2 showsthat P, isalinear operator,

P,(af +Bg) =aP,f + BP.g, a.f R

3. P,f=f fordl feP,.

The last property —an immediate consequence of uniqueness of theinterpolation
polynomial — saysthat P, leaves polynomials of degree < n unchanged, and hence
isaprojection operator.

A norm of the linear operator P, can be defined (similarly as for matrices,
cf. Chap. 1, (1.30)) by

(2.54)

P
1Pyl = max [ nf”’
reclab) |1

where on the right-hand side one takes any convenient norm for functions. Taking
the Lo norm (cf. Table 2.1), one obtains from Lagrange'sformula (2.52)

l2n(f: ) oo

max | f(xi)4i(x)
i=0

a<x<b |4

IA

1 Flloo max 3 1€ (x)1. (255)

i=0
Indeed, equality holds for some continuousfunction f; cf. Ex. 30. Therefore,
” P, ”oo = An, (2-56)

where

A= Pnlloor An(x) =€) (257)
i=0
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The function A, (x) and its maximum A, are called, respectively, the Lebesgue®
function and Lebesgue constant for Lagrange interpolation. They provide a first
estimate for the interpolation error: let £, ( /) be the best (uniform) approximation
of f on[a, b] by polynomialsof degree < n,

En(f) = ;in[: If = Plloo = 1./ = Pulloo, (2.58)

where p, is the nth-degree polynomial of best uniform approximationto f. Then,
using the basic properties 1-3 of P,, in particular, the projection property 3, and
(2.55) and (2.57), one finds

If = pn(fs Moo = I1f = Pn— Pu(f = Pni )l
= ||f_ﬁn||w +An||f_13n”oo;

that is,
If = pu(f oo = (1 + AE(S). (2.59)

Thus, the better f can be approximated by polynomials of degree < n, the smaller
the interpolation error. Unfortunately, A, is not uniformly bounded: no matter how
one chooses the nodes x; = xf”), i =0,1,...,n, onecan show that always A, >
O(logn) asn — oo. It is not possible, therefore, to conclude from Weierstrass's
approximationtheorem (i.e., fromé&,(f) — 0,n — oo) that Lagrangeinterpolation
converges uniformly on [a, b] for any continuous function, not even for judiciously
selected nodes; indeed, one knowsthat it does not.

2.2.2 Interpolation Error

As noted earlier, we need to make some assumptions about the function £ in order
to be able to estimate the error of interpolation, f(x) — p,(f; x), forany x # x; in
[a, b]. In (2.59) we made an assumption in termsof how well f can be approximated
on [a, b] by polynomials of degree < n. Now we make an assumption on the
magnitude of some appropriate derivative of f.

SHenri Leon Lebesgue (1875-1941) was a French mathematician best known for his work on the
theory of real functions, notably the concepts of measure and integral that now bear hisname. These
became fundamental in many areas of mathematics such as functional anaysis, Fourier analysis,
and probability theory. He has also made interesting contributions to the cal culus of variations, the
theory of dimension, and set theory.
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It is not difficult to guess how the formula for the error should look: since the
erroriszeroateach x;,i = 0,1, ..., n, weoughtto seeafactor of theform (x — xy)
(x —x1)---(x — x,,). On the other hand, by the projection property 3 in Sect. 2.2.1,
the error is also zero (even identically so) if f € IP,, which suggests another factor
—the (n + 1)st derivative of f. But evaluated where? Certainly not at x, since
f would then have to satisfy a differential equation. So let us say that £+ is
evaluated at some point ¢ = £(x), which is unknown but must be expected to
dependon x. Now if wetest theformulaso far conjectured on the simplest nontrivial
polynomial, f(x) = x"*!, we discover that afactor 1/(n + 1)! ismissing. So, our
final (educated) guessisthe formula

SO EE)

JxX)=pu(fix) = T

[]ex—x). xelabl (2.60)
i=0

Here £ (x) is some number in the open interval (a, b), but otherwise unspecified,
a < E&(x) <b. (2.61)
The statement (2.60) and (2.61) is, in fact, correct if we assume that f €
C"*'1a, b]. An elegant proof of it, dueto Cauchy,® goes as follows. We can assume
x # x; fori = 0,1,...,n, since otherwise (2.60) would be trivialy true for any

£(x). So, fix x € [a, b] in this manner, and define afunction F of the new variable
t asfollows:

Foy = £ = pofi0 = L=y 26)
H(X—Xi) =0
i=0
Clearly, F € C"*![a, b]. Furthermore,
F(x;))=0,i=0,1,...,n; F(x)=0.

Thus, F hasn + 2 distinct zerosin [a, b]. Applying repeatedly Rolle’'s Theorem,
we conclude that

6Augustin Louis Cauchy (1789-1857), active in Paris, is truly the father of modern analysis. He
provided a firm foundation for analysis by basing it on a rigorous concept of limit. He is also
the creator of complex analysis, of which “Cauchy’s formula’ (cf. (2.70)) is a centerpiece. In
addition, Cauchy’s nameis attached to pioneering contributionsto the theory of ordinary and partial
differential equations, in particular, regarding questions of existence and uniqueness. As with
many great mathematicians of the eighteenth and nineteenth centuries, his work a so encompasses
geometry, algebra, number theory, and mechanics, as well as theoretical physics.
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F’ has at least n + 1 distinct zeros in (a, b)
F” has at leat n distinct zeros in (a, b)

F"”  has at least n — 1 distinct zeros in (a, b)

FO+D has at least 1 zero in (a,b)

since F"*1 is «ill continuous on [a, b]. Denote by £(x) a zero of F”+1 whose
existence wejust established. It certainly satisfies (2.61) and, of course, will depend
on x. Now differentiating F in (2.62) n + 1 timeswith respect to ¢, and then setting
t = £(x), we get

0= 100~ LTI gy,

[T —x)

i=0

which, when solved for f(x) — p.(f; x), gives precisely (2.60). Actually, what we
have shown is that £ (x) is contained in the span of xg, x1, ..., x,, x, that is, in the
interior of the smallest closed interval containing xo, x1, ..., x, and x.

Examples. 1. Linear interpolation (n = 1). Assumethat xo < x < xj; that is,
[a,b] = [x0,x1],and let h = x; — x¢. Then by (2.60) and (2.61),

S0 = pi(fi0) = - <<,
and an easy computation gives
M
If = pi(f:)leo < ?zhz, My = [| £ ]|oo- (2.63)

Herethe co-normrefersto theinterval [xo, x;]. Thus, on small intervalsof length
h, the error for linear interpolation is O (h?).

2. Quadratic interpolation (n = 2) on equally spaced points xo, x; = xo + &,
X2 = xo + 2h. We now have, for x € [xo, x2],

J() = pa(fix) = (x — x0)(x — x1)(x — x2)

, Xo < & < xo,

/")
6
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Fig. 2.4 Interpolation error for eight equally spaced points

and (cf. Ex. 43(a))

M;

h3, M- = " i
Ve 3= /" oo

ILf = p2(f:)lleo =

giving an error of O(h?%).

. nth-degreeinterpolation on equally spaced pointsx; = xo +ih,i =0,1,...,n.

When & is small, and xo < x < x,, then £§(x) in (2.60) is constrained to a
relatively small interval and £+ (£(x)) cannot vary agreat deal. The behavior
of the error, therefore, is mainly determined by the product [T/_,(x — x;), the
graph of which, for n = 7, is shown in Fig. 2.4. We clearly have symmetry
with respect to the midpoint (xo + x,)/2. It can also be shown that the relative
extrema decrease monotonically in modulus as one moves from the endpoints to
the center (cf. Ex. 29(c)).

It is evident that the oscillations become more violent as n increases. In
particular, the curve is extremely steep at the endpoints, and takes off to oo
rapidly as x moves away from the interval [xo, x,]. Although it is true that the
curve representing the interpolation error is scaled by a factor of O(h"1!), it
is also clear that one ought to interpolate near the center zone of the interval
[x0, x,], if at all possible, and should avoid interpolation near the end zones, or
even extrapolation outside the interval. The highly oscillatory nature of the error
curve, when n is large, also casts some legitimate doubts about convergence of
the interpolation processasn — oo. Thisis studied in the next section.
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2.2.3 Convergence

We first must define what we mean by “convergence.” We assume that we are given
atriangular array of interpolation nodes x; = x, exactly n + 1 distinct nodes for

i

eachn =0,1,2,...:
3O
x(()l) xgl)
2 2 _©2
Yoo 0 (2.64)
x(()n) xin) xén) . x}gn)

We further assume that all nodes x" are contained in some finite interval [a, b].
Then, for each n, we define

Pu(x) = pu(f3x XM x™ix), x € a,b). (2.65)

We say that Lagrange interpolation based on the triangular array of nodes (2.64)
converges if

Pn(x) = f(x) as n — oo, (2.66)
uniformly for x € [a, b].

Convergence clearly depends on the behavior of the kth derivative f ) of f as
k — oo. Weassumethat f € C*°[a, b], and that

1fO@)| <My fora<x<b, k =0,1,2,.... (2.67)
(n)

Since |x — x| < b — a whenever x € [a.b] and x" € [a, b], we have
(= x) (= x ) (x = xM)] < (b —a)" T, (2.68)

so that by (2.60)

|ﬂﬂ—m@ﬂsw—wﬁkfﬁ;,xﬂmm

We therefore have convergenceif

 (b—a)
|
k|—>nc30 k!

M; = 0. (2.69)
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(a+b)/2

Fig. 25 Thecircular disk C,

We now show that (2.69) istrueif f isanalyticin a sufficiently large region in
the complex plane containing the interval [a, b]. Specificaly, let C, be the circular
(closed) disk with center at the midpoint of [a, b] and radius r, and assume, for the
time being, that > 1(b — a), sothat [a,b] C C,. Assume f analyticin C,. Then

we can estimate the derivative in (2.67) by Cauchy’s Formula,

FPx) = L 95 Ldz, x € [a,b].
d

C, (Z _ x)k+1

Noting that [z — x| > r — 3(b — a) (cf.Fig. 2.5), we obtain

max | f(z)|
k! z2€0C
(k) - r .
ISP = o = lG—aph 27r.

Therefore, we can take for My in (2.67)

My = max | f(2)] -

,
r—23(b—a) z€C [r—10—-a)*

and (2.69) holdsif

b—a g
——— | —0a k- oo,
r—3(b—a)

that is, if b —a < r — 1(b — ), or, equivalently,

r>3(b-a).

(2.70)

(2.71)

(2.72)
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We have shown that Lagrange interpolation converges (uniformly on [a, b]) for an
arbitrary triangular set of nodes (2.64) (all contained in [a, b]) if f is analytic in
the circular disk C, centered at (« + b)/2 and having radius r sufficiently large so
that (2.72) holds.

Since our derivation of this result used rather crude estimates (see, in particular,
(2.68)), therequired domain of analyticity for f that wefoundiscertainly not sharp.
Using more refined methods, one can prove the following. Let duu(¢) be the “limit
distribution” of the interpolation nodes, that is, let

/ du(t), a<x<b,

be the ratio of the number of nodes xf”) in [a, x] to the total number, n + 1, of
nodes, asymptotically asn — oo. (When the nodes are uniformly distributed over
the interva [a, b], then du(r) = dt/(b — a).) A curve of constant logarithmic
potential is the locus of all complex z € C such that

b
U@ = . U@ = [ In—— du@).

|z —1]

where y isaconstant. For large negative y, these curveslook like circles with large
radii and center at (a +b)/2. ASy increases, the curves“ shrink” toward the interval
[a,b]. Let

I' = supy,

where the supremum is taken over al curves u(z) = y containing [a, b] in their
interior. The important domain (replacing C,) isthen the domain
Cr={zeC: u(z) =T}, (2.73)

in the sense that if f is analytic in any domain C containing Cr in its interior (no
matter how closely C covers Cr), then

| /@) = pa(fi2)| >0 as n — o0 (2.74)
uniformly for z € Cr.

Examples. 1. Equally distributed nodes: du(t) = dt/(b —a),a <t < b. Inthis
case, Cr isalens-shaped domainwith tipsat « and b, asshownin Fig. 2.6. Thus,
we have uniform convergencein Cr (not just on [a, b], as before) provided f is
analytic in aregion dightly larger than Cr.

dt

1
2. Arc sine distribution on [-1,1]: du(f) = —
T

densely distributed near the endpoints of the intervlal [-1,1]. It turns out that in
this case Cr = [-1,1], so that Lagrange interpolation converges uniformly on
[-1,1] if f is“andytic on[1,1],” that is, analytic in any region, no matter how
thin, that containsthe interval [-1,1] in itsinterior.

= Here the nodes are more
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Cr

/

Fig. 26 Thedomain Cr for uniformly distributed nodes

3. Runge's’ example:
1

= —, —5< <5’
fo) = —S=a s

10
x,ﬂ”)=—5+k7 k=0,1.2,....n. (2.79)

Here the nodes are equally spaced, hence asymptotically equally distributed.
Notethat f(z) haspolesatz = =+ i. These poles lie definitely inside the region
Cr in Fig. 2.6 for the interval [-5,5], so that f is not analytic in Cr. For this
reason, we can no longer expect convergence on the whole interval [-5,5]. It has
been shown, indeed, that

_ 0 if x| <3.633....
lim | £(x) = pu(f5 )] = (2.76)
oo if x| >3.633....

We have convergencein the central zone of the interval [-5,5], but divergencein
thelateral zones. With Fig. 2.4 kept in mind, thisis perhapsnot all that surprising
(cf. MA 7(b)).

4. Bernstein's® example:

J) =lx[, —T=x=<1,

2k
=1+ k=0.1.2.....n. (2.77)
n

“Carl David Tolme Runge (1856-1927) was active in the famous Gottingen school of mathematics
and is one of the early pioneers of numerical mathematics. He is best known for the Runge-Kutta
formulain ordinary differential equations (cf. Chap. 5, Sect. 5.6.5), for which he provided the basic
idea. He made also notabl e contributions to approximation theory in the complex plane.

8Sergei Natanovi¢ Berndtein (1880-1968) made major contributions to polynomial approximation,
continuing in the tradition of his countryman Chebyshev. Heis aso known for his work on partial
differential equations and probability theory.
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Here analyticity of f is completely gone, f being not even differentiable at
x = 0. Accordingly, onefinds that

Jim | /() = pu(f:)] = o0 for every x € [-1.1]

except x =—1, x =0, and x = 1. (2.78)

Thefactthat x = + 1 areexceptional pointsistrivial, sincethey areinterpolation
nodes, where the error is zero. The sameistrue for x = 0 when n is even, but
not if »n is odd.

Thefailure of convergencein thelast two examplescan only in part be blamed
on insufficient regularity of f. Another culprit is the equidistribution of the
nodes. There areindeed better distributions, for example, the arc sinedistribution
of Example 2. Aninstance of the latter is discussed in the next section.

We add one more example, which involves complex nodes, and for which the
preceding theory, therefore, no longer applies. We prove convergencedirectly.

5. Interpolation at the roots of unity (Fejér®): z; = exp(k2xi/n), k = 1,2,...,n.
We show that

Pn—1(f:2) — f(2), n — oo, forany |z| <1, (2.79)
uniformly in any disk |z2| < p < 1, provided f is andyticin |z] < 1 and

continuouson |z| < 1.
We have

n
n
on@ = [[@-2) =7"—1. oj@)=nz"" = o
k=1

so that the elementary Lagrange polynomials are

. W, (2) =1
WO = -0 La-2)
Zi 1 Zj

— +7" .
niz—1 Z—z)n

9Leopold Fejér (1880-1959) was a leading Hungarian mathematician of the twentieth century.
Interestingly, Fejér had great difficulties in mathematics at the elementary and lower secondary
school level, and even required private tutoring. It was an inspiring teacher in the upper-level
secondary school who awoke Fejér's interest and passion for mathematics. He went on to discover
—still auniversity student — an important result on the summability of Fourier series, which made
him famous overnight. He continued to make further contributions to the theory of Fourier series,
but also occupied himself with problems of approximation and interpolation in the rea as well
as complex domain. He in turn was an inspiring teacher to the next generation of Hungarian
mathematicians.
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Therefore,

(i) =) S@) e g Xn: RGOS (2.80)

o —12n
k=1 "% k=1

We interpret the first sum as a Riemann sum of an integral extended over the unit
circle:

Z f(zk) Zk _ 1 - f(eikZJT/n) eik27'[/n A 2_7[
k—1n I = e'kh/n — n

L 2 f(e'e) gg— L @

27i gt — 271 Jig=1 12
The last expron, by Cauchy’s Formula, however, is precisely f(z). The

second termin (2.80), being just —z" timesthefirst, convergesto zero, uniformly
injzl <p<l.

n— oo

2.2.4 Chebyshev Polynomials and Nodes

The choice of nodes, as we saw in the previous section, distinctly influences
the convergence character of the interpolation process. We now discuss a choice
of points — the Chebyshev points — which leads to very favorable convergence
properties. These points are useful, not only for interpolation, but also for other
purposes (integration, collocation, etc.). We consider them on the canonical interval
[-1,1], but they can be defined on any finite interval [a, b] by means of a linear
transformation of variables that maps[—1,1] onto [a, b].

We begin with developing the Chebyshev polynomials. They arise from the fact
that the cosine of a multiple argument is a polynomial in the cosine of the simple
argument; more precisely,

cosn = T,(cosh), T, € P,. (2.81)
Thisis a consequence of the well-known trigonometric identity
cos(k + 1)6 + cos(k — 1)6 = 2 cosé cosko,
which, when solved for the first term, gives
cos(k 4+ 1)6 = 2 cosf cosk® — cos(k — 1)6. (2.82)
Therefore, if cosm6 is a polynomial of degree m in cosé for dl m < k, then the

sameistruefor m = k + 1. Mathematical induction then proves (2.81). At the same
time, it followsfrom (2.81) and (2.82), if we set cos6 = x, that
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Try1(x) = 2xTi(x) — T (x), k=1,2.3,...,
To(x) =1, Ti(x) = x. (2.83)

The polynomials 7,, so defined are called the Chebyshev polynomials (of the first
kind). Thus, for example,

Tr(x) =2x>—1,
T3(x) = 4x3 — 3x,
Ti(x) = 8x* —8x2 +1,

and so on.

Clearly, these polynomials are defined not only for x in [-1,1], but also for
arbitrary real or complex x. It is only that on the interval [-1,1] they satisfy the
identity (2.81) (where 6 isreal).

It is evident from (2.83) that the leading coefficient of T;, is2"~! (if n > 1); the
monic Chebyshev polynomial of degreen, therefore, is

o 1 o
Ty(x)= FTn(X), n>1; To=T. (2.84)

The basic identity (2.81) allows us to immediately obtain the zeros x; = x."’ of
T,: indeed, cosnf = 0if n6 = (2k — 1)x/2, so that

, . 2% — 1
xlil) = COSG,i ), 915’1) = Tﬂ, k=1,2,...,n. (285)

All zerosof T, arethusreal, distinct, and contained in the open interval (—1,1). They
are the projections onto the rea line of equally spaced points on the unit circle;
cf. Fig. 2.7 for thecasen = 4.

In terms of the zeros x,((") of T,, we can write the monic polynomial in factored
formas

T, =[] (x - x,§">) . (2.86)

As we let 6 increase from 0 to 7, hence x = cos6 decrease from +1 to —1,
(2.81) shows that 7,(x) oscillates between +1 and -1, attaining these extreme
values at

y" = cosn™, ™ = k%, k=012 .n (2.87)
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AY
Ty
| >
-1 1
Fig. 2.7 The Chebyshev polynomia y = T,(x)
In summary, then,
2k —1
T, (x,i”)) =0 for x" = cos mok=12,....n (2.88)

k
T, (y]i")) = (=D)F for y" = cos_m, k=0.1.2....n. (289

Chebyshev polynomials owe their importance and usefulness to the following
theorem, due to Chebyshev.°

Theorem 2.2.1. For an arbitrary monic polynomial ;)n of degree n, there holds

n>1, (2.90)

o o
m > —
max 5, ()] = _max 7,0l = 5. 1=

where %,, is the monic Chebyshev polynomial (2.84) of degree n.

10pgfnuti Levovich Chebyshev (1821-1894) was the most prominent member of the St. Petersburg
school of mathematics. He made pioneering contributions to number theory, probability theory,
and approximation theory. He is regarded as the founder of constructive function theory, but also
worked in mechanics, notably the theory of mechanisms, and in balistics.
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Proof (by contradiction). Assume, contrary to (2.90), that

o 1
max |p, (0] < > (2.91)

—l<x< 2;1—1

Then the polynomial d,(x) = ;,,(x) — Zn(x) (a polynomial of degree <n — 1),
satisfies

dy (5§") > 0. dy (") <0, dy (18") > 0.0, (=1)'dy (3") > 0. (292)

Thus d,, changes sign at least n times, and hence has at least n distinct real zeros.
But having degree <n — 1, it must vanish identically, d,,(x) = 0. This contradicts
(2.92); thus (2.91) cannot be true. O

The result (2.90) can be given the following interesting interpretation: the best
uniform approximation (on the interval [-1,1]) to f(x) = x" from polynomials in

P,_ isgiven by x"—T,(x), that is, by the aggregate of termsof degree< n—1inT,
taken with the minus sign. From the theory of uniform polynomial approximationit
is known that the best approximant is unique. Therefore, equality in (2.90) can only
hold if p, = T,.

What is the significance of Chebyshev polynomials for interpolation? Recall
(cf. (2.60)) that the interpolation error (on [-1,1], for afunction ' € C"T![-1,1]),
isgiven by

SOV EE)

F) = P30 = T

JJe—x). xe-1.11. (2.93)
i=0

The first factor is essentially independent of the choice of the nodes x;. It is true
that £(x) does depend on the x;, but we usualy estimate £+ by || f 7+ s,
which removesthis dependence. On the other hand, the product in the second factor,
including its norm

n

H(' - X;)

i=0

: (2.94)

o0

depends strongly on the x; . It makes sense, therefore, to try to minimize (2.94) over
al x; € [—1,1]. Sincethe product in (2.94) isamonic polynomial of degreen + 1, it
followsfrom Theorem2.2.1 that the optimal nodes x; = fcf”) in (2.93) are precisely

the zeros of T,,4+1; that is,

1
;= 7, i =0,1,2,...,n. (2.95)
2n + 2
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For these nodes, we then have (cf. (2.90))

L™ Pl 1

1FO =Pl o = 0 5

(2.96)

One ought to compare the last factor in (2.96) with the much cruder bound givenin
(2.68), which, in the case of the interval [-1,1],is2" 1.

Since by (2.93) the error curve y = f — p,(f;-) for Chebyshev points (2.95)
is essentially equilibrated (modulo the variation in the factor f®+V), and thus
free of the violent oscillations we saw for equally spaced points, we would expect
more favorable convergence properties for the triangular array (2.64) consisting of
Chebyshev nodes. Indeed, one can prove, for example, that

(S A(”), ..... fc,(l”);x) — f(x) as n — oo, (2.97)

uniformly on [-1,1], provided only that f € C'[-1,1]. Thus we do not need
anayticity of f for (2.97) to hold.

We finally remark — as already suggested by the recurrencerelation (2.83) —that
Chebyshev polynomials are a specia case of orthogonal polynomials. Indeed, the
measure in question is precisely (up to an unimportant constant factor) the arc sine
measure

dA(x) = on [-1,1] (2.98)

dx
V1 —x2
already mentioned in Example 2 of Sect.2.1.4. Thisis easily verified from (2.81)
and the orthogonality of the cosines (cf. Sect. 2.1.4, (2.33)):

1 dX /n
T (x)Te(x = T (cosO)Ty(cosH)dd
/_lk(n()m [ 71 cost) T (cost)
0 if k#L,
= /0 coskfcostOdd = { - if kr=¢=o0, (2.99)
%7{ if k=4€>0.

The Fourier expansion in Chebyshev polynomials (essentially the Fourier cosine
expansion) is therefore given by

f(x) = Z ¢;Ti(x) = —co + Z ¢; T (x), (2.100)

j=1
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where

2

! d
o= STy 0=

_ _]
V1 —x2

Truncating (2.100) with the term of degreen gives a useful polynomial approxi-
mation of degreen,

=0,1,2,.... (2.101)

T

n
/
T(x) =Y ¢;Ti(x).
j=0

having an error

S =t = D ¢;Tj(x) & cyp1 Tug (). (2.102)
j=n+1

The approximation on the far right is better the faster the Fourier coefficients c;
tend to zero. The error (2.102), therefore, essentially oscill ates between +c,,+; and
—cu+1 8 x varies on the interval [-1,1], and thus is of “uniform” size. Thisisin
stark contrast to Taylor’'sexpansion at x = 0, where the nth-degree partial sum has
an error proportional to x"*! on [-1,1].

2.2.5 Barycentric Formula

Lagrange's formula (2.52) is attractive more for theoretical purposes than for
practical computational work. It can be rewritten, however, in a form that makes
it efficient computationally, and that also allows additional interpolation nodes to
be added with ease. Having the latter feature in mind, we now assume a sequential
set x, X1, X2, ... Of interpolation nodes and denote by p, (f; -) the polynomial of
degree < n interpolating to /" at thefirst n + 1 of them. We do not assume that the
x; arein any particular order, as long as they are mutually distinct.
We introduce a triangular array of auxiliary quantities defined by

n l
©) _ (n) _ - . _
Ayt =1, )Ll,” _l_[xi—X," i=0,1,....,n; n=1,2,3,.... (2.103)

Jj=0
J#i

The elementary L agrange interpolation polynomialsof degreen, (2.49), can then be
written in the form

A(n) n
G(x) = —— w,(x), i =0,1,....n 0,(x) = [[(x—x). (2.104)
X —X =0

12
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Dividing Lagrange’sformulathroughby 1 = Y"7_, £; (x), onefinds

n n (n)
,1 YA Y e
i=0

1

(0 = Y i) = S =
i=0 ;ﬁl(x) Z X —lX a)n(x)

i=0 !

that is,
n A’l(n)
2yt
pn(f;x)z%, x#x fori=0,1,....n. (2.105)

ZX—X,'

i=0

This expresses the interpolation polynomial as a weighted average of the function
values f; = f(x;) and is, therefore, called the barycentric formula — a dight
misnomer, since the weights are not necessarily all positive. The auxiliary quantities
)L}”) involved in (2.105) are those in the row numbered n of the triangular array
(2.103). Once they have been calculated, the evaluation of p, ( f; x) by (2.105), for
any fixed x, is straightforward and cheap. Note, however, that when x is sufficiently
close to some x;, the right-hand side of (2.105) should be replaced by f;.
Comparison with (2.52) shows that

, i=01,....n. (2.106)

In order to arrive at an efficient algorithm for computing the required quantities
A" wefirst notethat, for k > 1,

Al(k—l)

L i=0.1,... k-1 (2.107)

X Xk

The last quantity A}(k) missing in (2.107) is best computed directly from the
definition (2.103),
Y L S S

k - k—] £ p—
[T —o(xk — x;)
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We thus arrive at the following algorithm:

k(()O) =1,
fork=1,2,...,n do
A(k—l)
A= T i=01, k-1,
Xi — Xk
(2.108)
W _ 1

k7 k=1 :
[Tj=oCe —x;)

Thisrequires 3n(n + 1) subtractions, (n — 1)n multiplications, and n(n + 3)
divisionsfor computingthen + 1 quantities A\, A\, ..., A" in (2.105). Therefore,
(2.106) in combination with (2.108) is more efficient than (2.49), which requires
O(n?) operations to evaluate. It is also quite stable, since only benign arithmetic
operations are involved (disregarding the formation of differences such as x — x;,
which occur in both formulae).

If we decideto incorporate the next datapoint (x,+1, f.+1), dl weneedto dois
extend the k-loop in (2.108) through n + 1, that is, generate the next row of auxiliary
quantities A"V, AUFY AU ED . We are then ready to compute 41 (f; x)
from (2.105) with n replaced by n + 1.

2.2.6 Newton’s!! Formula

This is another way of organizing the work in Sect. 2.2.5. Although the compu-
tational effort remains essentially the same, it becomes easier to treat “confluent”
interpolation points, that is, multiple points in which not only the function values,
but also consecutive derivative values, are given (cf. Sect. 2.2.7).

Using the same setup as in Sect. 2.2.5, we denote

Pn(x) = pu(fix0,X1,....Xnix), n=0,1,2,.... (2.109)

1Sir 1ssac Newton (1643-1727) was an eminent figure of seventeenth century mathematics and
physics. Not only did he lay the foundations of modern physics, but he was also one of the
coinventors of differential calculus. Another was Leibniz, with whom he became entangled in
a bitter and life-long priority dispute. His most influential work was the Philosophiae Naturalis
Principia Mathematica, often called smply the Principia, one of the greatest work on physics
and astronomy ever written. Therein one finds not only his ideas on interpolation, but also
his suggestion to use the interpolating polynomial for purposes of integration (cf. Chap.3,
Sect. 3.2.2).
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We clearly have

Po(x) = ao,
pn(x) = pn—l(x) + an(x _XO)(X - xl)“.(x _-xn—l)y
n=12.3,..., (2.110)

for some constants ag, ai, a, .. .. Thisgivesrise to anew form of the interpolation
polynomial,

pn(fix) = ap + ai(x — xo) + az(x — xo)(x — x1)
+ ot an(x = x0)(x — x1) - (X = Xp—1), (2111)

which is called Newton’s form. The constants involved can be determined, in
principle, by the interpolation conditions

fo = do,

fi = ao + ai(x1 — xo),

fr = ao + ai(x2 — xo) + az(x2 — x0)(x2 — x1),

and so on, which represent a triangular, nonsingular (why?) system of linear
algebraic equations. This uniquely determines the constants; for example,

ap = fo.
Ji—fo

ay = s
X1 — X0

Jo—ao—ai(x2 — xo)

a» =
? (o2 — x0)(x2 — x1)
and so on. Evidently, a, isalinear combination of fy, f1,..., f., with coefficients
that depend on x, xi, ..., x,. We use the notation
anz[x()axla"'axn]ﬁ nzo,l,z,--., (2.112)

for thislinear combination, and call the right-hand side the nth divided difference of
f relative to the nodes xy, xi,...,x,. Considered as a function of these n + 1
variables, the divided difference is a symmetric function; that is, permuting the
variables in any way does not affect the value of the function. This is a direct
conseguence of the fact that @, in (2.111) is the leading coefficient of p,(f; x):
the interpolation polynomial p,(f; -) surely does not depend on the order in which
we write down the interpolation conditions.
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The name “divided difference” comes from the useful property

[x0, X1, X2, ..., xk] f = b/ = o)/ (2.113)

Xk — X0

expressing the kth divided difference asa difference of (k — 1)st divided differences,
divided by a difference of the x;. Since we have symmetry, the order in which the
variables are written down is immaterial; what is important is that the two divided
differences (of the same order £ — 1) in the numerator have k — 1 of the x; in
common. The “extra’ one in the first term, and the “extra’ one in the second, are
precisely the x; that appear in the denominator, in the same order.

To prove(2.113), let

r(x) = pk—1(fix1, X2, ..., Xk X)

and
s(x) = pe—1(f i X0, X150y Xk—11X).
Then
X — Xk
Pi(fix0, X1, ... Xk x) =1(x) + [r(x) —s(x)]. (2.114)
Xk — Xo

Indeed, the polynomial on the right-hand side has clearly degree < k and takes on
thecorrectvalue f; at x;,i =0,1,...,k. Forexample,if i # 0 andi # k,

Xi —X Xi — X,
rx) + ——=lr(x) —s()l = fi + ——=Lfi = fil = fi.
Xk — Xo Xk — Xo
and similarly for i = 0 and for i = k. By uniqueness of the interpolation

polynomial, this implies (2.114). Now equating the leading coefficients on both
sides of (2.114) immediately gives (2.113).
Equation (2.113) can be used to generate the table of divided differences:

x f
X0 fo
X1 fi [xo,xi]f

X2 o [xi,xlf [xo,x1, x2] f

x3  f3 [xo,x]f [xnxa,x3]f o [xo.x1,x2, x3]f

(2.115)

Thedivided differencesare here arranged in such amanner that their computation
proceeds according to one single rule: each entry is the difference of the entry
immediately to the left and the one above it, divided by the difference of the x-value
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horizontally to the left and the one opposite the f-value found by going diagonally
up. Each entry, therefore, is calculated from its two neighbors immediately to the
left, which is expressed by the computing stencil in (2.115).

The divided differences ay, ay,...,a, (cf.(2.112)) that occur in Newton's
formula (2.111) are precisely the first n + 1 diagonal entries in the table of
divided differences. Their computation requiresn(n + 1) additions and %n(n +1)
divisions, essentially the same effort that was required in computing the auxiliary
quantities /\f") in the barycentric formula (cf. Ex. 61). Adding another data point
(xu+1, fn+1) requires the generation of the next line of divided differences. The
last entry of thislineisa,+, and we can update p, ( f; x) by adding to it the term
an41(x — x0)(x — x1) -+ (x — x;,) to get p, 11 (cf. (2.110)).

Example.
X

(4-3)/(1-0)=1
749I(2-1)=3 (B-D/(20)=1
4 19 (19-7/(4-2=6 (6-3)/(4-1) =1 (1-1)/(4-0)=0
The cubic interpolation polynomial is
p3(fix)=34+1-x=-0)+1-(x—0)(x—1)+0-(x—-0)(x—1)(x—2)
=34+x+x(x—1)=3+x>

/
0 3
1 4
2 7

which indeed is the function tabulated. Note that the leading coefficient of p;(f; -)
is zero, which iswhy the last divided difference turned out to be 0.

Newton’'sformulaal so yields anew representation for the error termin Lagrange
interpolation. Let ¢ temporarily denote an arbitrary “node” not equal to any of the
X0, X1,...,X,. Thenwe have,

Pt (f5X0, X1s vy X 15 X)
= pu(fix) + [x0. X1, ..., Xn, 1] f - li[(x—x,»).
i=0
Now put x = t; since the polynomia on the left-hand side interpolatesto f at 7,
we get
f@) = pa(fi0) + [xo,xl,...,xn,t]f-]i[(t - Xx;).
i=0

Writing again x for ¢ (which was arbitrary, after al), we find

SO = pa(f52) = [xo, X1, X, x]f - [ [ = x). (2.116)

i=0
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Thisisthe new formulafor the interpolation error. Note that it involves no derivative
of f,only functionvalues. Thetroubleis, that f(x) is one of them. Indeed, (2.116)
is basically atautology since, when everything is written out explicitly, the formula
evaporatesto 0 = 0, which is correct, but not overly exciting.

In spite of this seeming emptiness of (2.116), we can draw from it an interesting
and very useful conclusion. (For another application, see Chap. 3, Ex. 2.) Indeed,
compareit with the earlier formula (2.60); one obtains

e WA A (162)
0 155 Ans (n+1)! k]
where x, xi,...,x,, x are arbitrary distinct pointsin [a,b] and f € C"*![a,b].

Moreover, £(x) is strictly between the smallest and largest of these points (cf. the
proof of (2.60)). We can now write x = x, 4, and thenreplacen + 1 by n to get

[)C(),X], . ,Xn]f = %f(")(é). (2117)

Thus, for any n + 1 distinct pointsin [a,b] and any f € C"[a, b], the divided
difference of f of order n is the nth scaled derivative of f at some (unknown)
intermediate point. If we now let al x;, i > 1, tend to x, then &, being trapped
between them, must also tend to x,, and, since f ) is continuous at x,, we obtain

[Xo, X0y ooes Xo]f = i'f(n)(X()). (2118)
~——— ™ n!

n+1 times

This suggests that the nth divided difference at n+1 “confluent™ (i.e., identical)
points be defined to be the nth derivative at this point divided by n!. This alows
us, in the next section, to solve the Hermite interpolation problem.

2.2.7 Hermite® Interpolation

The general Hermite interpolation problem consists of the following: given K + 1
distinct points xq, xi,...,xx in [a,b] and corresponding integers m;, > 1, and
given a function f € CM~!a,b], with M = max my, find a polynomial p of

lowest degree such that, fork = 0,1,..., K,
P = £, w=0,1,...,my —1, (2.119)

where fk(“) = fW(x;) isthe uth derivative of f at x;.

2Charles Hermite (1822-1901) was a leading French mathematician. An Academician in Paris,
known for his extensive work in number theory, agebra, and anaysis, he is famous for his
proof in 1873 of the transcendental nature of the number e. He was aso a mentor of the Dutch
mathematician Stieltjes.
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The problem can be thought of as a limiting case of Lagrange interpolation if
we consider x; to be a point of multiplicity my, that is, obtained by a confluence
of my distinct pointsinto a single point x;. We can imagine setting up the table of
divided differences, and Newton'’s interpolation formula, just before the confluence
takes place, and then simply “go to the limit.” To do this in practice requires that
each point x; be entered exactly m; timesin the first column of the table of divided
differences. The formula (2.118) then allows us to initialize the divided differences
for these points. For example, if m; = 4, then

x f
Xk Ji
Xk fk fk/ (2.120)
xe fio KOS K
LS/

Xk  fo K

Doing thisinitialization for each k, we are then ready to complete the table of
divided differencesin the usual way. (Therewill be no zero divisors; they have been
taken care of during the initialization.) We obtain atable with mqy +mq + -+ + mg
entriesin the first column, and hence an interpolation polynomial of degree<n =
mo + m; + --- 4+ mg — 1, which, asin the Lagrange case, is unique. Then + 1
diagonal entriesin the table give us the coefficientsin Newton’s formula, as before,
except that in the product terms of the formula, some of the factors are repeated.
Also the error term of interpolation remains in force, with the repetition of factors
properly accounted for.

We illustrate the procedure with two simple examples.

1. Find p € IP; such that

11

p(xo) = fo. p'(xo) = fo. p"(x0) = £y, P (x0) = £y
Here K = 0, my = 4, that is, we have a single quadruple point. The table of

divided differencesis precisely the onein (2.120) (with k = 0); hence Newton’s
formula becomes

PO = fork (=) + 50— x4 =) A

which is nothing but the Taylor polynomial of degree 3. Thus Taylor’s polyno-
mial is a special case of a Hermite interpolation polynomial. The error term of
interpolation, furthermore, gives us

F() = p) = 5 (x = x0)* f9(E). & between vy and x,

which is Lagrange'sform of the remainder term in Taylor’s formula.
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i
/ RN
TP
K
/
7/
/
/) N /s
//
/
/
/
/
/) fo
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)CO xl X2

Fig. 2.8 A Hermite interpolation problem

2. Find p € P; such that

p(x0) = fo, p(x1) = fi, P/(Xl) = fl/v p(x2) = fa,

where xy < x; < x; (cf. Fig. 2.8).
Thetable of divided differences now has the form:

x f

xo  Jo

xt o fi [xo.xilf

xi fi H [0, x1,x1]f

X2 fr [xnLxlf [xnoxnxelf [xo.xi,x,xalf .

If we denote the diagonal entries, as before, by ag, ai, a;, as, Newton's
formulatakes the form

p(x) = ao + a1 (x — xo) + az(x — xo)(x — x1) + a3(x — x0)(x — x1)*,

and the error formula becomes

A

J(x) = p(x) = (x = x0)(x = x1)*(x = x2) 1

, Xo < & < x.

For equally spaced points, say, xo = x1—h, x = x1+h, wehave,if x = x+1h,
-1<r<l,

[(x = x0)(x = x1)*(x = x2)| = |7 = De* - h*| < 3h,
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and so

If Dl _ A*

1
_ < Ly Lt
If =Pl = 1 24 9% /™ lloo

with the co-norm referring to the interval [xo, x;].

2.2.8 InverselInterpolation

An interesting application of interpolation —and, in particular, of Newton’sformula
—isto the solution of a nonlinear equation,

fx)=0. (2.121)

Here f is a given (nonlinear) function, and we are interested in a root « of the
equation for which we already have two approximations,

Xo RO, X~
We assume further that near the root «, the function f* is monotone, so that
y = f(x) hasaninverse x = f~1(y).

Denote, for short,
gy =71

Sincea = g(0), our problemisto evaluate g(0). From our two approximations, we
can compute yo = f(xo) and y; = f(x1), giving xo = g(y0), x1 = g(y1). Hence,
we can start atable of divided differencesfor the inverse function g:

y 8

Yo Xo

yiooxt [yo,yilg

Wanting to compute g(0), we can get afirst improved approximation by linear

interpolation,

x2 = xo + (0= yo)[yo, y1lg = Xo — yol[yo. y1lg.

Now evaluating y, = f(x2), we get x, = g(y2). Hence, the table of divided
differences can be updated and becomes
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y &

Yo Xo

yioxi [yo,yilg

Y2 X2 [y1,»20g [o, y1,»2lg

Thisallowsusto use quadratic interpolation to get, again with Newton’sformula,

x3 = x2 + (0—y0)(0— y1)[yo. ¥1, y21g = x2 + yoyi[yo. y1, y21g

and then
3 = f(x3), and x3 = g(y3).

Since yo, y; aresmall, the product y¢y; iseven smaller, making the correction term
added to the linear interpolant x, quite small. If necessary, we can continue updating
the difference table,

y g

Yo Xo

yioxi [yo.yilg

y2 X2 [y, 320g [vo.yi, 028

3 X3 [y2,y3lg [vioy2, 3lg [vo. v, vz, v3lg

and computing

X4 = X3 = Yoy1y2[yo. 1. 2, ¥31&: ya = f(xa), x4 = g(y4),

giving us another data point to generate the next row of divided differences, and so
on. In general, the process will convergerapidly: x, — « ask — oo. The precise
analysisof convergence, however, is not simple because of the complicated structure
of the successive derivatives of the inversefunctiong = f .

2.3 Approximation and I nterpolation by Spline Functions

Our concern in Sect.2.1.1 was with approximation of functions by a single
polynomial over a finite interval [a,b]. When more accuracy was wanted, we
simply increased the degree of the polynomial, and under suitable assumptions the
approximationindeed can be made as accurate as one wishes by choosing the degree
of the approximating polynomial sufficiently large.
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However, there are other waysto control accuracy. Oneistoimpose asubdivision
A upontheinterva [a,b],

A a=Xx1<x2<X3<++<Xp—1 <Xx,=>0b, (2.122)

and use low-degree polynomials on each subinterval [x;,x;+1] ( = 1,2,...,
n— 1) to approximate the given function. Therationale behind thisisthe recognition
that on a sufficiently small interval, functions can be approximated arbitrarily
well by polynomials of low degree, even degree 1, or zero, for that matter. Thus,
measuring the “fineness’ of the subdivision A by

|A| = maX 1A)C,', Ax; = Xi+1 — Xi, (2123)

1<i<n—

we try to control (increase) the accuracy by varying (decreasing) |A|, keeping the
degrees of the polynomial pieces uniformly low.

To discuss these approximation processes, we make use of the class of functions
(cf. Example 2 at the beginning of Chap. 2)

Sk (A) = {s; s €CHabl sl € Pu i = 1,2,...,n—1}, (2.124)

wherem > 0,k > 0 are given nonnegativeintegers. We refer to Sk (A) asthe spline
functions of degree m and smoothness class k relative to the subdivision A. (If the
subdivision is understood from the context, we omit A in the notation on the left-
hand side of (2.124).) The point in the continuity assumption of (2.124), of course,
isthat the kth derivative of s isto be continuous everywhere on [a,b], in particular,
also at the subdivision points x; (i = 2,...,n — 1) of A. One extreme case is
k = m, inwhich cases € S necessarily consists of just one single polynomial of
degree m on thewholeinterval [a,b]; that is, S} = PP, (see Ex. 68). Since we want
to get away from IP,,, we assume k < m. The other extreme is the case where no
continuity at all (at the subdivision points x;) isrequired; wethen put k = —1. Thus
S;,1(A) isthe class of piecewise polynomials of degree <m, where the polynomial
pieces can be completely digoint (see Fig. 2.9).

We begin with the simplest case — piecewise linear approximation — that is, the
casem =1 (hencek = 0).

2.3.1 |Interpolation by Piecewise Linear Functions

The problem hereisto find an s € S(A) such that, for a given function f defined
on[a,b], we have

s(x;) = f; where f; = f(x;), i =1,2,...,n. (2.125)
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Fig. 29 A functions € S

$S x

Fig. 2.10 Piecewise linear interpolation.

We conveniently let the interpolation nodes coincide with the points x; of the
subdivision A in (2.122). This simplifies matters, but is not necessary (cf. Ex. 75).
Thesolutionthenindeedistrivial; see Fig. 2.10. If we denote the (obviously unique)
interpolant by s(-) = s1(f; -), then the formulaof linear interpolation gives

S1(f;x) = f, + (x—xi)[x[,xi+1]f for x; <x < Xit1, 1=1,2,...,n—1.
(2.126)
A bit more interesting is the analysis of the error. This, too, however, is quite

straightforward, once we note that s;(f; -) on [x;,x;+1] is smply the linear
interpolant to /. Thus, from the theory of (linear) interpolation,

Jx) =s1(f3x) = (x —x;)(x = xi+1)[xi, xi 41, x] f for x € [x;, x;+1]:

hence, if f € C?[a.b],

max | f"], x € [x;i, xi11].
[xi X1

Ax;)?
@) —si(fin) = B
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It then follows immediately that

17C) =51(f5 oo < § [APIS " lloos (2.127)

where the maximum norms are those on [a,b]; that is, ||g]lcc = r[n?]( |g|. This
a,

shows that the error indeed can be made arbitrarily small, uniformly on [a,b], by
taking |A| sufficiently small. Making |A| smaller, of course, increases the number
of polynomial pieces, and with it, the volume of data.

It is easy to show (see Ex. 80(b)) that

distoo (/5D < /() = s1(f: lloo < 2 disto (£ SY), (2.129)

where, for any set of functions S,
distoo (f.8) = IN{ |/ = $lloo-

In other words, the piecewise linear interpolant s;(f; -) is a nearly optimal
approximation, its error differing from the error of the best approximant to f from
S by at most afactor of 2.

232 ABasisfor S(A)

What is the dimension of the space S!(A)? In other words, how many degrees of
freedom do we have? If, for the moment, we ignore the continuity requirement (i.e.,
if welook at S7!(A)), then each linear piece has two degrees of freedom, and there
aren — 1 pieces, so dim S7'(A) = 2n — 2. Each continuity requirement imposes
one equation, and hence reduces the degree of freedom by 1. Since continuity must
be enforced only at the interior subdivision pointsx;,i = 2,...,n — 1, wefind that
dimSY(A) = 2n—2—(n—2) = n. Soweexpect that abasisof S{(A) must consist
of exactly n basis functions.

We now define n such functions. For notational convenience, welet x, = x; and
Xn+1 = X, then, fori =1,2,...,n, wedefine

X —Xi—1 .
— if xi <x <,
Xi — Xi—1
Xit1 — X .
Bi(x) =9 22 if x < x < xip, (2.129)
Xi+1 — X
0 otherwise.
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a=x5=x Xq X3 X4 22 Xy

Fig. 2.11 Thefunctions B;

Note that the first equation, when i = 1, and the second, when i = n, are to be
ignored, since x in both casesisrestricted to a single point and the ratio in question
has the meaningless form 0/0. (It is the other ratio that provides the necessary
information in these cases.) The functions B; may be referred to as “hat functions’
(Chinese hats), but note that the first and last hat is cut in half. The functions B; are
depicted in Fig. 2.11. We expect these functionsto form a basis of S{(A). To prove
this, we must show:

(a) thefunctions{B;}’_, arelinearly independent and
(b) they span the space S!(A).

Both these properties follow from the basic fact that

1 it i=
Bi(xj) = 6;; = (2.130)

0 if i# ],

which one easily reads from Fig. 2.11. To show (@), assume there is a linear
combination of the B; that vanishesidentically on [a,b],

s(x) =) _ciBi(x). s(x)=0 on [a.,b]. (2.131)

i=1

Putting x = x; in (2.131) and using (2.130) then gives ¢; = 0. Since this holds
foreach j = 1,2,...,n, we see that only the trivial linear combination (with all
¢; = 0) can vanish identically. To prove (b), let s € SY(A) be given arbitrarily. We
must show that s can be represented as a linear combination of the B;. We claim
that, indeed,

s(x) =Y s(xi)Bi (x). (2.132)

i=1
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Thisis so, because the function on the right-hand side has the same values as s at
each x;, and therefore, being in S9(A), must coincide with s.

Equation (2.132), which holds for every s € S9(A), may be thought of as the
analogue of the Lagrange interpolation formula for polynomials. The role of the
elementary Lagrange polynomials¢; is now played by the B;.

2.3.3 Least Squares Approximation

As an application of the basis {B;}, we consider the problem of least squares
approximation on [a,b] by functions in SY(A). The discrete L, approximation
problem with data given at the pointsx; (i = 1,2,...,n), of course, hasthetrivial
solution s1( f; -), which drives the error to zero at each data point. We therefore
consider only the continuous problem: given f € Cla,b], find §;(f; -) € SI(A)
such that

b b
/ [f(x) = §i1(f;x)]dx 5/ [f(x) —s(x)]*dx foral s e S)(A). (2.133)
Writing
Si(f1x) =) aiBi(x). (2.134)
i=1

we know from the general theory of Sect. 2.1 that the coefficients ¢; must satisfy the
normal eguations

n

b b
Z[/ B,»(x)Bj(x)dxj| @,»:/ Bi(x) f(x)dx, i =1,2,...,n. (2.135)

j=1

b
Now the fact that B; is nonzero only on (x;—i,x;+;) implies that [ Bi(x)
‘Bj(x)dx = 0if |i — j| > 1; that is, the system (2.135) is tridiagonal. f&n easy
computation (cf. Ex. 77) indeed yields

1 1 1
gAxi_l 'éi—l + g(AX,’_l + Ax,‘)éi + EAXi -6,‘+1 = b,‘, i = 1, 2, e, n, (2136)

where b; = fa}’ B;(x) f(x)dx = f);l_”j] "B, (x) f(x)dx. Note, by our convention, that
Axo = 0 and Ax, = 0, so that (2.136) is in fact a tridiagonal system for the
unknowns ¢y, ¢, ..., ¢,. ltsmatrix is given by
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1Ax, LAx 0
tAx; 3(Axi+Ax) (A
%AXZ

1
gAxn—l

1 1
0 gAxn—l §Axn—1

As it must be, by the genera theory of Sect.2.1, the matrix is symmetric
and positive definite, but it is also diagonally dominant, each diagonal element
exceeding by a factor of 2 the sum of the (positive) off-diagonal elements in the
same row. The system (2.136) can therefore be solved easily, rapidly, and accurately
by the Gauss elimination procedure, and there is no need for pivoting.

Liketheinterpolant s, (f; -), theleast squares approximant §;(f; - ), too, can be
shown to be nearly optimal, in that

distoo (£,S)) < [1£(-) = 51(f; oo < 4distao(f;SY). (2.137)

The spread is now by afactor of 4, rather than 2, asin (2.128).

2.3.4 Interpolation by Cubic Splines

The most widely used splines are cubic splines, in particular, cubic spline inter-
polants. Wefirst discussthe interpol ation problem for spliness € S}(A). Continuity
of the first derivative of any cubic spline interpolant s3( f; -) can be enforced by
prescribing the values of the first derivative at each point x;,i = 1,2,...,n. Thus
let my, my, ..., m, bearbitrary given numbers, and denote

$3(f3 gy = Pix), i =12,....n— 1L (2.138)
Then, we enforce s5(f:;x;) = m;, i = 1,2,...,n, by selecting each piece p; of

s3(f; -) to bethe (unique) solution of a Hermite interpolation problem, namely,

pi(xi) = fi.  pi(xit1) = fiyr,
i=1.2,...n—1 (2.139)

pi(xi) =mi,  pi(Xit1) = mi1,

We solve (2.139) by Newton's interpolation formula. The required divided differ-
ences are;
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xifi

xi fi m;

[xi, xig1] f —m;

Xit1 Sitr [xi, xia] f Ax,
1

miy1 — [Xi. Xip1 f mipr +m; = 2[x;, Xi41] f

X ; m:
i+1 fit1 i+1 Ax, (Ax,)?

and the interpolation polynomial (in Newton'sform) is

x-)2 [xi, xi 1] f —m;
! Ax,—

mi1 4+ m; = 2[x;, xi+1] f

pi(x) = fi +(x —x;)m; + (x —

+ (x = x;)*(x — xj41)

(AX,’)Z
Alternatively, in Taylor’'s form, we can write

pi(x) = cio+cin(x —x;) + cialx — xi)? + ciz(x —x;),

Xi =X = Xit1,

where, by noting that x — x;41 = x — x; — Ax;,

cio = fi
Ci,1 = mj,
_ [xi, Xi41] f —m;
Cip = ——F— ——— —GCj" Ax;,
AX,’
o = Mt mi =20 X ] f
" (Ax)?

(2.140)

(2.141)

Thus to compute s;( f; x) for any given x € [a, b] that is not an interpolation
node, one first locates the interval [x;, x;+;] containing x and then computes the

corresponding piece (2.138) by (2.140) and (2.141).
We now discuss some possible choices of the parametersm, mo, ...

(a) Piecewise cubic Hermite interpolation. Here one selects m; = f'(x;), assum-
ing that these derivative values are known. This gives rise to a strictly local
scheme, in that each piece p; can be determined independently from the others.
Furthermore, the error of interpolationis easily estimated, since from the theory

of interpolation,

J(x) = pi(x) = (x — Xi)z(x _xi+1)2[xi,xi,xi+1»xi+lvx]ﬁ Xi =X = Xi41;
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hence, if f € C*[a, b],

1 ! | f @
[f(x) = pi(x)] = | zAx; max s X X =S Xigr.
2 xixip] 4!
Therefollows:
1/ =53(f5 oo = 553 1A 1 F D oo (2.142)

In the case of equally spaced points x;, one has |A| = (b —a)/(n — 1) and,
therefore,

1f()=s3(f: oo = O™ as n — oo. (2.143)

This is quite satisfactory, but note that the derivative of f must be known at
each point x;, and the interpolant isonly in C'[a, b].

As to the derivative values, one could approximate them by the derivatives
of po(fixi—1,xi,Xi+1;x) @& x = x;, which requires only function values of
f, except at the endpoints, where again the derivatives of f are involved, the
pointsa = xo = x; and b = x, = x,+1 being double points (cf. Ex. 78). It can
be shown that this degrades the accuracy to O(|A}?).

Cubic spline interpolation. Here we require s3(f;-) € S3(A), that is,
continuity of the second derivative. In terms of the pieces (2.138) of s3(f; -),
this means that

pii(xi) = pl(xi), i =2,3,....,n—1, (2.144)
and trandates into a condition for the Taylor coefficientsin (2.140), namely,
2 Ci—12 +6 Ci—13" Ax,»_l =2 Cio, i = 2,3, Y [ 1.

Plugging in the explicit values (2.141) for these coefficients, we arrive at the
linear system

(Axj))mi—; +2(Ax;—1 + Ax;)m; + (Axi—1)m;jy1 =b;, i =2,3,...,n—1,

(2.145)

where
b,‘ = 3{(AX,‘)[X,‘_1,X,‘]f + (Axi_l)[xi,x[+1]f}. (2146)
These aren — 2 linear equationsin the n unknownsm, m,, ..., m,. Once m,

and m,, have been chosen in some way, the system again becomes tridiagonal
in the remaining unknowns and hence is readily solved by Gauss elimination.
Here are some possible choices of m, and m,,.
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(b.1)

(b.2)

(b.3)

(b.4)

2 Approximation and Interpolation
Complete splines: m; = f'(a), m, = f’/(b). It isknown that for this spline

1F T =s"(f 1 oo < e |AFT N f Ploorr = 0.1,2.3. if f € C*a. ],
(2.147)
wherecy = 537, ¢1 = 57, ¢2 = 3, and c3 isaconstant depending on the mesh
ratio mir‘liA‘Axf . Rather remarkably, the bound for r = 0 isonly fivetimeslarger
than the bound (2.142) for the piecewise cubic Hermite interpolant, which
requires derivative values of f at al interpolation nodes x;, not just at the
endpointsa and b.
Matching of the second derivatives at the endpoints: s{(f:a) = f"(a),
s5(f:b) = f"(b). Each of these conditions gives rise to an additional
equation, namely,

1
2my 4+ my = 3[xy, x2] f — Ef”(a)AXla
1
My—1 + 2my = 3[xy—1, Xu] [ + E.f//(b)Axn—L (2.148)

One conveniently adjoins the first equation to the top of the system (2.145),
and the second to the bottom, thereby preserving the tridiagonal structure of
the system.

Natural cubic spline: s”(f;a) = s”(f;b) = 0. This again produces two
additional equations, which can be obtained from (2.148) by putting there
f"(a) = f”(b) = 0. They are adjoined to the system (2.145) as described in
(b.2). The nice thing about this spline is that it requires only function values
of f —no derivatives! —but the price one paysis a degradation of the accuracy
to O(]A|?) near the endpoints (unlessindeed f”(a) = f"(b) = 0).
“Not-a-knot spline” (C. de Boor): here we require pi(x) = p»(x) and
Pn—(x) = p,—1(x); that is, the first two pieces of the spline should be the
same polynomial, and similarly for the last two pieces. In effect, this means
that the first interior knot x,, and the last one x,,—;, both are inactive (hence
the name). This again gives rise to two supplementary equations expressing
continuity of s{”(f; x) at x = x, and x = x,_; (cf. EX. 79).

2.3.5 Minimality Properties of Cubic Spline I nterpolants

The complete and natural splines defined in (b.1) and (b.3) of the preceding
section have interesting optimality properties. To formulate them, it is convenient
to consider not only the subdivision A in (2.122), but also the subdivision

AN:a=xg=X1 <X <X3<+ <Xy <Xy =Xpp1 =D, (2.149)

in which the endpoints are double knots. This means that whenever we interpolate
on A’, we interpolate not only to function values at all interior points but also to the
function aswell asfirst derivative values at the endpoints.
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The first of the two theorems relates to the complete cubic spline interpolant,
Soompl(f; )

Theorem 2.3.1. For any function g € C?[a, b] that interpolates f on A’, there
holds

b b
/ [g” (x)]Pdx > / [s2 o (f3x)]Pdx, (2.150)

with equality if and only if g(+) = Seomu (f5 *)-
Notethat scompi (f; - ) in Theorem2.3.1 aso interpolates f on A’, and among all
such interpolantsits second derivative has the smallest L, norm.

Proof of Theorem 2.3.1. We write (for short) s.m = s. Thetheorem follows, once
we have shown that

b b b
[eords = [ - s P+ [ [P @asy
Indeed, thisimmediately implies (2.150), and equality in (2.150) holdsif and only if
g"(x)—s"(x) = 0, which, integrating twice from a to x and using the interpolation

propertiesof s and g at x = a gives g(x) = s(x).
To complete the proof, note that (2.151) is equivalent to

b
/ s"(x)[g" (x) — 5" (x)]dx = 0. (2.152)

Integrating by parts, we get
b
[ 5ete e -5

b
=5"(0)[g'(x) = S W) —/ s (0)[g"(x) — s"(x)]dx

b
= —/ s"(x)[g' (x) — " (x)]dx, (2.153)
sinces’(b) =g'(b) = f’(b),andsimilarly at x = a. But s”” is piecewise constant, so

b
/ S (0)[g () — 5’ (0)]dx

n—1

=Y+ 0 [ g @ -5 @l
v=1 Xv

n—1

=Y 5" + 0)[g(xus1) = s(xup1) — (g(x) = 5(x,))] = 0,

v=1
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since both s and g interpolate to f on A. This proves (2.152) and hence the

theorem. O
For interpolation on A, the distinction of being optimal goesto the natural cubic

splineinterpolant s..(f; -). Thisisthe content of the second theorem.

Theorem 2.3.2. For any function g € C?[a, b] that interpolates f on A (not A'),
there holds

/ [¢" (0)Pdx = [ 57,/ 0 (2.154)

with equality if and only if g(-) = s, (5 -)-

The proof of Theorem 2.3.2 is virtually the same as that of Theorem2.3.1, since
(2.153) holds again, this time because s” (b) = s”(a) = 0. O

Putting g(-) = Sem (f; ) In Theorem 2.3.2 immediately gives

b
/ 57 (f:0)fdx = [ [57,(f+ )P . (2.155)

Therefore, in a sense, the natural cubic spline isthe “smoothest” interpolant.

The property expressed in Theorem2.3.2 is the origin of the name “spline”
A splineis aflexible strip of wood used in drawing curves. If its shapeis given by
theequation y = g(x),a < x < b, and if the splineis constrained to pass through
the points (x;, g;), then it assumes a form that minimizes the bending energy

[g"(x)Pdx
o (L+[g'(0)P)°

over al functions g similarly constrained. For slowly varying g (||g’[lco < 1), this
is nearly the same as the minimum property of Theorem2.3.2.

2.4 Notesto Chapter 2

There are many excellent texts on the general problem of best approximation as
exemplified by (2.1). One that emphasizes uniform approximation by polynomials
is Feinerman and Newman [1974]; apart from the basic theory of best polynomial
approximation, it aso contains no fewer than four proofs of the fundamental
theorem of Weierstrass. For approximation in the L., and L; norm, which is
related to linear programming, a number of constructive methods, notably the
Remez agorithms and exchange a gorithms, are known, both for polynomial and
rational approximation. Early, but still very readable, expositions are given in
Cheney [1998] and Rivlin [1981], and more recent accounts in Watson [1980]
and Powell [1981]. Nearly-best polynomial and rational approximations are widely
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used in computer routines for special functions; for a survey of work in this
area, up to about 1975, see Gautschi [1975a], and for subsequent work, van der
Laan and Temme [1984] and Németh [1992]. Much relevant material is also
contained in the books by Luke [1975] and [1977]. The numerical approximation
and software for special functions is the subject of Gil et al. [2007]; exhaustive
documentation can also be found in Lozier and Olver [1994]. A package for some
of the more esoteric functions is described in MacLeod [1996]. For an extensive
(and mathematically demanding) treatment of rational approximation, the reader is
referred to Petrushev and Popov [1987], and for L; approximation, to Pinkus[1989].
M ethodsof nonlinear approximation, including approximation by exponential sums,
are studied in Braess [1986]. Other basic texts on approximation and interpolation
are Natanson [1964, 1965, 1965] and Davis [1975] from the 1960s, and the more
recent books by DeVore and Lorentz [1993] and its sequel, Lorentz et al. [1996]. A
large variety of problems of interpolation and approximation by rational functions
(including polynomials) in the complex plane is studied in Walsh [1969]. An
example of a linear space ® containing a denumerable set of nonrational basis
functions are the sinc functions— scaled trand ates of % They are of importance
in the Shannon sampling and interpolation theory (see, e.g., Zayed [1993]) and are
also useful for approximation on infinite or semi-infinite domains in the complex
plane; see Stenger [1993], [2000] and Kowalski et al. [1995] for an extensive
discussion of this. A reader interested in issues of current interest related to
multivariate approximation can get a good start by consulting Cheney [1986].

Rich and valuable sources on polynomials and their numerous properties
of interest in applied analysis are Milovanovi€ et a. [1994] and Borwein and
Erdélyi [1995]. Spline functions — in name and as a basic tool of approximation —
were introduced in 1946 by Schoenberg [1946]; also see Schoenberg [1973]. They
have generated enormous interest, owing both to their interesting mathematical
theory and practical usefulness. There are now many texts available, treating
splines from various points of view. A selected list is Ahlberg et al. [1967],
Nurnberger [1989], and Schumaker [2007] for the basic theory, de Boor [2001] and
Spath [1995] for more practical aspects including algorithms, Atteia [1992] for an
abstract treatment based on Hilbert kernels, Bartels et al. [1987] and Dierckx [1993]
for applications to computer graphics and geometric modeling, and Chui [1988], de
Boor et al. [1993], and Bojanov et al. [1993] for multivariate splines. The standard
text on trigonometric series still is Zygmund [2002] .

Section 2.1. Historically, the least squares principle evolved in the context of
discrete linear approximation. The principle was first enunciated by Legendre in
1805 in atreatise on celestial mechanics (L egendre[1805]), although Gauss used it
earlier in 1794, but published the method only in 1809 (in a paper also on celestial
mechanics). For Gauss's subsequent treatises, published in 1821-1826, see the
English tranglation in Gauss [1995]. The statistical justification of least squares as
aminimum variance (unbiased) estimator is due to Gauss. If one were to disregard
probabilistic arguments, then, as Gauss already remarked (Goldstine[1977, p. 212]),
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one could try to minimize the sum of any even (positive) power of the errors, and
even let this power go to infinity, in which case one would minimize the maximum
error. But by these principles “ ... we should be led into the most complicated
calculations” Interestingly, Laplace at about the same time also proposed discrete
L approximation (under the side condition that all errorsadd up to zero). A reader
interested in the history of least squares may wish to consult the article by
Sheynin [1993].

The choice of weights w; in the discrete L, norm || - ||,.w can be motivated on
statistical grounds if one assumes that the errorsin the data f(x;) are uncorrelated
and have zero mean and variances o7; an appropriate choicethenisw; = 0,72

The discrete problem of minimizing || f — ¢||».w over functions ¢ in ® as given
by (2.2) can be rephrased in terms of an overdetermined system of linear equations,
Pc = f,where P = [rn;(x;)] is a rectangular matrix of size N x n, and
f = [f(x;)] thedatavector of dimension N. If r = f — Pc, r = [r;] denotesthe
residual vector, one tries to find the coefficient vector ¢ € R” such that Y, w;r? is
assmall as possible. Thereis avast literature dealing with overdetermined systems
involving more genera (full or sparse) matrices and their solution by the method
of least squares. A large arsenal of modern techniques of matrix computation
can be brought to bear on this problem; see, for example, Bjorck [1996] for an
extensive discussion. In the special case considered here, the method of (discrete)
orthogonal polynomials, however, is more efficient. It hasits origin in the work of
Chebyshev [1859]; a more contemporary exposition, including computational and
statistical issues, is givenin Forsythe [1957].

There are interesting variations on the theme of polynomia least squares
approximation. One is to minimize || f — p|l..4qx @anong al polynomials in P,
subject to interpolatory constraints at m + 1 given points, where m < n. It turns
out that this can be reduced to an unconstrained least squares problem, but for
a different measure dA and a different function f; cf. Gautschi [1996, Sect. 2.1].
Something similar is true for approximation by rational functionswith a prescribed
denominator polynomial. A more substantial variation consists in wanting to ap-
proximate simultaneously afunction f* anditsfirst s derivatives. In the most general
setting, this would require the minimization of [, > _ [/ (t) — p‘@(1)]*dA, (1)
among al polynomias p € P,, where dA, are given (continuous or discrete)
positive measures. The problem can be solved, as in Sect. 2.1.2, by orthogonal
polynomials, but they are now orthogona with respect to the inner product
UV, = Yoo Jr U )V (1)dA4 (r) — aso-called Sobolev inner product. This
gives rise to Sobolev orthogonal polynomials, see Gautschi [2004, Sect. 1.7] for
some history on this problem and relevant literature.

Section 2.1.2. The alternative form (2.25) of computing the coefficients ¢; was
suggested in the 1972 edition of Conte and de Boor [1980] and is further discussed
by Shampine [1975]. The Gram-Schmidt procedure described at the end of this
section is now caled the classical Gram—Schmidt procedure. There are other,
modified, versions of Gram—Schmidt that are computationally more effective; see,
for example, Bjorck [1996, pp. 61ff].
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Section 2.1.4. The standard text on Fourier series, as already mentioned, is
Zygmund [2002], and on orthogonal polynomials, Szegd [1975]. Not only isit true
that orthogonal polynomials satisfy a three-term recurrence relation (2.38), but the
converseisalso true: any system {; } of monic polynomialssatisfying (2.38) for all
k > 0, with real coefficients oy, and Bx > 0, is necessarily orthogonal with respect
to some (in general unknown) positive measure. Thisisknown as Favard’s Theorem
(cf., e.g., Natanson [1965], Vol. 2, Chap. 8, Sect. 6]). The computation of orthogonal
polynomials, when the recursion coefficients are not known explicitly, is not an easy
task; anumber of methodsare surveyedin Gautschi [1996] ; see al so Gautschi [2004,
Chap. 2]. Orthogonal systems in L,(R) that have become prominent in recent
years are wavelets, which are functions of the form v; (1) = 272y (2/t — k),
j.ok = 0,£1,£2,... , with ¢ a “mother wavelet” — square integrable on
R and (usualy) satisfying fR w(t)dt = 0. Among the growing textbook and
monograph literature on this subject, we mention Chui [1992], Daubechies [1992],
Walter [1994], Wickerhauser [1994], Hernandez and Weiss [1996], Resnikoff and
Wells [1998], Burrus et a. [1998], and Novikov et a. [2010].

Section 2.2. Although interpolation by polynomials and spline functions is most
common, it is sometimes appropriate to use other systems of approximants for in-
terpolation, for example, trigonometric polynomials or rational functions. Trigono-
metric interpolation at equally spaced points is closely related to discrete Fourier
analysis and hence accessible to the Fast Fourier Transform (FFT). For this, and
also for rational interpolation algorithms, see, for example, Stoer and Bulirsch
[2002, Sects. 2.1.1 and 2.2]. For the fast Fourier transform and some of itsimportant
applications, see Henrici [19793] and Van Loan [1992].

Besides Lagrange and Hermite interpolation, other types of interpolation
processes have been studied in the literature. Among these are Fejer—Hermite
interpolation, where one interpolates to given function values and requires
the derivative to vanish at these points, and Birkhoff (also called lacunary)
interpolation, which is similar to Hermite interpolation, but derivatives of only
preselected orders are being interpolated. Remarkably, Fejé—Hermite interpolation
at the Chebyshev points (defined in Sect.2.2.4) converges for every continuous
function f € C[—1, 1]. The convergence theory of Lagrange and Fejér—Hermite
interpolation is the subject of a monograph by Szabados and Vértes [1990].
The most comprehensive work on Birkhoff interpolation is the book by G.G.
Lorentz et a. [1983]. A more recent monograph by R. A. Lorentz [1992] deals with
multivariate Birkhoff interpolation.

Section 2.2.1. The growth of the Lebesgue constants A, is at least O(logn) as
n — oo; specificaly, A, > %Iogn + ¢ for any triangular array of interpolation
nodes (cf. Sect. 2.1.4), where the constant ¢ can be expressed in terms of Euler's
constant y (cf. Chap.1,MA 4) by ¢ = 2 (log€ +y) = 0.9625228...; see
Rivlin [1990, Theorem 1.2]. The Chebyshev points achieve the optimal order
O(logn); for them, A, < %Iogn + 1 (Rivlin [1990, Theorem 1.2]). Equally
spaced nodes, on the other hand, lead to exponential growth of the Lebesgue
constants inasmuch as A, ~ 2"*!/(enlogn) for n — oo; see Trefethen and
Weideman [1991] for some history on this result and Brutman [19974] for a recent
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survey on Lebesgue constants. The very last statement of Sect. 2.1.2 is the content
of Faber’s Theorem (see, e.g., Natanson [1965, Vol. 3, Chap. 2, Theorem 2]), which
says that, no matter how one chooses the triangular array of nodes (2.64) in
[a, b], there is always a continuous function f € C|a, b] for which the Lagrange
interpolation process does not converge uniformly to f. Indeed, thereisan f €
Ca, b] for which Lagrange interpolation diverges amost everywherein [a, b]; see
Erdos and Vértesi [1980]. Compare this with Fejéer—Hermite interpolation.

Section 2.2.3. A more complete discussion of how the convergence domain of
Lagrange interpolation in the complex plane depends on the limit distribution of
the interpolation nodes can be found in Krylov [1962, Chap. 12, Sect. 2].

Runge's example is further elucidated in Epperson [1987]. For an analysis
of Bernstein's example, we refer to Natanson [1965, Vol. 3, Chap. 2, Sect. 2]. The
same divergence phenomenon, incidentally, is exhibited also for a large class of
nonequally spaced nodes; see Brutman and Passow [1995]. The proof of Example 5
follows Fejér [1918].

Section 2.2.4. The Chebyshev polynomial arguably is one of the most interesting
polynomials from the point of view not only of approximation theory, but also of
algebra and number theory. In Rivlin's words, it “ ... is like a fine jewel that
reveals different characteristics under illumination from various positions.” In his
text, Rivlin [1990] gives ample testimony in support of this view. Another text,
unfortunately available only in Russian (or Polish), is Paszkowski [1983], which
has an exhaustive account of analytic properties of Chebyshev polynomials as well
as numerical applications.

The convergenceresult stated in (2.97) follows from (2.59) and the logarithmic
growthof A, since&,(f)logn — 0for f € C'[-1, 1] by Jackson’s theorems (cf.
Cheney [1998, p. 147]). A morerigorousestimatefor theerror in (2.102) is&, (f) <
Ita—flloo < (4+ 25 logn) &, (f) (Rivlin[1990, Theorem 3.3]), wheretheinfinity
norm refersto the interval [—1, 1] and &,(f) is the best uniform approximation of
f on[—1, 1] by polynomials of degreen.

Section 2.2.5. A precursor of the algorithm (2.108) expressing )L,({k) in the form of
asum rather than a product, and thus susceptible to serious cancellation errors, was
proposed in Werner [1984]. The more stable algorithm given in the text is due to
Berrut and Trefethen [2004]. Barycentric formulae have been developed also for
trigonometric interpolation (see Henrici [1979b] for uniform, and Salzer [1949] and
Berrut [1984] for nonuniform distributions of the nodes), and for cardinal (sinc-)
interpolation (Berrut [1989]); for the latter, see also Gautschi [2001] and Chap. 1,
MA 10.

Section 2.2.7. There are explicit formulag, analogous to Lagrange's formula,
for Hermite interpolation in the most general case; see, for example, Stoer and
Bulirsch [2002, Sect. 2.1.5]. For the important special case m; = 2, see aso
Chap. 3, Ex. 34(a).

Section 2.2.8. To estimate the error of inverse interpolation, using an appropriate
version of (2.60), one needs the derivatives of the inverse function f~!. A general
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expression for the nth derivative of £~! in terms of the first n derivativesof f is
derived in Ostrowski [1973, Appendix C].

Section 2.3. The definition of the class of spline functions S¥ (A) can be refined to
Sk, (A), wherek™ = [k,, k3. ..., k,_,] isavector with integer componentsk; > —1
specifying the degree of smoothness at the interior knots x; ; that is, s)(x; 4+ 0) —
s (x; —0) = 0for j =0,1,...,k;. Then Sk (A) as defined in (2.124) becomes
St (A)withk = [k, k, ... k].

Section 2.3.1. As simple as the procedure of piecewise linear interpolation may
seem, it can be applied to advantage in numerical Fourier analysis, for example. In
trying to compute the (complex) Fourier coefficients ¢, (f) = 5= [ f(x)e™"dx
of a2m-periodic function f, one often approximates them by the “discrete Fourier
transform” &,(f) = 4 Y p— f(xe)e ", wherex; = k 2Z. Thiscan be computed
efficiently (for large N) by the Fast Fourier Transform. Note, however, that ¢, ( f)
is periodic in n with period N, whereas the true Fourier coefficients ¢, (f) tend
to zero asn — oo. To remove this deficiency, one can approximate f by some
(simple) function ¢ and thereby approximate c,(f) by c¢,(¢). Then c¢,(p) will
indeed tend to zero asn — oco. The simplest choice for ¢ is precisely the piecewise
linear interpolant ¢ = s,(f; -) (relative to the uniform partition of [0, 2x] into N
subintervals). One then finds, rather remarkably (see Chap. 3, Ex. 14), that ¢, (¢) is
amultiple of the discrete Fourier transform, namely, ¢, (/) = 1,¢,(f), wheret, =

. 2
(—S'”,EZ’/’//VN ’) : this still allows the application of the FFT but corrects the behavior

of ¢,(f) at infinity. The same modification of the discrete Fourier transform by an
“attenuation factor” t,, occursfor many other approximation processes f =~ ¢; see
Gautschi [1971/1972] for a general theory (and history) of attenuation factors.

The near optimality of the piecewise linear interpolant s, ( f'; - ), as expressed by
the inequalitiesin (2.128), is noted by de Boor [2001, p. 31].

Section 2.3.2. The basis (2.129) for SJ(A) is a specia case of a B-spline basis
that can be defined for any space of spline functions S%, (A) previously introduced
(cf. deBoor [2001, Theorem 1X(44)]. The B-splinesareformed by meansof divided
differences of order m + 1 applied to the truncated power (z — x)} (considered as
afunction of 7). Like the basisin (2.129), each basis function of a B-spline basisis
supported on at most m + 1 consecutiveintervalsof A and is positive on theinterior
of the support.

Section 2.3.3. A proof of the near optimality of the piecewise linear least squares
approximant §;(f'; -), as expressed by the inequalities (2.137), can be found in
de Boor [2001, p. 32]. For smoothing and least squares approximation procedures
involving cubic splines, see, for example, de Boor [2001, Chap. X1V].

Section 2.3.4. (a) For the remark in the last paragraph of (a), see de Boor [2001,
Chap. 4, Problem 3].

(b.2) Theerror boundsin (2.147), whichfor »r = 0 and r = 1 are asymptoticaly
sharp, are due to Hall and Meyer [1976].

(b.2) The cubic spline interpolant matching second derivatives at the endpoints

satisfies the same error boundsasin (2.147) for r = 0, 1, 2, with constants ¢y = 6-”—4
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¢ = &, and ¢, = 2; see Kershaw [1971, Theorem 2]. The same is shown also for

periodic splineinterpolants s, satisfying s (a) = s (b) forr = 0, 1, 2.

(b.3) Even though the natural spline interpolant, in general, convergesonly with
order |A|? (e.g., for uniform partitions A), it has been shown by Atkinson [1968]
that the order of convergenceis|A|* on any compact interval contained in the open
interval (a,b), and by Kershaw [1971] even on intervals extending (in a sense
made precise) to [a, b] as |[A| — 0. On such intervals, in fact, the natural spline
interpolant s provides approximationsto any f € C*[a, b] with errors satisfying
1£O = 5sDloo < 8¢, KIA[*, where K =2+ 3 f@|oc and ¢g = §, ¢ =
and cp = 1.

(b.4) The error of the “not-a-knot” spline interpolant is of the same order as
the error of the complete spline; it follows from Beatson [1986, (2.49)] that for
functions f € C*[a,b], onehas | f — s |os < e |A*| f@loo, ¥ = O,
1, 2 (at least when n > 6), where ¢, are constants independent of f and A. The
same bounds are valid for other schemes that depend only on function values,
for example, the scheme with m; equal to the first (or second) derivative of
p3(fix1,x2,x3,%4; -) & x = a, and similarly for m,. The first of these schemes
(using first-order derivatives of p3) isin fact the one recommended by Beatson and
Chacko [1989, 1992] for general-purpose interpolation. Numerical experimentsin
Beatson and Chacko [1989] suggest values of approximately 1 for the constants ¢,
in the preceding error estimates. In Beatson and Chacko [1992] further comparisons
are made among many other cubic spline interpolation schemes.

1
2

Section 2.3.5. The minimum norm property of natural splines (Theorem?2.3.1)
and its proof based on the identity (2.151), called “the first integral relation” in
Ahlberg et a. [1967], is due to Holladay [1957], who derived it in the context of
numerical quadrature. “Much of the present-day theory of splines began with this
theorem” (Ahlberg et al. [1967, p. 3]). An elegant alternative proof of (2.152), and
hence of the theorem, can be based (cf. de Boor [2001, pp. 64—66]) on the Peano
representation (see Chap. 3, Sect. 3.2.6) of the second divided difference of g — s,
that is, [x; 1, x;. x;11](g —s) = [ K(1)(g"(t) —s"(z))dt, by noting that the Peano
kernel K, up to aconstant, isthe B-spline B; defined in (2.129). Since the left-hand
sideis zero by the interpolation properties of g and s, it follows from the preceding
equation that g” — s” is orthogonal to the span of the B;, henceto s”, which liesin
this span.

Exercises and Machine Assignmentsto Chapter 2

Exercises
1. Suppose you want to approximate the function

-1 if -1<t<0,
f@) = 0 if r=0,

1 if 0<t=<1
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4,

by a constant function ¢(x) = c:

(@) on[-1,1] in the continuous L norm,

(b) on{t,1,,...,ty} inthediscrete L norm,
(c) on[-1,1] in the continuous L, norm,

(d) on{t,1,...,ty} inthediscrete L, norm,
(e) on[-1,1] in the co-norm,

(f) on{t1,12,...,tx5} inthediscrete oo-norm.

The weighting in al norms is uniform (i.e, w(z) = 1,w; = 1) and ¢, =
—1+ 2= i = 1,2,..., N. Determine the best constant ¢ (or constantsc, if

there is nonuniqueness) and the minimum error.

Consider the data

fa)y=1,i=12,....N—1; fy)=y> 1.

(a) Determine the discrete Lo, approximant to f by means of a constant ¢
(polynomial of degree zero).

(b) Do the same for discrete (equally weighted) least square approximation.

(c) Compare and discuss the results, especialy as N — oo.

Let xo, x1,...,x, beparwisedistinct pointsin [a, b], —oo < a < b < oo, and
f € C![a, b]. Show that, givenany ¢ > 0, thereexistsapolynomial p such that
|/ — Pl < € and, at thesametime, p(x;) = f(x;),i = 0,1,...,n. Here
Iulloo = MaXa<,<p [U(x)|. {Hint: write p = pu(f: ) + wuq, where p,(f: +)
is the interpolation polynomial of degree n (cf. Sect. 2.2.1,(2.51)), w,(x) =
[T'—o(x —xi), ¢ € P, and apply Weierstrass's approximation theorem.}
Consider the function f(¢) = t* on0 < ¢ < 1, where® > 0. Suppose we
want to approximate f best inthe L, norm by aconstantc, 0 < ¢ < 1, that is,
minimizethe L, error

1 1/p
E,(c)=t* —c|l, = (/0 [t —c|pdt)

as afunction of ¢. Find the optimal ¢ = ¢, for p = oo, p = 2,and p = 1,
and determine E,(c,) for each of these p-values.

Taylor expansion yields the simple approximatione* ~ 1 + x,0 < x < 1.
Suppose you want to improve this by seeking an approximation of the form
e~ 1+cx,0=<x <1, for somesuitablec.

(@ How must ¢ be chosen if the approximation is to be optimal in the
(continuous, equally weighted) least squares sense?

(b) Sketchtheerror curvese;(x) :=e*—(1+x) andey(x) :=e*—(1+4cx) with
¢ asobtained in (a) and determine maxp<. < |e1(x)| and maXo<yx <1 |e2(x)].

(c) Solve the analogous problem with three instead of two terms in the
modified Taylor expansion: " ~ 1 4+ c¢;x + czx and provideerror curves
forel(x)—e‘—l—x——x andey(x) =€ —1—cjx — x>,
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6. Prove Schwarz'sinequality
[(u. V) =< lull - fIv]|

for the inner product (2.10). {Hint: use the nonnegativity of |u + tv|?, r € R.}
7. Discuss uniqueness and nonuniqueness of the least squares approximant to a
function f inthe case of adiscreteset T = {/,5,} (i.e, N = 2)and &, =
P,—; (polynomialsof degree < n — 1). In case of nonuniqueness, determine all
solutions.
8. Determine the least squares approximation
C1 (&)

—— 0<t<1,
l+t+(l+t)2 - -

pt) =

to the exponential function f(r) = €', assuming dA(¢) = dr on [0,1].
Determine the condition number condee A = || A ||oo||4 ™" ||0o Of the coefficient
matrix A of the normal equations. Calculatetheerror /() —p(t) att = 0,1 =
1/2,and ¢ = 1. {Point of information: the integral [ r™"e™'dt = E,(x)
is known as the “mth exponential integral”; cf. Abramowitz and Stegun [1964,
(5.1.4)] or Olver et a. [2010, (8.19.3)].}

9. Approximate the circular quarter arc y given by the equation y () = ~1 —¢2,
0 <t <1 (seefigure) by astraight line £ in the least squares sense, using either
the weight functionw(z) = (1 —t?)"1/2, 0 <t < l,orw(t) = 1,0 <t < 1.
Where does ¢ intersect the coordinate axes in these two cases?

{Points of information: fon/z cos’ fdf) = Z, 0”/2 cos’ fdf = 2.}

1.4

1.2k

10. (a) Lettheclass ®, of approximating functions have the following properties.
Each ¢ € &, isdefined on aninterval [a, b] symmetric with respect to the
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11.

12.

13.

origin (i.e, a = —=b), and ¢(t) € &, impliesp(—t) € ®,. Let dA(r) =
w(t)dr, with w(r) an even function on [a, b] (i.e., w(—t) = w(t)). Show: if
f isaneven functionon [a, b], then soisits least squares approximant, ¢,
on [a, b] from ®,,.
. . 11—t if0o<r<lI
he “hat f 3 = - =
(b) Consider the “hat function” f(z) {1+[ if _1<1<0.
Determineits least squares approximation on [—1,1] by a polynomial of
degree <2. (UsedA(r) = dt.) Simplify your calculation by using part (a).
Determine where the error vanishes.
Suppose you want to approximate the step function

1 ifo<t<l,
f([)_{o if £ > 1
on the positive line Ry by a linear combination of exponentials 7, (r) =
e/!, j = 1,2,...,n, in the (continuous, equally weighted) least squares
sense.

(a) Derive the normal equations. How is the matrix related to the Hilbert
matrix?

(b) Use Matlab to solve the normal equationsforn = 1,2,...,8. Print n, the
Euclidean condition number of the matrix (supplied by the Matlab function
cond. m), along with the solution. Plot the approximations vs. the exact
functionfor1 <n < 4.

Let;(t1) = (t —a;)~', j = 1,2,...,n, wherea; aredistinct real numbers
with|a;|>1,j =1,2,...,n.FordA(z) =dton—1 <t < landdA(r) = 0,
t € [—1, 1], determine the matrix of the normal equations for the least squares
problem [, (f —¢)*dA(r) = min, ¢ = >_, ¢;7;. Can the sytem {x;}_,,
n > 1, be an orthogonal system for suitable choices of the constants a;?
Explain.

Given an integer n > 1, consider the subdivision A,, of theinterva [0, 1] into
n equal subintervalsof length 1/n. Let 7r;(z), j = 0,1,...,n, bethefunction
having thevalue 1 at r = j/n, decreasing on either side linearly to zero at the
neighboring subdivision points (if any), and being zero elsewhere.

(a) Draw apicture of thesefunctions. Describeinwordsthe meaning of alinear
combination 7 (1) = 3" _c;m;(1).

(o) Determiner;(k/n)forj,k=0,1,...,n.

(c) Show that the system {x; (¢)}’} _, is linearly independent on the interval
0 <t < 1.lIsit dsolinearly independent on the set of subdivision pointso0,
12 .= 1 of A,?Explain.

(d) Computethe matrix of the normal equationsfor {r; }, assuming dA(¢) = dr
on [0,1]. That is, computethe (n + 1) x (n + 1) matrix A = [a;;], where

ajj = fol ﬂi([)ﬂj(t)d[.
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14.

15.

16.

17.

18.

2 Approximation and Interpolation

Even though the function f(t) = In(1/¢) becomesinfiniteast — 0, it can
be approximated on [0,1] arbitrarily well by polynomials of sufficiently high
degree in the (continuous, equally weighted) least squares sense. Show this by
proving
enp = ,ET;!PT I/ =rl = PR

{Hint: use the following known facts about the “ shifted” L egendre polynomial
m;(¢) of degree j (orthogonal on [0,1] with respect to the weight functionw =
1 and normalized to satisfy 7 ; (1) = 1):

1 , 1 1 1 if j =0,
fmoa =gy azo [momann =y, j>o.
J+D

J(

Thefirst relation iswell known from the theory of orthogonal polynomials(see,
e.g., Sect. 1.5.1, p. 27 of Gautschi [2004]); the second is due to Blue [1979].}
Let dA be a continuous (positive) measure on [a, b] and n > 1 agiven integer.
Assume f* continuous on [«, b] and not a polynomial of degree < n — 1. Let
Pn—1 € P,—1 betheleast squares approximant to f on [a, ] from polynomials
of degree<n —1:

b b
/a[ﬁnfﬂf)—.fO)Fdl(O S(/i[p(ﬂ-—.fO)Fdl(ﬂ, alp el

Prove: the error e, (t) = p,—1(t) — f(t) changessign at least n timesin [a, b].
{Hint: assume the contrary and develop a contradiction.}
Let f beagiven function on [0,1] satisfying f(0) =0, f(1) = 1.

(@) Reduce the problem of approximating f on [0,1] in the (continuous,
equally weighted) least squares sense by a quadratic polynomial p satis-
fying p(0) = 0, p(1) = 1 to an unconstrained least squares problem (for
adifferent function).

(b) Apply theresult of (a) to f(¢) = t", r > 2. Plot the approximation against
the exact function for r = 3.

Suppose you want to approximate f(z) on [a,b] by a function of the form
r(t) = n(t)/q(t) in the least squares sense with weight function w, where
7 € P, and ¢ is agiven function (e.g., a polynomial) such that ¢(z) > 0 on
[a, b]. Formulate this problem as an ordinary polynomial least squares problem
for an appropriate new function f and new weight function w.

The Bernstein polynomials of degreen are defined by

Bi(t) = (n.)tf(l -0, j=0,1,...,n,
J

and are usually employed ontheinterval 0 < ¢ < 1.
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19.

20.

21.

22.

(@ Showthat Bj(0) = 1,andfor j =1,2,...,n

r

d o
— Bt =0, r=0,1,....,j—-1; — Bi( 0.
B0 =0 =l gy B #

(b) What are the analogous propertiesat t = 1, and how are they most easily
derived?

(c) Prepare a plot of the fourth-degree polynomials B}‘(t), j =0,1,...,4,
0<tr<I.

(d) Use(a) to show that the system { B/ (¢)}"} _, islinearly independent on [0,1]
and spansthe space P,,.

(e) Showthat 3 " _, B/ (r) = 1. {Hint: usethe binomial theorem.}

Prove that, if {x; }’}zl is linearly dependent on the support of dA, then the

matrix A = [a,-j], Wherea,-j = (71’,', Nj)d,\ = fR 7'[,'([)7'[]' (l‘)dk(l), iSSingular.

Given the recursion relation my+1(t) = (t — ag)mwi(t) — Brmr—1(2), k =

0,1,2,..., for the (monic) orthogonal polynomials {r;(-;dA)}, and defining

Bo = [ dA(r), show that ||z [|> = BoB1 - B, k = 0,1,2,....

(@) Derivethe three-term recurrencerelation

VBis17k1(t) = (t — )7 (t) —  Brr—r, k=0,1,2,...,
7)) =0, 7o=1/VBo

for the orthonormal polynomials 7y = ny /|||, k = 0,1,2,... .
(b) Usetheresult of (a) to derivethe Christoffel-Darboux formula

i ﬁk ()C)f[k(l) _ \/ﬁ ﬁ,1+1(X)ﬁ,1 (t) - ﬁn(x)ﬁn-‘rl(t) )

X —1
k=0

(@) Letm,(-) = m,(-:dL) bethe (monic) orthogonal polynomial of degree n
relative to the positive measure dA on R. Show:

/nf(t;d)t)dk(t)f/pz(t)d/\(t), al peP,
R R

where P, is the class of monic polynomials of degree n. Discuss the case
of equality. {Hint: represent p intermsof ; (-;dA), j =0,1,...,n.}

(b) If dA(z) = dAn(2) is a discrete measure with exactly N support points
fH,t, ..., tv,andm;(t) =m;(-;dAy), j =0,1,..., N —1, arethecorre-
sponding (monic) orthogonal polynomials, let wy (t) = (t —ay—1)wn—1(t)
— ﬁN—lﬂN—Z(I): withay_1, ,BN—I defined as in Sect. 214(2) Show that
ay(tj) =0forj =1,2,..., N.
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23.

24.

25.

2 Approximation and Interpolation

Let {r;}_, be a system of orthogonal polynomials, not necessarily monic,
relative to the (positive) measure dA. For some a;;, define

n
pi) =) aymj(t), i=12,.n,

=0

N

(a) Derive conditions on the matrix A = [a;;] which ensure that the system
{pi}i—, isalso asystem of orthogonal polynomials.

(b) Assuming all ; monic and { p; }/_, an orthogonal system, show that each
pi ismonicif andonly if A = I istheidentity matrix.

(c) Provethesameasin (b), with “monic” replaced by “orthonormal” through-
out.

Let (u,v) = Z,’:’:l Wi U (2 )V(tx) be adiscrete inner product on the interval [—
Ll with -1 < # <t < --- <ty < 1, and let o, B be the recursion
coefficientsfor the (monic) orthogonal polynomials{ (t)}»,’{":—o1 associated with
(u, v):

Tp+1(t) = (t — )i (t) — Brmi—1(1),
k=0,1,2,...,N =2,
7'[()(!) =1, 7'[_1([) =0.

Let x = 2547 + <t2 map the interval [-1,1] to [a, ], and the points
f € [-1.1]to x; € [a.b]. Define (u,v)* = S0, wWeu(xp)v(xz), and let
{mr;* (x)}—} be the (monic) orthogonal polynomials associated with (u,v)*.
Express the recursion coefficients o, B; for the {z;"} in terms of those for
{7y }. {Hint: first show that 7" (x) = (55%) 7 (2 (x — “52)).}
Let

Tr1(t) = (¢ — o) me () — Prmi—1(2),
(*) k=0,1,2,....n—1,
mo(t) =1, (1) =0

and consider

pa) =) cjm;(1).

Jj=0

Show that p, can be computed by the following agorithm (Clenshaw’s
algorithm):
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26.

27.

28.

29.

30.

U, = ¢y, Uyt =0,

Ur = (t — o )Ug 41 — B 1Uky2 + ¢k,

(*%)

Pn = Up.

{Hint: write (») in matrix form in terms of the vector 7 = [y, 71, ..., 4]
and a unit triangular matrix. Do likewise for (xx).}

Show that the elementary Lagrangeinterpolation polynomials¢; (x) areinvari-
ant with respect to any linear transformation of the independent variable.

Use Matlab to prepare plots of the Lebesgue function for interpolation,
An(x), =1 < x < 1,forn = 5,10, 20, with the interpolation nodes x; being
given by

@ x=-1+2% i=012....n
(b) x; =cos3m, i =0.1.2.....n.

Compute A,(x) on a grid obtained by dividing each interval [x;_1, x;], i =
1,2,...,n, into 20 equal subintervals. Plot log,, A, (x) in case (a), and A, (x)
in case (b). Comment on the results.

Let w,(x) = [[;—, (x — k) and denote by x,, the location of the extremum of
w, on[0,1], that is, the unique x in [0,1], where w/ (x) = 0.

(@) Proveor disprovethat x, — 0 asn — oc.
(b) Investigate the monotonicity of x,, asn increases.

Consider equidistant sampling points x;, = k (k = 0,1,...,n) and w,(x) =
HZ:() (x —k),0<x =<n.

(@ Show that w,(x) = (=1)"T'w,(n — x). What kind of symmetry does this
imply?

(b) Show that | w, (x)| < | w,(x + 1)| for nonintegral x > (n — 1)/2.

(c) Show that therelative maximaof | w, (x)| increase monotonically (fromthe
center of [0, n] outward).

Let .
An(x) =) (3]
i=0
be the Lebesgue function for polynomial interpolation at the distinct points
xi € la,bl, i = 0,1,....n,and A, = [[Ay]lcc = MXy<x<p |An(x)] the

L ebesgue constant. Let p,(f'; -) bethe polynomial of degree < n interpolating
f at the nodes x; . Show that in the inequality

122 (f5 Moo = Aull flloor  f € Cla,b],
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31.

32.

33.

34.

35.

36.
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equality can be attained for some f = ¢ € Cla,b]. {Hint: let |10 =

M (Xo0); take @ € Cla, b] piecewise linear and such that ¢(x;) = sgn £; (xoo).

i=0,1,....n}

(& Letxg, x1,...,x, ben + 1 distinct pointsin [a,b] and f; = f(x;),i =
0,1,...,n, for somefunction f. Let f* = f; + ¢, where|g;| < e. Use
the Lagrangeinterpolation formulato show that |p,, (f*; x) — p.(f:x)| <
eAn(x),a < x < b, where 1, (x) isthe Lebesgue function (cf. Ex. 30).

(b) Show: A,(x;) =1forj =0,1,...,n.

(c) For quadratic interpolation at three equally spaced points, show that
Ax(x) < 1.25 for any x between the three points.

(d) Obtain A,(x) for xo = 0, x; = 1, x, = p, where p > 1, and determine
maX | <,<p A2(x). How fast does this maximum grow with p? {Hint: to
simplify the algebra, note from (b) that A,(x) on 1 < x < p must be
of theform A,(x) = 1 + ¢(x — 1)(p — x) for some constant ¢.}

In a table of the Bessel function Jo(x) = L [ cos(x sing)dd, where x is

incremented in steps of size i, how small must /2 be chosen if the table is to

be “linearly interpolable” with error lessthat 107¢ in absolute value? {Point of
information: (/> sin> 9dg = .}

Suppose you have a table of the logarithm function Inx for positive integer

values of x, and you compute In11.1 by quadratic interpolation at x, = 10,

x; = 11, x, = 12. Egtimate the relative error incurred.

The “Airy function” y(x) = Ai(x) is a solution of the differential equation

y" = xy satisfying appropriate initial conditions. It is known that Ai(x) on

[0, o) ismonotonically decreasing to zero and Ai’ (x) monotonically increasing

to zero. Suppose you have atable of Ai and Ai’ (with tabular step ) and you

want to interpolate

(@) linearly between x, and xi,
(b) quadratically between xg, x1, and x»,

where xo, x; = xo + h, xo = xo + 2h are (positive) tabular arguments.
Determine close upper bounds for the respective errors in terms of quantities
Vi = y(xx), yp =y (xx), k =0,1,2, contained in the table.
Theerror in linear interpolation of £ at xo, x; isknown to be

S(x) = pi(f5x) = (x — x0)(x — x1)

, Xo <X < Xy,

J7(EX))
2

if f € C?[xo,x;]. Determine &(x) explicitly in the case f(x) = % xo = 1,

x1 = 2, and find max; <, <; & (x) and min; <, <, &(x). '

(8) Let p,(f;x) betheinterpolation polynomial of degree < n interpolating
f(x) = e athepointsx; = i/n, i = 0,1,2,...,n. Derive an upper
bound for

'naXJEﬁ'—'Pn(f§X)

0<x<
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37.

38.

39.

40.

41.

42.

and determine the smallest n guaranteeing an error less than 107 on
[0, 1]. {Hint: first show that for any integer i with 0 < i < n one has
MaXo<e<i |(x — D) (x — =5)| < 1.}
(b) Solvetheanaogousproblem for the nth-degree Taylor polynomial ¢, (x) =
I+ x4 % 4.+ 2 and compare the result with the onein (a).
Letxg < x1 < xp < -+ < X, and H = maX05[5n_1(xi+] —x,‘). Deflnlng
wp(x) = n?:o(x_xi)’ find an upper boundfor [|w, [lcc = MaXyy<x<x, | @n(X)]
intermsof H and n. {Hint: assumex; < x < x;4; forsome0 < j < n and
estimate (x — x;)(x — x;4+1) and ]_[fjrl (x — x;) separately.}
Show that the power x" on the interval —1 < x < 1 can be uniformly
approximated by a linear combination of powers 1, x, x2, ..., x"~! with error

< 27D _In this sense, the powers of x become “less and less linearly
independent” on [-1,1] with growing exponent 7.
Determine

min max |aox" +a;x"' 4+ 4 a,|, n>1,

a<x<b

where the minimum istaken over al red ag, ay, . .., a, withag # 0. {Hint: use
Theorem2.2.1.}
Leta > 1and P! = {p € P, : p(a) = 1}. Define p, € P2 by p,(x) = %’—8)),

where T, is the Chebyshev polynomial of degreen, and let || - || denote the
maximum norm on theinterval [—1, 1]. Prove:

[Pnlloc < lIPlleo fordl p ey,

{Hint: imitate the proof of Theorem 2.2.1.}
Let

o0 e—t

fo= [ cisxst
5 r—Xx

andlet p,—1(f; -) bethe polynomial of degree < n—1 interpolating 1 at then

Chebyshev points x, = cos(2-'7), v = 1,2,...,n. Derive an upper bound

for max—i<x<i | f(x) = pu—1 (£, X)].

Let f beapositive function defined on [a, b] and assume

min | f(x)| =mo, max |fPx) =M, k=0,1,2,....
a<x<b a<x<b

(a) Denote by p,—i1(f; -) the polynomial of degree < n — 1 interpolating
f at the n Chebyshev points (relative to the interval [a, b]). Estimate the
maximum relative error r, = Max,<x<p |(f(x) — pu—1(f: X))/ f(x)|.

(b) Applytheresultof (@ to f(x) =Inxonl, ={& <x <&T!}, r>1an
integer. In particular, show that r, < a(r,n)c”, where0 < ¢ <l anda is
slowly varying. Exhibit c.
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45.

46.
47.

49,

50.
51.
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(c) (This relates to the function f(x) = Inx of part (b).) How does one
compute f(x), x € I, from f(x), x € [,?

(a) For quadratic interpolation on equally spaced points xq, x; = xo + £,
X2 = Xxo + 2h, derive an upper bound for || f — p2(f; ) |leo involving
1" loo and h. (Here [|uf|oo = MaXy,<x<x, [u(x)].)

(b) Comparethe bound obtained in (a) with the analogousone for interpolation
at the three Chebyshev points on [xo, x2].

(@) Supposethefunction f(x) = In(2 + x), —1 < x < 1, isinterpolated by a
polynomial p, of degree < n a the Chebyshev points x, = cos(£+17),

m2 "
k = 0,1,...,n. Derive a bound for the maximum error || f — pulloo =

maxX—i<x<i | f(x) = pa(x)].

(b) Compare the result of (a) with boundsfor || f — ,]l00, Where 1, (x) is the
nth-degree Taylor polynomia of f and where either Lagrange's form of
the remainder is used or the full Taylor expansion of f.

Consider f(t) = cos™'t, —1 <t < 1. Obtain theleast squares approximation

¢n € P, Of f relativeto theweight functionw(z) = (1 — t)‘%; that is, find the

solution ¢ = ¢, of

dr
V1 —1¢2

Express ¢, in terms of Chebyshev polynomiasz; (1) = T;(¢).

Compute T,,(0), where T, is the Chebyshev polynomial of degreen.

Prove that the system of Chebyshev polynomials {7 : 0 < k < n} is
orthogonal with respect to thediscreteinner product (u,v) = Y7 _; u(x,)v(x,),
where x,, are the Chebyshev points x, = cos%n.

Let Ty (x) denote the Chebyshev polynomial of degreek. Clearly, T,,(T,,(x)) is
apolynomial of degreen - m. |dentify it.

Let 7, denote the Chebyshev polynomial of degreen > 2. The equation

1
minimize {/_l[f(t)—<p(z)]2 el .

x = Ty(x)

is an algebraic equation of degree n and hence has exactly n roots. Identify
them.

For any x with0 < x < 1 show that 7,,(2x — 1) = T3, (/).

Let f(x) be defined for al x € R and infinitely often differentiable on R.
Assume further that

I f™x) <1, dl xeR, m=1,2,3,....

Let 2 > 0 and p,,—; bethe polynomial of degree < 2n interpolating f at the
2n pointsx = kh, k = £1,+£2,..., +n. For what values of 4 isit true that

lim pa,1(0) = £(0)?



Exercises 129

52.

53.

55.

56.

(Note that x = 0 is not an interpolation node.) Explain why the convergence
theory discussed in Sect. 2.2.3 does not apply here. {Point of information: n! ~
V2mn(n/e)* asn — oo (Stirling’sformula).}

(8 Letxf =cos(3n),i =0.1..... n, be Chebyshev points on [—1, 1].
Obtain the analogous Chebyshev points t[C on [a, b] (wherea < b) and
find an upper bound of [T/_,(r —tF) fora <t < b.

(b) Consider f(t) = Int on[a,b],0 < a < b, and let p,(t) = pn(f;té"),

1. ....t™:1). Given @ > 0, how large can b be chosen such that

lim, o0 pu(t) = f(¢) for arbitrary nodes ti(") € [a,b] and arbitrary ¢ €
la,b]?
(c) Repeat (b), but with 1" = 1€ (see (a)).
Let P be the set of all polynomials of degree < m that are nonnegative on the
real line,

Pt ={p: peP,. p(x)=o0foralxecR}

Consider the following interpolation problem: find p € P;% suchthat p(x;) =
fi.»i=0,1,..., n, where f; > 0 and x; aredistinct points on R.

(a) Show that, if m = 2n, the problem admits a solution for arbitrary f; > 0.
(b) Prove: if a solution is to exist for arbitrary f; > 0, then, necessarily,
m > 2n. {Hint: consider fo =1, fi= fo=---= f, =0}

. Defining forward differences by Af(x) = f(x + h) — f(x), A>f(x) =

A(Af(x)) = f(x +2h)—2f(x + h) + f(x), and so on, show that

AF f(x) = kW [xo, x1, . 0] £,

wherex; = x+jh, j =0,1,2,.... Proveananaogousformulafor backward
differences.
Let f(x) = x’. Compute the fifth divided difference[0,1,1,1,2,2] f of f.Itis

known that this divided differenceis expressiblein terms of the fifth derivative
of f evaluated at someé&, 0 < & < 2 (cf. (2.117)). Determine €.
Inthisproblem f(x) = e* throughout.

(@) Prove: for any real number ¢, one has

— 1)
L.t +1,...,t+n]f = G ') €.
n:
{Hint: useinduction on n.}
(b) From (2.117) we know that
(n)
[0,1,...,n]f=f—'(5), 0<é&<n.

n

Usetheresultin (a) to determine €. Is & located to the left or to the right of
the midpoint n/2?
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57. (Euler, 1734) Let x; = 10K,k =0,1,2,3,...,and f(x) = log,, x.
(@) Show that

(_l)n—l
1011()1*1)/2(10;1 _ 1) ’

[xo, x1,...,x0] f = n=1,2,3,....

{Hint: prove more generally

(_1);1—1 -
10rn+n(n—l)/2(10n _ 1)’ r=

[-xra Xr41s--- ,X,+n]f =

by induction on n.}
(b) Use Newton's interpolation formula to determine p,(x) = p,(f; xo, X1,
.y Xp; x). Show that lim,_,» p,(x) existsfor 1 < x < 10. Is the limit
equal to log,, x? (Check, e.g., for x = 9.)

58. Show that

_[x(]vxlv"' 7xn]f = [x()vx())xlv" . 7xn]f,
8)(?0

assuming f isdifferentiableat xy. What about the partial derivativewith respect
to one of the other variables?
59. (8) Forn + 1 distinct nodes x,, show that

f(xv)
[X0, X1,y ..., Xu]f = Z Hﬂ;év(x” — )
(b) Show that
[xo,xl,..wxn](fgj) = [xo,xl,...,xj—l,XjH,...,xn]ﬁ

whereg; (x) = x — x;.
60. (Mikeladze, 1941) Assuming xg, X1, ..., x, mutually distinct, show that

[X0, X0 -+ -+ X0s X1, X025+, Xp] f
N————
m times
m times (m—1) times
e e
[)Co,.. X()]f [Xo,...,XO,XV]f
—_— —_—
H(xo —x) T [ =
n=0
nFV

{Hint: useinduction on m.}
61. Determinethe number of additions and the number of multiplications/divisions
required
(@) tocompute all divided differencesfor n + 1 data points,
(b) to computeall auxiliary quantities)tg”) in (2.103), and
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62.

63.

64.

65.

66.

67.

(c) to compute p,(f; -) (efficiently) from Newton’s formula (2.111), once
the divided differences are available. Compare with the analogous count
for the barycentric formula (2.105), assuming all auxiliary quantities
available. Overall, which, if any, of thetwo formul ae can be computed more
economically?

Consider thedata f(0) = 5, f(1) =3, f(3) =5, f(4) = 12.

(@) Obtain the appropriate interpolation polynomial p;(f;x) in Newton's
form.

(b) The data suggest that / has a minimum between x = 1 and x = 3. Find
an approximate value for the location xmn of the minimum.

Let f(x) = (1+a)*, |a] < 1.Showthat p,(f;0,1,...,n;x)isthetruncation
of the binomial seriesfor f ton + 1 terms. {Hint: use Newton’s form of the
interpolation polynomial.}

Suppose f isafunction on [0,3] for which one knows that

fO =1 f=2, f'=-1 fB) =@ =0.

(a) Estimate f(2), using Hermite interpolation.

(b) Estimate the maximum possible error of the answer given in (a) if one
knows, in addition, that ¥ € C*[0,3]and | f©® (x)| < M on[0,3]. Express
the answer in termsof M.

(@) UseHermiteinterpolation to find a polynomial of lowest degree satisfying
p(=1) = p'(=1) =0, p(0) = 1, p(1) = p'(1) = 0. Simplify your
expression for p as much as possible.

(b) Suppose the polynomial p of (a) is used to approximate the function
f(x) = [cos(mx/2)Pon—1 < x < 1.

(bl) Expresstheerror e(x) = f(x) — p(x) (for somefixed x in[—1,1])
in terms of an appropriate derivative of f.

(b2) Find an upper bound for |e(x)| (still for afixed x € [—1, 1]).

(b3) Estimate max_;<y<i |e(x)].

Consider the problem of finding a polynomial p € P, such that
p(x0) = fo, px)=f/, i=12,....n,
wherex;,i = 1,2,..., n, are distinct nodes. (It is not excluded that x; = xy.)

This is neither a Lagrange nor a Hermite interpolation problem (why not?).
Nevertheless, show that the problem has a unique solution and describe how it
can be obtained.

Let
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68.
69.

70.

71.

72.

73.

2 Approximation and Interpolation

(8 Find the linear least squares approximant p; to f on [0, 1], that is, the
polynomial p; € P; for which

1
/0 [p1(t) — f()]?dt = min.

Use the normal equationswith o (z) = 1, m1(t) = t.

(b) Can you do better with continuous piecewise linear functions (relative to
the partition [0, 1] = [0, 1] U [3. 1]) ? Use the normal equations for the
B-spline basis By, B;, B; (cf. Sect. 2.2.2 and Ex. 13).

Show that S”(A) = P,
Let A bethe subdivision

A=10,1JU[L1,2]U[2,3]
of theinterval [0,3]. Define the function s by

2—-x(3-3x+x? if 0<x<1,

s(x) = 1 if 1<x<2,
1 .

Zx2(3—x) if 2<x<3

To which class Sk (A) does s belong?
In

px) if 0<x =1,
s(x) =
{(2—)()3 if 1<x<2

determine p € P; such that s(0) = 0 and s is a cubic splinein S3(A) on the
subdivison A = [0, 1]U[1, 2] of theinterval [0,2]. Do you get anatural spline?
Let Aia = x; < xp < x3 < --+ < X, = b beasubdivision of [a, b] into
n — 1 subintervals. What is the dimension of the space St = {s € C¥[a,b]:
S|[x,..x[+1] ePy,i=12,....,.n—1}?

Giventhesubdivison A : a = x| < x; < --- < x, = b of [a, b], determine a
basis of “hat functions” for thespace S = {s € S! : s(a) = s(b) = 0}.

Lt A:a=x <x2<x3<-+-< X1 <x, = b beasubdivision of
[a, b] inton — 1 subintervals. Suppose we are givenvalues f; = f(x;) of some
function f(x) at the pointsx = x;,i = 1,2,...,n. In this problem s € S}
is a quadratic spline in C![a, b] that interpolates f on A, that is, s(x;) = f;,
i=1,2,...,n.

() Explain why one expects an additional condition to be required in order to
determine s uniquely.

(b) Definem; = s'(x;),i = 1,2,...,n — 1. Determine p; := s ‘[xf,x,-+1]=
i=12,...,n—1,intermsof f;, fi+1, and m;.
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(c) Suppose one takes m; = f’(a). (According to (a), this determines s
uniquely.) Show how m,, ms, ..., m,—; can be computed.

74. Let the subdivision A of [a, b] be given by

75.

76.

7.
78.

79.

A a=X1 <Xy <X3<+<Xp_1 <X,=b, n>2,

and let f; = f(x;),i = 1,2,...,n, for some function f. Suppose you
want to interpolate this data by a quintic spline ss(f; -) (a piecewise fifth-
degree polynomial of smoothness class C#[a, b]). By counting the number of
parameters at your disposal and the number of conditions imposed, state how
many additional conditions (if any) you expect are needed to make ss(f; -)
unique.

Let

A a=x1<Xp<x3<-+<X,_1 <x,=>b.

Consider the following problem: given n — 1 numbers f, and n — 1 points &,
with x, < &, < x,41 (v = 1,2,...,n — 1), find a piecewise linear function
s € SY(A) such that

sE)=f, w=12,....n—=1), s(x;)=s(xp).

Representing s in terms of the basis By, B»,..., B, of “hat functions
determine the structure of the linear system of equations that you obtain for
the coefficients ¢; ins(x) = »__, ¢; B, (x). Describe how you would solve
the system.

Let s1(x) = 1 +c(x +1)3, =1 < x < 0, where ¢ is a (real) parameter.
Determine s (x) on 0 < x < 1 so that

s if —1<x<0,

s(x) = sp(x) if 0<x<1

isanatural cubic splineon [—1, 1] withknotsat —1, 0, 1. How must ¢ be chosen

if onewantss(1) = —17?

Derive (2.136).

Determine the quantities m; in the variant of piecewise cubic Hermite interpo-

lation mentioned at the end of Sect. 2.3.4(a).

(a) Derive the two extra equations for my, m,,...,m, that result from the
“not-a-knot” condition (Sect.2.3.4, (b.4)) imposed on the cubic spline
interpolant s € S3(A) (with A asin Ex. 73).

(b) Adjoin the first of these equations to the top and the second to the bottom
of the system of n — 2 equations derived in Sect.2.3.4(b). Then apply
elementary row operations to produce a tridiagonal system. Display the
new matrix elementsin the first and last equations, smplified as much as
possible.
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80.

81.

2 Approximation and Interpolation

(c) Isthetridiagonal system so obtained diagonally dominant?

Let S?(A) be the class of continuous piecewise linear functions relative to the
subdivisona = x; < xy <--- < x, = b. Let||g]lcc = MaX,<<p |g(x)], and
denote by s, (g; -) the piecewise linear interpolant (from S?(A)) tog.

(@ Show: [|s1(g: )leo = llglleo forany g € Cla, b].

(b) Show: || £ —s1(f: oo < 2| f—5lleo foranys € SY, f € Cla, b]. {Hint:
use additivity of s;( f; -) with respectto f.}

(c) Interpret the result in (b) when s is the best uniform spline approximant

to f.

Consider theinterval [a, b] = [-1, 1] and its subdivision A = [—1,0] U [0, 1],
andlet f(x) =cos%x,—1 <x =< 1.

(@) Determinethe natural cubic splineinterpolantto f on A.

(b) Iustrate Theorem 2.3.2 by taking in turn g(x) = p2(f;—1,0,1;x) and
gx) = f(x).

(c) Discuss analogoudly the complete cubic spline interpolant to f on A’
(cf. (2.149)) and the choices g(x) = ps(f;—1,0,1,1;x) and g(x) =
S ().

Machine Assignments

1

2.

(@ A simple-minded approach to best uniform approximation of a function
f(x) on[0,1] by alinear function ax + b isto first discretize the problem
and then, for various (appropriate) trial values of a, solve the problem of
(discrete) uniform approximation of f(x) — ax by a constant » (which
admits an easy solution). Write a program to implement thisidea.

(b) Run your program for f(x) = €', f(x) = 1/(0 + x), f(x) =
sinZx, f(x) = x* (@ = 2,3,4,5). Print the respective optimal values of
a and b and the associated minimum error. What do you find particularly
interesting in the results (if anything)?

(c) Giveaheuristic explanation (and hence exact values) for the results, using
the known fact that the error curve for the optimal linear approximation
attains its maximum modulus at three consecutive points 0 < xy < x; <
x, < 1 with alternating signs (Principle of Alternation).

(@) Determinethe (n + 1) x (n + 1) matrix A = [a;;], a;; = (B}, B}), of the
normal egquationsrelative to the Bernstein basis

Bj(t) = (n')tj(l —0", j=01,....n,
J

and weight function w(zr) = 1 on [0,1]. {Point of information: fol tk
(1 —=0)fdt = kW (k + €+ D}
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(b) Use Matlab to solve the normal equationsof (a) forn = 5 : 5 : 25, when
the function to be approximatedis f(¢) = 1. What should the exact answer
be? For each n, print the infinity norm of the error vector and an estimate
of the condition number of A. Comment on your results.

3. Compute discrete |east squares approximationsto the function f(r) = sin(%¢)
on0 <t <1 by polynomials of the form

n
o) =1 +1(1=0)) c;t/~". n=1(1)5.
j=1

using N abscissee ty, = k/(N + 1),k = 1,2,..., N, and equal weights 1.
Note that ¢,(0) = 0, ¢,(1) = 1 aretheexact valuesof f atr = 0andr = 1,
respectively. {Hint: approximate f(¢) — ¢ by alinear combination of r;(¢) =
t/(1 —1t); j = 1,2,...,n.} Write a Matlab program for solving the normal
equations Ac = b, A = [(7;, 7)), b = [(m;, f —1)], ¢ = [c;], that does
the computation in both single and double precision. For eachn = 1,2,...,5
output the following:

« the condition number of the system (computed in double precision);
« the maximum relative error in the coefficients, maxi < <, |(c} —¢¢)/c4],
wherec} arethesingle-precisionvaluesof ¢; and cj? the double-precision

values;
* the minimum and maximum error (computed in double precision),

emin = lsmkiankﬂn(lk) — f(t)], emax = IQ}(BSXNM(M) AR

Make two runs:
(@ N =5,10,20; ()N =4.
Comment on the results.

4. Write a program for discrete polynomial least squares approximation of a
function f defined on [-1,1], using the inner product

2 2i
uv) = —— u)v(y), t =-1+ —.
@V = Fog LU0V, o =-1+%5

Follow these steps.
(a) Therecurrence coefficientsfor the appropriate (monic) orthogonal polyno-
mials {mr; (¢)} are known explicitly:

OlkZO,kZOalv--"N; ﬁ0:27

1) k)2 1\
ﬂk:(“rﬁ) (1_(1\7—“))(4_@) Ck=1,2,...,N.
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(b)

(©

5. (@

(b)

(©

2 Approximation and Interpolation

(You do not have to prove this.) Define y; = ||k ||*> = (7tx. 7k ), whichis
known to be equal to Byf; - - - Br (cf. Ex. 20).

Using the recurrence formulawith coefficients oy, B givenin (a), generate
an array m of dimension (N + 2, N + 1) containing mx (%), k =
0,1,...,N+1;£=0,1,..., N.(Herek istherow index and £ the column
index.) Define uy = maxo<e<y |7k (t)], k = 1,2,..., N+ 1. Print B, v,
and pg4+ fork =0,1,2,..., N,where N = 10. Comment on the results.
With p, (1) = > ;& (t), n = 0,1,..., N, denoting the least squares
approximation of degree < n to the function " on [-1,1], define

”13;1 - f” = (pAn - ﬁﬁrl - f)l/z,

Orsr;astlﬁn(tf)—f(ti)l.

llen 2

llenlloo

Using the array = generated in part (b), compute é,, |lex]l2, lenlloos 7 =
0,1,..., N, for thefollowing four functions:

f)y=¢€'. fO)=InQ+10), f()=v1+1 f@)=]l

Be sure you compute |le,||. as accurately as possible. For N = 10 and
for each f, print ¢,, ||lex |2, and |le,]|lo fOrn = 0,1,2,..., N. Comment
on your results. In particular, from the information provided in the output,
discuss to what extent the computed coefficients ¢, may be corrupted by
rounding errors.

A Sobolev-type least squares approximation problem results if the inner
product is defined by

V) = /R WOV o) + /R WOV ()dA (1),

where d1y, dA; are positive measures. What does this type of approxima
tion try to accomplish?

Letting dAo(z) = dt, dA,(z) = Adr on[0,2], where A > 0 is a parameter,
set up the normal equations for the Sobolev-type approximation in (a) of
the function f(¢) = e on [0,2] by means of a polynomial of degree
n—1.Usethebasisz;(t) = /7', j = 1,2,...,n. {Hint: express the
components b; of the right-hand vector of the normal equations in terms
of the “incomplete gamma function” y(a, x) = jox to e !dr with x = 4,
a=1i/2.}

Use Matlab to solve the normal equationsforn =2 :5andA =0,.5,1,2.
Print

I$n — flloo and 1@, — f'llco. n=2,3,4,5

(or a suitable approximation thereof) along with the condition numbers of
the normal equations. {Use the following values for the incomplete gamma
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function: y(%, 4) =1.764162781524843, y(1,4) =0.9816843611112658,
Y (2, 4) =0.8454501129849537, y(2, 4) =0.9084218055563291,y (3, 4) =
1.121650058367554.} Comment on the resullts.

6. Withw, (x) = [1;—,(x—k), let M, bethelargest, and m, the smallest, relative
maximum of | w, (x)|. Forn = 5: 5 : 30 calculate M,,, m,,, and M,/ m,,, using
Newton’'s method (cf. Chap4, Sect. 4.6), and print also the respective number
of iterations.

7. (a)

(b)

8. (d

(b)

(©

Write a subroutine that produces the value of the interpolation polynomial
pn(fixo0,X1,...,x,;t) @ any real ¢, where n > 0 is a given integer,
x; are n + 1 digtinct nodes, and f is any function available in the
form of a function subroutine. Use Newton's interpolation formula and
exercise frugality in the use of memory space when generating the divided
differences. It is possible, indeed, to generate them “in place” in a single
array of dimension n + 1 that originaly contains the values f(x;), i =
0,1,...,n.{Hint: generate the divided differences from the bottom up.}

Run your routine on the function f () = # —5 <1t < 5, using
Xi =—-54+10L, i =0,1,...,n,andn = 2 : 2 : 8 (Runge's example).

n’

Plot the polynomials against the exact function.

Write a Matlab functiony=t ri di ag(n, a, b, ¢, v) for solving atridi-
agonal (nonsymmetric) system
[ay ¢ o 1 [ »m 7 v ]
b1 a ¢ 2 \%)
b as Cc3 Y3 V3
Cn—1 Yn—1 Vi—1
L O bp—1 an 4 L Yn L Va

by Gauss elimination without pivoting. Keep the program short.

Write a program for computing the natural spline interpolant s, (f; -) on
an arbitrary partitiona = x; < x; < x3 < -+-- < Xy—1 < x, = b of [a, b].
Print {i, errmax(i);i = 1,2,...,n — 1}, where

j—1
s Xij =X;+mAxi.

errmax(i) = max. [snat (/3 x1.5) — f(xi)

(Youwill needthefunctiont ri di ag.) Test the programfor casesinwhich
the error is zero (what are these, and why?).

Write a second program for computing the complete cubic spline inter-
polant scompi (f -) by modifying the program in (b) with a minimum of
changes. Highlight the changesin the program listing. Apply (and justify)
atest similar to that of (b).
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(d) Runtheprogramsin (b) and (c) for [¢,b] =10,1],n = 11, N = 51, and
() xi ==L i =1,2,....n; f(x) =e ¥ and f(x) = x*/?;

n—1"’

() x = ((=4)° i = 1,2, f(x) = x52,

n—1

Comment on the results.

Selected Solutionsto Exercises

11. (8) Wehave

(nrv T[‘Y) = / e_(r+s)td[ [ e_(r+‘\‘)t
0 r+s

0 r—+s

1 1

1
(. f) =/ edt = —— e
0

1
=—(1—-€").
r r

0

The normal eguations, therefore, are

n 1 1
c=-(1—-¢€e", r=12,...,n.
Yo =taen

s=1

The matrix is the Hilbert matrix of order n + 1 with the first column and
|ast row removed.

(b) PROGRAM
vEXI | _11B
%

fOo="98.0f %12.4e\n’;
f1="%15. 14e\ n’
di sp(’ n cond solution’)
for n=1:8
A=hi | b(n+1);
A, 1) =[],
A(n+1,:)=[1;
x=(1:n)’;
b=(1-exp(-x))./Xx;
c=A\ b;
cd=cond(A);
fprintf(fO0,n, cd)
fprintf(fl,c)
for i=1:201
t=.01x(i-1);
fa(i,n)=sum(c.*exp(-xxt));
end
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end

for i=1:

tf(i)=.

11

f(i)=1;

end

for i=1:

tfa(i)=.01«(i-1);

end
pl ot (tf,
hol d on

201

f);

1x(i-1);

pIot(ones(S|ze(tf)) tf);

plot(tfa,
plot(tfa,

plot(tfa,
plot(tfa,
axis([0 2 0 1 5])

hol d of f

QUTPUT

>> EXI |
n
1 1.

_11B

2 3.

fa(:,1),
fa(: 2)
fa(:,3),
fa(:,4),

cond
0000e+00

8474e+01

. 3533e+03

. 5880e+04

. 5350e+06

. 1098e+07

)

)

)
)

sol uti on

. 26424111765712e+00

. 00219345775339e+00
. 93071489855589¢e- 01

. 23430987802214e+00
. 33908483295774e+00
.45501111925180e+00

. 09728726098036e+00
. 58114152051443e+01
. 03996718636248e+01
. 55105210088422e+00

. 95960905289307e-01
. 29075627900844e+01
.01167511196597e+01
. 26470845210147e+02
. 03098537899591e+01

. 68879580265092e+00

139
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-5.47821734938751e+01
3. 03448008206274e+02
-6.28966173654415e+02
5.62805182233655e+02
-1.84248287095832e+02

7 1. 6978e+09
1.19410815562677e+00
1. 89096699709436e+01
3.44042318216034e+01
2.67846414188988e+02
9. 16935587561045e+02
9. 99544328640241e+02
3.66412000082403e+02
8 5.6392e+10
-2.39677086853911e+00
9.42030165764484e+01
-1.09672261269167e+03
5.45217770865201e+03
-1.33593305457727e+04
1.71746576145770e+04
-1.11498207678274e+04
2.88841304234284e+03
>>

The condition numbershereare even abit larger than the condition numbers
of the Hilbert matrices of the same order (cf. Chap. 1, MA 9).

PLOTS
15

0.5F S

%002 04 06 08 1 12 14 16 18 2

dotted line: n=1, dashdotted line: n = 2, dashed line: n=3,
solid line n=4
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16. (a) Let p(t) = ap + a1t + a»t. Then p satisfies the constraintsif and only if
ap =0, ap+a; +a, = 1,thatis,

p(t) =12 +ait(1 —1).

Therefore, we need to minimize

1 1
[Lﬂw—pﬁﬂﬁt=/aUU%Jz—mﬂl—ﬂFw-
0 0

This is an unconstrained least squares problem for approximating the
function £ (t)—t* by amultipleof 7, (t) = ¢(1—t). Thenormal equationis

mlﬁaﬂww=[0m—ﬂm—Ma
and yields the solution
plt) =t*+ait(l —1),
where

P Sy (f@) =11 —1)dr
(- 0P

! 3
= 30]0 f@)e(l —r)dr — X

(b) If f(t) =1t",then
! 3 30 3
A r+1 _ I _ -
@ _30/0 i mndi =2 = (r+2)(r+3) 2

and

) 30 23,0 o
p(t)—t+((r+2)(r+3) 2)t(1 1)

—t{L_g_’_(é_L)t}
T+ +3) 2 2 (r+2)(r+3) ’

For r = 3, thisgives p(1) = 3¢(31 — 1).



142

27.

2 Approximation and Interpolation

Plot:

1
0.8F
0.6
> 0.4
0.2

70'20 011 0f2 0f3 Of4 0;5 0:6 0:7 018 0:9

solid line: y = ¢*

dashed line: y = .5¢(3t — 1)

PROGRAM

%EXI | _27 Lebesgue functions

%

n=>5;

%=10;

%=20;

i =1: n+1; nu=1: n+1;

% equal |y spaced points

x=-1+2x(i-1)/n;

%

% Chebyshev points

Ox=cos((2x(i-1)+1)*pi/(2*n+2));

%

i pl ot =0;

for k=2:n+1

% or k=1:n+2

for j=1:21

i pl ot=ipl ot +1;
t(iplot)=x(k-1)+(j-21)*(x(k)-x(k-1))/20;

% if k==1

% t(iplot)=1+(j-1)*(x(1)-1)/20;

% el sei f k<=n+1

% t(iplot)=x(k-21)+(j-1)*(x(k)-x(k-1))/20;
% el se

% t(iplot)=x(n+1)+(j-1)*(-1-x(n+l))/20;

% end
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36.

s=0;

for nu=1:n+1
mu0=fi nd( nu- nu) ;
p=prod((t(iplot)-x(mu0))./(x(nu)-x(mo0)));

s=s+abs(p);
end
| eb(ipl ot) =s;
end
end

pl ot (t,l1o0gl0(leb))
%l ot (t, | eb)
axis([-1.2 1.2 -.05 .55])

Yaxis([-1.2 1.2 -.1 1.6])
Yaxis([-1.2 1.2 -.25 4.25])
vaxis([-1.1 1.1 .9 2.4])
vaxis([-1.1 1.1 .9 2.6])
vaxis([-1.1 1.1 .9 3])

title(’equally spaced points; n=5
"Font si ze', 14)

%itle(’ equally spaced points; n=10’
"Font si ze', 14)

%itle(’ equally spaced points; n=20
"Font si ze', 14)

% itle(’ Chebyshev points; n=5",’ Fontsize', 14)

% itle(’ Chebyshev points; n=10",’' Fontsize’', 14)

yl abel ("l og | anbda’,’ Fontsize’', 14)

%1 abel (' | anbda’ ,’ Fontsi ze’', 14)

OUTPUT
(on the next page)

At theinterpolation nodes x;, oneclearly has A, (x;) = 1. Thelocal maxima
of 1, between successive interpolation nodes are almost equal, and relatively
small, in case (b), but become huge near the endpointsof [—1, 1] in case (a). In
case (b), the global maximaoccur at the endpoints +1.

We first prove the assertion of the Hint. One easily verifies that the function
|(x = L) (x —=£)| on [0,1] is symmetric with respect to the midpoint ;.

n
Being quadratic, its maximum must occur either at x = 0 or at x = % and
hence is the larger of {5 and % The former attains its maximum at

i =%, thelaterati = 0 (andi = n). Either oneequals . Thus,

i n—i 1 .
max (x——)(x— ) - fori=0,1,...,n,
n n 4

0<x<l

=

as claimed.
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(a) equally spaced points; n=5 (b) Chebyshev points; n=5
0.5
22
0.4+ 2
P 03} . 18
E 2
E 516
20.2F
14
0.1f
12
or 1
-1 -0.8 -0.6 -04 -02 O 02 04 06 08 1 -1 -08 -06 -04 -02 O 02 04 06 08 1
equally spaced points; n=10 Chebyshev points; n=10
16 ey se P 26 4 ?
141 24
12F 22
1F 2
3
£ os} g18
3
= £
= 8
206 16
0.4f 14
0.2 12
ofF 1
-1 -08 -0.6 -04 -02 0 02 04 06 08 1 -1 -08 -06 -04 -02 O 02 04 06 08 1
equally spaced points; n=20 3 Chebyshev points; n=10
4l
2.8
351 2.6
3 24
25F 22
]
]
2 g 5
S 2 g
g ~18
T15F
16
1k
14
05F 12
oF 1
-1 -08 -0.6 -04 -02 O 02 04 06 08 1 -1 -08 -06 -04 -02 O 02 04 06 08 1
(@ Wehave

g0 1k
ml_[ X—; s O<§(X)<1.

k=0

€ —pu(fix) =

Here we use
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n n

k i n—i
1_[ X — ; = 1_[ X — ; X — "
k=0 i=0
along with the assertion of the Hint to obtain
1 n«;l
e e

max |e* — ix)| < - = -
Jrex 18t = (S0l = Ty (4) 271 (1 + 1)

The smallest n making the upper bound < 10~ isn = 7.
(b) From Taylor'sformula,

&)

n+1
(n+1)!x , 0<&(x) <.

e —ty(x) =

Thus,
& —1a()] = —
! “m+ D
This bound is larger than the one in () by a factor of 2"*!. Accordingly,
for it to be < 10~° now requiresn = 9.
47. We have, for 0 < k., < n,

. & 20 —1 2v—1
T, Ty) = Ti(x,)Ti(x),) = k {
(Tx. Te) ; (e Te(xy) ;cos( > n)cos( > 71)
1< 2v—1 2v—1
- k+¢ k—1¢
2;[cos(( +4) > n)+cos(( ) > n)]
Zei(k+1i)2"2;‘n + Zei(k—z)23;1n}
v=1

v=1

1
— Re
2

1
= - Re
2

n n
gdk+03; Z dlk+0n | dk=03; Zé’(k(f)”"_'n} .

v=1 v=1

Assume k # £. Both sums in the last equation are finite geometric series and
can thus be summed explicitly. One gets

. _ dk+0Or )
(Te, Ty) = % Re {e'(kH)z”n 1-et d—0%

ke k—L
_ gttt -7

N ei(k—l)zz }

_ 1 Re l[] _ ei(k+l)7r] N l[l _ ei(k—@)n]
S 2 2sinktly 2sinktr |7
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where the denominatorsare not zero by the assumptionon k and £. Now if k +-£
(and hence also k — £) is even, both expressions in brackets are zero. If k + ¢
(and hence dlso k — ¢) is odd, the numerators are both 2i, hence the real part
equals zero. In either case, (Tx, Ty) = 0, asclaimed.

An easy argument aso shows that the value of the inner product is 5 if
k={¢>0,andnifk =£=0.

The result follows more easily from the continuous orthogonality
(cf. Sect. 2.2.4, (2.99)) by applying the Gauss—Chebyshev quadrature formula
(cf. Chap. 3, Sect. 3.2.3 and Ex. 36).

57. (8) Forn = 1, theassertion of the Hint istruefor all » > 0 since

l0gjo Xr+1 —10g 10X, _ P+ —r 1
Xr41 — Xr 107(10—-1) 9.10""

[xrv errl] =

Thus, assume the assertion to be true for some n and all » > 0. Then, by
the property (2.113) of divided differences,

[xr, Xr+1s vy Xrtn,s xr+n+l]f
_ [x,~+1, Xr42s 00 xr+n+1]f - [-xra Xr41seees xr-‘rn]f
Xr4+n+1 — Xr
_ ="' 1-10"
- 10rn+n(n—1)/2(10n —1) 10n(10r+n+1 —107)
_ (=1)"
- 107n+n(n—1)/2 10n+r(10n+1 _ 1)
(="

107 (+D+n(n+1)/2 (10n+l _ 1) ’

which is precisely the assumed assertion with n replaced by n + 1.
(b) Let ar = [x0.x1,...,xc]f. By Newton's formula, noting that @y =
log,, I = 0, we have

Pa(x) =Y ar(x = D(x = 10) -+ (x = 1057")
k=1

n ( l)kil k—1
— — 4
- Z 10kE=D/2(10k — 1) H(x — 107
k=1 =0

k—1

1 (4
--y A=) Z]_[(10 —X)

k=1 =0

n
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n k—1
-y —1ok1— - TTa - x/100
=0

k=1

= —ka(x),
=1

where
k—1

1
() = oy [T —x/10%.
=0

For1 < x < 10, we have

| (x)] <

(-0 —x/100D 9 Ly
10k — 1 10K — 1 106-1 ) = 10%°

Thus, theinfinite series Y 7=, 7 (x) ismajorized by the convergent geomet-
ric series 9 ) 22, 107* and therefore also converges. However, for x = 9,
one computes

00 k—1

D IITED PR § (I
k=1 =1

k=1

= 0.89777... < 10;,(9) = 0.95424 . . .

(For an analysis of the discrepancy, see Gautschi [2008].)
75. Let s(x) = Z’}zlcj Bj(x). Then, with points &, as defined, the first n — 1
conditionsimposed on s can be written as

c1Bi1(§1) + 2 Ba(§1) = f1,

2B2(&) + c3B3(5) = fo,

Cn—an—l(En—]) + Can(éS:n—]) = fn—l-
Thelast condition imposed is, since B (x1) = B, (x,) = 1,

c1—c¢, =0.
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The matrix of the system has the following structure:

1 —1

Notethat B;(£;) #0forj =1,2,....,n— 1.

Solution: (1) Subtract a suitable multiple of the first equation from the last
equation to create a zero in position (n, 1). This produces a fill-in in position
(n,2). (2) Subtract a suitable multiple of the second equation from the last to
create a zero in position (n,2). This produces a fill-in in position (n, 3), etc.
After n — 1 such operations one obtains a nonsingular upper bidiagonal system,
which is quickly solved by back substitution.

79. (8) From Sect.2.2.4,(2.140) and (2.141), the splineon [x;, x;+1] iS

() pi(x) =cio+ cii(x —x;) + cinlx —x;)* + cizlx — x;)°,
where

o= i iy =i,y = PNl —m
1,0 i i1 i i2 AX,‘

miq1 4+ m; —2[x;, xi41] f
(Ax,»)z

—ci3Ax;,

)

Ciz =

The two “not-a-knot” conditions are p|’(x2) = py'(x2), pi'y(Xu—1) =
Pl (xy—1). By (*), thisyields

€13 =03, Cp—23 = Cp—13.
Substituting from () , the first equality becomes

my +my —2[xy, x2] f _m + my —2[x2, x3] f
(Ax;)? (Ax;)? ’

or, after some elementary manipulations,
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e () (2
—2 ([xl,xz]f - (2—2)2 [xz,X3]f> =: by,

Similarly, the second equality becomes

+11 A-xn—2 2 Axn—Z :
my— - — my—1— |\ — m
n—2 Ax”_l n—1 Ax”_l n

2
=2 ([xn—2, xn—l]f - (Axn—Z) [xn—lyxn]f> =: b,.

(1)

(n)

AXx,—1
(b) Thefirst equation (for i = 2) from Sect. 2.2.4, (2.145), is

(2) Ax,my + Z(AX] + sz) my + Axymsz = bs.

AX]
(Axy)?

4 An (1420 2 b+ 2
m m = ’
A, )™ Ax,) ™ (a2

Multiply (2) by

and add to (1) to get the new pair of equations

Ax,mq + 2(Ax1 + A)Cz) my + Aximz = b.

Thisisthe beginning of atridiagonal system.
Similarly, the last equation (for i = n — 1) from Sect. 2.2.4, (2.145), is

(n—1) Axymimu_o +2(Axp—0 + Axy—) My + Axyom, = by—1.

Multiply Eq. (n — 1) by
equations become

and subtract from (n); then the last two

1
Axpy—1
AXn—l my— + Z(Axn—Z + Axn—l)”nn—l + Axn—Z my = bn—l

Axp—s\> AXx,— AX,— 1
_(1+ : 2) my—1 — =2 (1+ - 2)mn:bn_ bn—l-

Axn—l Axn—l AXn—l

Thisisthe end of the tridiagonal system.
(c) No: the system is not diagonally dominant, since in the first equation
the diagonal element 1 + 2—2 is less than the other remaining element

2
Ax
(1+42)"
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Selected Solutionsto Machine Assignments

4. (@), (b) and (c)

PROGRAMS
9%VAlI | _4ABC
%

% a)

%
function [beta, gamm, nu, coeff, L2err
maxerr] =MAI | _4ABC( N)
P=zeros(N+2, N+1); i=0: N, t=-1+2*i/N;
beta(1l)=2; b=(1+1/N)"2; gamma(1l)=2;
for k=1:N
bet a( k+1) =b*(1- (k/ (N+1)) " 2)
[ (4-1/k™2)
gamua( k+1) =bet a( k+1) *gama( k) ;
end
%
% b) and (c)
%
P(1,:)=1; P(2,:)=t; nmu(l)=nmax(abs(t));
for k=2: N+1
P(k+1,:)=t.+P(k,:)-beta(k)*P(k-1,:);
mu( k) =max(abs(P(k+1,:)));
end
for n=0:N
coef f (n+1) =2xsum P(n+1, :)
-*f(t))/((N+1)*gaMTH(n+1))

end
for n=0:N
emax=0; e2=0;
for k=1:N+1
e=abs(sum(coeff(1l: n+l)’
*P(Ll:n+l, k))-f(t(k)));
i f e>emax, emax=e; end
e2=e2+e” 2;
end

L2err(n+l) =sqrt(2xe2/ (N+1));
maxer r ( n+1) =emax;
end

function y=f(x)
y=exp(-x);
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QUTPUT

>> runMAl | _4ABC

k

[N
O OWoW~NOUA~WNEREO

O~ WNRFEL OS>

[sE-N-N-NoN-N-N-N-NN\

151
%=1 og(2+x) ;
Yy=sqrt (1+x);
%y =abs(x);
9RUNVAI | _4ABC  Driver program for
% MAI | _4ABC
%
f0="%. Of 920. 15f 9%23. 15e 9%®23. 15e\n’;
f1="942. Of 923. 15e %12.4e %2.4e\n’;
di sp([’ k bet a(k)’
’ gamma(k)’ ...
' mu(k+1)"])
N=10;
[ bet a, ganmma, mu, coef f, L2err, maxerr]
=MAI | _4ABC(N) ;
for k=1:N+1
fprintf(fO0, k-1, beta(k), gamma(k),
nu(k))
end
fprintf('\n’)
di sp([’ n coefficients’
' L2 error max error’])
for k=1:N+1
fprintf(fl,k-1,coeff(k),L2err(k),
maxerr (K))
end
bet a( k) ganma( k) mu( k+1)
. 000000000000000 2.000000000000000e+00 1. 000000000000000e+00
. 400000000000000 8. 000000000000002e-01 5. 999999999999999e- 01
. 312000000000000 2.496000000000001e- 01 2.879999999999998e- 01
288000000000000 7.188480000000004e- 02 1.152000000000001e- 01
. 266666666666667 1. 916928000000001e- 02 7.680000000000001e- 02
242424242424242 4.647098181818186e-03 3.351272727272728e- 02
.213986013986014 9. 944140165289268e- 04 1.488738461538463e- 02
180923076923077 1.799124436058489e- 04 5.269231888111895e- 03
. 143058823529412 2.573806252055439e- 05 1.834253163307282e- 03
. 100309597523220 2.581774692464279e- 06 5. 068331109138542e- 04
. 052631578947368 1. 358828785507516e- 07 3.771414197649772e- 17
coefficients L2 error max error
. 212203623058161e+00 1. 0422e+00 1. 5061e+00 f(t)=exp(-t)
. 123748299778268e+00 2.7551e-01 3.8233e-01
. 430255798492442e- 01 4.7978e-02 5. 6515e-02
. 774967744700318e- 01 6. 0942e- 03 5.7637e-03
. 380735440218084e- 02 5. 9354e- 04 7.1705e- 04
.681309127655327e- 03 4.5392e-05 5. 0328e- 05
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6 1. 436822757642024e- 03 2.7410e- 06 3.1757e- 06
7 -2.041262174764023e- 04 1. 2894e- 07 1. 3676e-07
8 2.539983220653184e- 05 4.5185e- 09 5. 2244e-09
9 -2.811356175489033e- 06 1.0329e-10 1.4201e-10
10 2.800374538854939¢- 07 6. 2576e- 14 7.9492e- 14
n coefficients L2 error mex error
0 6.379455015198038e- 01 4.8331e-01 6. 3795e- 01 f(t)=In(2+t)
1 5.341350646266596e- 01 7.3165e-02 1.0381e-01
2 -1.436962628313260e-01 1.4112e-02 1.7593e-02
3 5.149163971020859¢- 02 2.9261e-03 3.2053e-03
4 -2.066713722106771e- 02 6. 1199e- 04 8. 2444e- 04
5 8.790920250468457e- 03 1. 2409e- 04 1. 4929e-04
6 -3.863610725685766e- 03 2. 3550e- 05 3. 0261e- 05
7 1.730112538790927e- 03 4.0112e- 06 4.5316e- 06
8 -7.825109066954439%¢e- 04 5. 7410e- 07 6.9079e- 07
9 3.553730415235034e- 04 5. 9485e- 08 8. 1789e- 08
10 -1.613718817644612e- 04 2.1657e- 14 2. 7534e- 14
n coefficients L2 error mex error
0 9. 134654065768736e- 01 5. 7547e-01 9. 1347e-01 f(t)=sqrt(1+t)
1 6.165636213969754e- 01 1. 6444e-01 2.9690e- 01
2 -2.799173478370132e-01 8. 6512e- 02 1.2895e-01
3 2.654751232178156e- 01 4.9173e-02 7.8888e-02
4 -2.969055755002559e- 01 2.6985e-02 4. 4684e- 02
5 3.416320385824934e- 01 1.3632e-02 1. 8447e-02
6 -3.862066935480817e-01 6.1238e-03 9. 0935e-03
7 4.215059528049150e- 01 2.3530e-03 3.0774e-03
8 -4.411293520434504e-01 7.2661e-04 9. 1223e-04
9 4.416771232533437e-01 1.5591e-04 2.1437e-04
10 -4.229517654415031e- 01 2.7984e- 14 3. 5305e- 14
n coefficients L2 error max error
0 5. 454545454545454e- 01 4.5272e-01 5. 4545e-01 f(t)=t]|
1 5. 046468293750710e- 17 4.5272e-01 5. 4545e-01
2 8.741258741258736e- 01 1.1933e-01 1.9580e-01
3 0. 000000000000000e+00 1.1933e-01 1.9580e-01
4 -7.284382284382317e-01 6. 3786e- 02 1.1189e-01
5 -5.429698379835253e- 16 6. 3786e- 02 1.1189e-01
6 1.531862745098003e+00 4. 1655e- 02 6.9107e- 02
7 -3.506197370654419e- 15 4. 1655e- 02 6.9107e-02
8 -6.118812656642364e+00 2.7776e-02 3.8191e-02
9 2.061545898679865e- 13 2.7776e-02 3.8191e-02
10 7.535204475298005e+01 3.9494e- 14 5.0709e- 14
>>
Comments

* Notethat thelast entry in the mu column vanishes, confirmingthat 7y
vanishesat al the N + 1 nodest, (cf. Ex. 22(b)).

e The calculation of ¢, is subject to severe cancellation errors as n
increases. Indeed, from the formulafor the coefficient ¢, (cf. (2.24)),

N
& =2 ft)ma(t) /(N + Dya)),

=0
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one expects y, - ¢,, being a “mean value” of the quantities x,, (¢,), to
have the order of magnitude of these quantitites, i.e., of u,, unlessthere
is considerable cancellation in the summation, in which case y, - ¢, is
much smaller in absolutevaluethan . That, infact, isclearly observed
in our output when n getslarge.

e The maximum error for n = N should be zero since wry interpolates.
Thisis confirmed reasonably well in the output.

« e ': Note the rapid convergence. This is because the exponential
function is an entire function, hence very smooth.

* In(2 + 1): Remarkably good convergence in spite of the logarithmic
singularity at t+ = —2, adistance of 1 from the left endpoint of [-1,1].

e /1 + t: Slow convergence because of f/(t) — oo ast — —1. There
is abranch-point singularity at t = —1.

e |t| : Extremely slow convergencesince f isnot differentiableat r = 0.
Since " iseven, the approximation for n» odd is exactly the same asthe
onefor the preceding even n. Thisisevident from the L, and maximum
errors and from the vanishing of the odd-numbered coefficients.

7. @) PROGRAM

%Al | _7AB

%

hol d on

it=(0:100)"; t=-5+it/10;

y=1./(1+t."2);

plot(t,y, kx")

axis([-5.5 5.5 -1.2 1.2])

for n=2:2:8;
i=(0:n)’; it=(0:100)";
X=-5+10*i/n; t=-5+it/10;
y=pnewt (n, x, t);
plot(t,y)

end

hol d of f

YPNEWT
%
function y=pnewt(n,x,t)
d=zeros(n+1, 1);
d=f (x);
if n==0
y=d(1);
return
end
for j=1:n
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for i=n:-1:j
d(i+1)=(d(i+21)-d(i))/ (x(i+1)-x(i+1-j));
end
end
y=d(n+1);

for i=n:-1:1

y=d(i) +(t-x(i)).*y;

end

function y=f(x)
y=1./(1+x."2);

(b)

QUTPUT

The interpolation polynomialsare drawn as solid lines, the exact function
asblack stars.

0.8f

0.6

0.4f+

0.2}

The “Runge phenomenon”, i.e., the violent oscillations of the interpolants
near the end points, is clearly evident.

8. (9

PROGRAM

%Rl DI AG

%
%
%
%
%
%
%
%

Gauss elimnation wthout pivoting for a nxn (not
necessarily symmetric) tridiagonal system wi th nonzero

di agonal el enents a, subdiagonal elenments b, superdiagonal
elenent c, and right-hand vector v. The solution vector
is y. The vectors a and v will undergo changes by the
routine.
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function y=tridiag(n,a,b,c,vV)

y=zeros(n, 1);

for i=2:n
r=b(i-1)/a(i-1);
a(i)=a(i)-rxc(i-1);
v(i)=v(i)-r=v(i-1);

end

y(n)=v(n)/a(n);

for i=n-1:-1:1
y(i)=(v(i)-c(i)*y(i+1))/a(i);

end

(b) Thenatural spline on theinterval [x;, x;+1] is(cf. (2.140), (2.141))

Snat(X) = ciotein(x—x;) +eia(x —xi) 2 tes(x—x), X < x < xig,

where
cio=fi
Ci1 = m;,
[xi, Xi1]f —m;
Cip = ——(F— —— — Ci,SAxi,
Axi
on o Mit +m; = 2[x;, xi1] f
. (Ax;)? ’

and the vector m = [m;,m,,...,m,]" satisfies the tridiagonal system of
equations (cf. Sect. 2.2.4, (b.3))
2my +my = by
(sz)ml + Z(AXI + Axy)m, + (AX])I’)’I3 =b
(Axnfl)mn72 + Z(Axnfz + Axnfl)’/”nfl + (Axn72)mn = bnfl

my—1 +2m, = bn
where

b] = 3[X1,XZ]f
by = 3{[(Ax2)[x1, x2] [ + (Ax1)[x2, x3] f}

bp—1 = 3{(Axy—1)[Xp—2. Xn—1] [ + (Axp—2)[Xp+1. Xa] f}
bn = 3[xn—1,xn]f
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PROGRAM (for natural spline)

%Al | _8B
%
fO="98.0f 9%2.4e\n’;
n=11; N=51;
a=zeros(n,1); b=zeros(n-1,1); c=b;
i=(1:n)"; j=(LN);
x=(i-1)/(n-1);
%=((i-1)/(n-1))."2;
f=exp(-x);
% =sqrt(x)."5;
dx=x(2:n)-x(1:n-1); df=(f(2:n)-f(1:n-1))./dx;
a(1)=2; a(n)=2; b(n-1)=1; c(1)=1;
v(1)=3+df (1); v(n)=3*df(n-1);
a(2:n-1)=2*(dx(1:n-2)+dx(2:n-1));
b(1:n-2)=dx(2:n-1); c(2:n-1)=dx(1:n-2);
v(2:n-1)=3*(dx(2:n-1).*df (1:n-2)+dx(1l:n-2).*df (2: n-1));
metridiag(n,a,b,c,v);
c0=f(1:n-1); cl=m1:n-1);
c3=(m(2: n)+m(1: n-1)-2+df)./ (dx."2);
c2=(df-m(1: n-1))./dx-c3. xdx;
emax=zeros(n-1, 1);
for i=1l:n-1
xx=x(i)+((j-1)/ (N-1))*dx(i);
t=xx-x(i);
s=c3(i);
s=t.*s+c2(i);
s=t.x*s+cl(i);
s=t.*s+c0(i);
emax(i)=max(abs(s-exp(-xx)));
% emax(i)=max(abs(s-sqrt(xx)."5));
fprintf(fO,i,emax(i))
end

(c) For the complete spline, only two small changes need to be made, as
indicated by comment lines in the program below.

PROGRAM (for conpl ete spline)

9VAl | _8C
%
f0=" u8. Of 942.4e\n’ ;

n=11; N=51;
a=zeros(n,1); b=zeros(n-1,1); c=b;
i=(1:n)"; j=(1:N)";

x=(i-1)/(n-1);
% x=((i-1)/(n-1))."2;
f=exp(-x);
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(d)

% =sqrt(x)."5;

%

% The next statenent

% program of (b)

%

fder_1=-1;

fder_n=-exp(-1);

% der _1=0; fder_n=5/2;

dx=x(2:n)-x(1:n-1);

%

df =(f(2:n)-f(1:n-1))./dx;

is new and does not occur in the

% The next two lines differ fromthe corresponding |ines

% in the program of (b)

%

a(1)=1; a(n)=1;
v(1)=fder_1;

b(n-1)=0; c(1)=0;

v(n)=fder_n;

a(2:n-1)=2x(dx(1:n-2)+dx(2:n-1));

b(1:n-2)=dx(2:n-1);

c(2:n-1)=dx(1:n-2);

v(2:n-1)=3*(dx(2:n-1).*df (1: n-2)+dx(1:n-2).*df (2: n-1));
netridiag(n, a, b, c,v);

cO0=f(1:n-1);
c3=(m(2: n)+m(1: n-1)-2+df)./(dx."2);

cl=m(1:n-1);

c2=(df-m(1: n-1))./dx-c3. *xdx;

emax=zeros(n-1,1);

for i=1:n-1
xx=x (i) +((j-1)/ (N-1)) »dx(i);
t=xx-x(i);
s=c3(i);

s=t.*s+c2(i);
s=t.*s+cl(i);
s=t.*xs+c0(i);

emax(i)=max(abs(s-exp(-xx)));

% emax(i)=max(abs(s-sqrt(xx)."5));

fprintf(fo,i,emax(i))

end

QUTPUT

>> MAII

© 00N O U WN P
P AP WOADNOWR DM

-
o

>>
>> MAII

8B

. 9030e- 04
. 3163e- 04
. 5026e- 05
. 5467e- 06
. 2047e-06
. 2094e-07
. 4559e- 06
. 2809e- 05
. 8441e-05
. 8036e- 04

8B

f (x) =exp(-x)
nat ur al
spline

uni form
partition

\A
O R PR RPRRPRRNMNNDMNV

vV Vv
vV Vv

MAI I _8C

. 5589e- 07
. 2123e-07
. 0294e- 07
. 8288e- 07
. 6568e- 07
. 4984e- 07
. 3568e- 07
. 2247e-07
. 1190e- 07
. 7227e-08

MAI | _8C

f(x) =exp(-x)
conpl ete
spline

uni form
partition
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1 2.0524e-04 f(x)=x"(5/2) 4. 4346e- 05 f(x)=x"(5/2)
2 5. 3392e- 05 natural 9. 9999e- 06 conpl ete
3 1.6192e-05 spline 4.7121e-06 spline
4 2.7607e-06 uniform 3.9073e-07 uniform
5 1.2880e-06 partition 9. 8538e-07 partition
6 9.8059e-06 5. 2629e- 07
7 3.4951e- 05 4.7131e-07
8 1.3252e-04 3. 6500e- 07
9  4.9310e-04 3.1193e- 07
10 1. 8416e- 03 2.4850e- 07
>> >>
>> MAI | _8B >> MAI | _8C
1 6.6901e-07 f(x)=x"(5/2) 1.0809e-07 f(x)=x"(5/2)
2 2.3550e-07 natural 6. 0552e-07 conpl ete
3 1.1749e-06 spline 9.1261e-07 spline
4 1. 6950e- 06 nonuni form 1. 3558e-06 nonuni form
5 1.5853e-06 partition 1.7319e-06 partition
6 1. 6441e- 05 2.1329%e-06
7  6.8027e-05 2.5242e-06
8  3.2950e-04 2.9138e-06
9 1.4755e-03 3. 3225e-06
10  6.5448e-03 3. 6393e-06
>> >>
Comments

Testing: For the natural spline, the error should be exactly zero if f is
any linear function. (Not for arbitrary cubics, since f” does not vanish at
x = 0andx = 1, unless f islinear.) For the complete spline, the error
is zero for any cubic, if onesetsm; = f'(0) andm, = f'(1). Example:
f(x) =x3 m =0, m, =3.

The natura spline for the uniform partition is relatively inaccurate near
the endpoints, as expected.

The complete spline is uniformly accurate for f(x) = €* but till
relatively inaccurate near x = 0 for f(x) = x*? on account of the
“squareroot” singularity (of ") at x = 0.

Nonuniform partition (for f(x) = x*/2): The natural spline is accurate
near x = 0 because of the nodes being more dense there, but is still
inaccurate at the other end. The complete splineis remarkably accurate at
both ends, aswell as elsewhere.



Chapter 3
Numerical Differentiation and I ntegration

Differentiation and integration are infinitary concepts of calculus; that is, they are
defined by means of alimit process—the limit of the difference quotient in the first
instance, the limit of Riemann sumsin the second. Since limit processes cannot be
carried out on the computer, we must replace them by finite processes. The toolsto
do so come from the theory of polynomial interpolation (Chap. 2, Sect. 2.2). They
not only provide us with approximate formulae for the limits in question, but also
permit us to estimate the errors committed and discuss convergence.

3.1 Numerical Differentiation

For simplicity, we consider only the first derivative; anal ogous techniques apply to
higher-order derivatives.

The problem can be formulated as follows: for agiven differentiable function f,
approximate the derivative f”/(xo) in terms of the values of f at xy and at nearby
points xy, x2, ..., X, (not necessarily equally spaced or in natural order). Estimate
the error of the approximation obtained.

In Sect. 3.1.1, we solve this problem by means of interpolation. Examples are
given in Sect. 3.1.2, and the problematic nature of numerical differentiation in the
presence of rounding errorsis briefly discussed in Sect. 3.1.3.

3.1.1 A General Differentiation Formula for Unequally
Spaced Points

The idea is smply to differentiate not f(-), but its interpolation polynomial
pn(fixo0,...,x,; ). By carrying aong the error term of interpolation, we can
analyze the error committed.

W. Gautschi, Numerical Analysis, DOI 10.1007/978-0-8176-8259-0_3, 159
© Springer Sciencet+Business Media, LLC 1997, 2012



160 3 Numerica Differentiation and Integration
Thus, recall from Chap. 2, Sect. 2.2, that, given the n + 1 distinct points x,
Xlyenns X, We have

S = pa(fix) + ra(x), (3.1)

where the interpol ation polynomial can be written in Newton’sform

Pa(f3x) = fo+ (x —xo0)[x0, 1]/ + (x — x0)(x — x1)[x0, X1, X2] f + - -~
=+ ()C — )CQ)(X — )C])"'(X — X,,_l)[X(), Xlyenn ,xn]fv (32)

and the error term in the form

Fa(x) = (X — x0)(x — 1)+ (x — ) % (33)

assuming (aswe do) that f has acontinuous (n + 1)st derivativein an interval that
containsall x; and x. Differentiating (3.2) with respect to x and then putting x = x,
gives
p;(f;xo) = [xo, x1]f + (xo — x1)[x0. X1, x2] f + -+~
+ (xo —x1)(x0 — x2) - -+ (X0 — Xu—1) [X0, X1, ..., Xu] /. (3.4)

Similarly, from (3.3) (assuming that " hasin fact n 4+ 2 continuous derivativesin
an appropriate interval), we get

(n+1)
i) = (0 = x)00 = x2)-++ =) L SEED g
Therefore, differentiating (3.1), we find
f'(x0) = p,(fixo0) + e, (3.6)

where the first term on the right, given by (3.4), represents the desired approxima-
tion, and the second,

ey = 1, (x0), 3.7
given by (3.5), the respective error. If H = m?X|X0 — x;|, we clearly obtain from
(3.5) that

e, =0(H") as H — 0. (3.8

We can thus get approximation formulae of arbitrarily high order, but those with
largen are of limited practical use; cf. Sect. 3.1.3.
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3.1.2 Examples

The most important uses of differentiation formulae are made in the discretization
of differential equations— ordinary or partial. In these applications, the spacing of
the points is usually uniform, but unequally distributed points arise when partial
differential operators are to be discretized near the boundary of the domain of
interest.

1. n=1,x; =x9+ h.Here,

fi—Jo

Pi(fixo) = [)C(),xl]f = z

and (3.6) in conjunction with (3.7) and (3.5) gives

fi—fo

")
h :

S (xo) = ten e =—h— (3.9)

provided f € C3[xo, x;]. (Taylor'sformula, actually, showsthat f € C?[xo, x1]
suffices.) Thus, the errorisof O(h) ash — 0.

2. n=2,x1 = xo+h, xs = xo—h. We aso usethe suggestive notation x, = x_y,
fz = f—l- Here,

P5(fix0) = [x0, x1]f + (x0 — x1)[X0. X1, X2] f. (3.10)

The table of divided differencesis:

x-1 f4
X0 fO ﬁ) _hffl
x f fl_fO fl_zf()+f_1
1)1 7 e )
Therefore,
pfix = DRy A2 S

and (3.6), (3.7), and (3.5) give, if f € C?[x_1, x1],

Si— f= f”/@)
1 (x0) = Y + e, ey = —h* > g

Both approximations (3.9) and (3.11) are difference quotients; the former,
however, is “one-sided” whereas the latter is “symmetric.” As can be seen, the
symmetric difference quotient is one order more accurate than the one-sided
difference quotient.

(3.12)
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B

L —

/PB Po Py

/

Fig. 3.1 Partia derivative near the boundary

3. n=2,x1 =x0+ h,xa = xo + 2h. Inthis case, we have the following table of
divided differences,

xo fo
x1 fi fl;fo

L= fL=2fi+/f
Y 2h?

and (3.10) now gives

v Nh—=Jfo H=2H+tf —hHL+4/H -3/,
pafiw) = T T = 2h ’
hence, by (3.7) and (3.5),

) +;‘]j:1—3f0_|_e2, e2:h2f3(é).

f(x0) = (312
Compared to (3.11), this formulaalso is accurate to O(h?), but the error is now
about twice as large, in modulus, than before. One always pays for destroying
symmetry!

4. For a function u = u(x, y) of two variables, approximate du/dx “near the
boundary.”

Consider the points Py(x0, y0), P1(x0 + &, yo), Pp(xo — Bh,y9),0 < B <
1 (see Fig. 3.1); the problem is to approximate (du/dx)(Py) in terms of u, =
U(Po), Uy = u(Py), Uug = u(Ps).

The relevant table of divided differencesis:

Xp Up

Up — Up
Xgo Up ——

up—up AU —Uo) — (Up — Up)
X1 Uy

h Bh(1 + B)h
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Thus,

—Up Bl —Uo) = (Up—Up) _ B+ (1= B*)Ug —Ug
h Bh(1 + B)h B B(1+ B)h ’

and the error is given by

u
Py(u; Py) = —

B, du
e = —gh ﬁ(é,yo)

3.1.3 Numerical Differentiation with Perturbed Data

Formulae for numerical differentiation become more accurate as the spacing &
between evaluation pointsis made smaller, provided the function to be differentiated
is sufficiently smooth. This, however, is true only in theory, since in practice the
data are usually inaccurate, if for no other reason than rounding, and the problem
of cancellation becomes more acute as i gets smaller. There will be a point of
diminishing returns, beyond which the errors increase rather than decrease.

To give a simple analysis of this, take the symmetric differentiation formula
(3.11),

Fan=t2 e o= 8

Suppose now that what are known are not the exact values f1; = f(xo + h), but
dight perturbations of them, say,

(3.13)

= hte, f2=fa+e, lex]| < e (3.14)
Then our formula (3.13) becomes

= ai—en

T 2

+ es. (3.15)

Here, the first term on the right is what we actually compute (assuming, for
simplicity, that & is machine-representable and roundoff errors in forming the
difference quotient are neglected). The corresponding error, therefore, is

- g1 —é&—
E2=f/(?€0)—f1 2hf1 =— 12h - e

and can be estimated by

M
|E2|§%+?3h2, Ms = max |f". (3.16)

[x—1.x1]
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noise

™ truncation

h

Fig. 3.2 Truncation and noise error in numerical differentiation

The bound on theright is best possible. It consists of two parts, theterm ¢/ &, which
is due to noise in the data, and %M_ghz, which is the truncation error introduced by
replacing the derivative by afinite difference expression. Their behavior isshownin
Fig.3.2.

If we denote the bound in (3.16) by E(h),

& M32
Ehy=—-+—7h", 3.17
(h =2+~ (3.17)

then by determining its minimum, one finds

1/3
E(h) = E(ho), ho=(;—i) ,

and

3

This shows that even in the best of circumstances, the error is O (s?/3), not O (), as
one would hope. This represents a significant loss of accuracy.

The same problem persists, indeed is more severe, in higher-order formulae.
The only way one can escape from this dilemmais to use not difference formulae,
but summation formulae, that is, integration. But to do this, one has to go into the
complex plane and assume that the definition of f* can be extended into a domain
of the complex plane containing x,. Then one can use Cauchy’s theorem,

f/(xo):L &

27 Jo (2 — xp)?

1/3
E(ho) = % (%) g3, (3.18)

1 2 . .
dz = —/ e f(xo + re?)ds, (3.19)
2rr Jo

in combination with numerical integration (cf. Sect. 3.2). Here, C was taken to be
acircular contour about x, with radius r, with  chosen such that z = x, + re?
remains in the domain of analyticity of f. Since the result is real, one can replace
theintegrand by itsreal part.
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3.2 Numerical Integration

The basic problem is to calculate the definite integral of a given function f,
extended over afiniteinterval [a,b]. If f iswell behaved, thisis aroutine problem
for which the simplest integration rules, such as the composite trapezoidal or
Simpson’srule (Sect. 3.2.1) will be quite adequate, the former having an edge over
thelatter if f isperiodicwith period b—a. Complicationsariseif f hasanintegrable
singularity, or the interval of integration extends to infinity (which is just another
manifestation of singular behavior). By breaking up the integral, if necessary, into
several pieces, it can be assumed that the singularity, if its location is known, is at
one (or both) ends of the interval [a, b]. Such “improper” integrals can usually be
treated by weighted quadrature; that is, oneincorporatesthe singularity into aweight
function, which then becomes one factor of the integrand, leaving the other factor
well behaved. The most important example of this is Gaussian quadrature relative
to such aweight function (Sects. 3.2.2—3.2.4). Finally, it is possible to accel erate the
convergence of quadrature schemes by suitable recombinations. The best-known
example of thisis Romberg integration (Sect. 3.2.7).

3.2.1 The Composite Trapezoidal and Simpson’s Rules

These may be regarded as the workhorses of numerical integration. They will do the
jobwhen theinterval isfinite and the integrand unproblematic. The trapezoidal rule
is sometimes surprisingly effective even on infiniteintervals.

Both rules are obtained by applying the smplest kind of interpolation on
subintervals of the decomposition

—a
Aa=X)<X]<Xp<- < Xp1<X,=0b, xpy =a+kh, h=

(3.20)

of the interva [a,b]. In the trapezoida rule, one interpolates linearly on each
subinterval [x, xx+1], and obtains

Xke41 Xk41 Xk+1
/ f(x)dx = / p1(f;x)dx + / Ry (x)dx, (3.21)

k Xie Xje

where

pi(fix) = fio + (x — xp)[Xk, Xe 1] /.

J"(EX)
-

Ri(x) = (x = xx) (X — xpe41) (3.22)

Here, i = f(xx), and we assumed that f € C?[a,b]. The first integral on the
right of (3.21) iseasily obtained asthe area of atrapezoid with “bases’ f, fi+1 and
“height” &, or else by direct integrationof p(f; -) in(3.22). To the second integral,
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we can apply the Mean Value Theorem of integration, since (x — xi ) (x — xx+1) has
constant (negative) sign on [xi, xx+1]. Theresultis

X1 h
[ "y = 3 (it i) - 5 B, (323)

where x;, < & < xr+1. Thisisthe elementary trapezoidal rule. Summing over all
subintervals gives the composite trapezoidal rule

b
/ f(x)dxzh(%ﬁ)+ﬁ+---+fn_1+%fn)+EnT(f), (3.24)

with error term

n—1

1
Ej(f)=—5 0 ) " &),
k=0

Thisis not a particularly elegant expression for the error. We can simplify it by
writing

1 1=,
EJ(f) == (b —a)[; ,; f (&)}

and noting that the expression in brackets is a mean value of second-derivative
values, hence certainly contained between the algebraically smallest and largest
value of the second derivative f” on [a,b]. Since the function f” was assumed
continuous on [a,b], it takes on every value between its smallest and largest, in
particular, the bracketed value in question, at some interior point, say, &, of [a,b].
Consequently,

ENf) = —11—2(19 —a)h2f"(E), a<E<b. (3.25)

Since f” is bounded in absolute value on [a,b], this shows that ET(f) = O(h?)
ash — 0. In particular, the composite trapezoidal rule convergesas h — 0 (or,
equivalently, n — oo) in (3.24), provided f € C?[a, b].

It should be noted that (3.25) holds only for real-valued functions f and cannot
be applied to complex-valued functions; cf. (3.29).

One expects an improvement if instead of linear interpolation one uses quadratic
interpolation over two consecutive subintervals. This gives rise to the composite
Simpson’sformula.! Its “elementary” version, analogousto (3.23), is

/ 0 = Lt it g B SV, < b < v, (326)

Xk

1Thomas Simpson (1710-1761) was an English mathematician, self-educated, and author of many
textbooks popular at the time. Simpson published his formulain 1743, but it was aready known to
Cavalieri [1639], Gregory [1668], and Cotes [1722], among others.
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where it has been assumed that f € C*[a, b]. The remainder term shown in (3.26)
does not come about as easily as beforein (3.23), since the Mean Value Theoremis
no longer applicable, thefactor (x — x;) (x — xx+1) (x — xx42) changing sign at the
midpoint of [xy, xx+2]. However, an aternative derivation of (3.26), using Hermite
interpolation (cf. Ex. 9), not only produces the desired error term, but also explains
its unexpectedly large order O (h°). If n iseven, we can sum up al n/2 contributions
in (3.26) and obtain the composite Simpson’s rule,

b
[ FOO = 5 (o 4+ 2o 4 45 4 2a 4 A+ f) + ESCP),

EXf) = —is(b - @) f9E), a<E<b. (327)
Theerror termin (3.27) istheresult of asimplification similar to the one previously
carried out for thetrapezoidal rule (cf. Ex. 9(c)). Comparing it with theonein (3.25),
we see that we gained two orders of accuracy without any appreciable increase in
work (same number of function evaluations). This is the reason why Simpson’s
rule has long been, and continues to be, one of the most popular general-purpose
integration methods.

The composite trapezoidal rule, nevertheless, has its own advantages. Although
it integrates exactly polynomials of degree 1 only, it does much better with
trigonometric polynomials. Suppose, indeed (for simplicity), that the interval [a,b]
is [0,27], and denote by T,,[0, 2] the class of trigonometric polynomials of
degree m,

T, [0,27] = {t(x) : t(x) = ap + a; COSX + a COS2x + - -+ + a,, COSmMXx
+ bysinx + b, sSin2x + --- 4+ by, Sinmx} .
Then
ET(f)=0 foral f eT,_[0,2x]. (3.28)

Thisis most easily verified by taking for f the complex exponentia e, (x) = €~
(=cosvx +isnvx), v=0,1,2,...:

bg n—1
Bl = | o= 2 [éev@ + 3 elk-2n/m) + %eu(zm]

27 n—1
— / eivxdx _ 2_7[ eiuk~27r/n'
0

n k=0
When v = 0, this is clearly zero, and otherwise, since f02” erdx = (iv)™!
NS

=21 if v=0(modn), v >0,

E,IT(eU) = 27 1— eiun-Zn/n (329)

_7m=0 if vs#0(modn).
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In particular, £ (e,) = 0forv =0, 1,...,n — 1, which proves (3.28). Taking real
and imaginary partsin (3.29) gives

=27, v=0(modn), v #0,

E](cosv-) = El(sinv-) =0.

0 otherwise,

Therefore, if f is2m-periodic and has a uniformly convergent Fourier expansion

[e.]

() = la,(f)cosvx + by(f)sinvx], (3.30)

v=0
wherea, (f), b,(f) arethe “Fourier coefficients’ of f, then

[e.o]

Ej(f) =) [au(f)E](cosv-) + by(f)E, (snv-)]

v=0

=21 aw,(f). (3.31)

=1

From the theory of Fourier series, it is known that the Fourier coefficientsof f goto
zero faster the smoother f is. More precisely, if f € C"[R], thena,(f) = O(v™")
asv — oo (and similarly for b,(f)). Since by (3.31), EJ(f) ~ —2ma,(f), it
follows that

EN(f)=0®") asn— oo (f € C'[R], 2x—periodic), (3.32)

which, if r > 2, isbetter than ET(f) = O(n~?), valid for nonperiodic functions £
Inparticular, if r = oo, then the trapezoidal rule convergesfaster than any power of
n~'. It should be noted, however, that / must be smooth on the whole real line R.
(See (3.19) for an example.) Starting with afunction f € C"[0, 2] and extending
it periodicaly to R will not in general produce afunction /' € C"[R].

Another instance in which the composite trapezoidal rule excelsis for functions
f defined on R and having the following propertiesfor somer > 1,

fecrm, [ 15Ul < oo,
R
lim % D)= lim f»*Yx)=0, p=1,2,...,r. (333
X—>—00 X—>00

In this case, it can be shown that

/1; fydy=h Y f(kh) + E(f:h) (3.34)

k=—00
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has an error E(f; h) satisfying E(f;h) = O(h**), h — 0. Therefore, again, if
(3.33) holdsforal r =1,2,3,..., thentheerror goesto zero faster than any power
of h.

3.2.2 (Weighted) Newton—Cotes and Gauss Formulae

A weighted quadratureformulais aformulaof the type
b n
/ SOWOd = "W f(t) + En(f), (3.35)
¢ k=1

wherew isapositive (or at |east nonnegative) “weight function,” assumed integrable
over (a,b). Theinterva (a,b) may now be finite or infinite. If it isinfinite, we must
make surethat the integral in (3.35) iswell defined, at least when £ isapolynomial.
We achieve this by requiring that all moments of the weight function,

b
s =/ tf'w()ds, s =0,1,2,..., (3.36)

exist and befinite.
We say that the quadrature formula (3.35) has (polynomial) degree of exactness
d if
E.(f)=0 fordl f ePy; (3.37)
that is, the formula has zero error whenever £ is a polynomial of degree < 4. We
call (3.35) interpolatory, if it has degree of exactness d = n — 1. Interpolatory
formulae are precisely those “ obtained by interpolation,” that is, for which

n b
Sowf@) = [ pua(fintiowds (3.39
k=1 a
or, equivalently,
b
Wy =/ Le(w()de, kK =1,2,...,n, (3.39)
where
n f—1
L = 3.40
(o =11 ,—; (340)

(=1
L#k

are the elementary Lagrange interpolation polynomials associated with the nodes
t, ta, ..., t,. The fact that (3.35) with w; given by (3.39) has degree of exactness
d = n—1isevident, since for any f € P,—; we have p,—1(f;-) = f(+) in
(3.38). Conversely, if (3.35) hasdegree of exactnessd = n — 1, then putting f(¢) =
£,(t)in (3.35) givesfab Lw(n)dr = Yo Wil () = w,, r = 1,2,...,n, that
is, (3.39).
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We see, therefore, that given any n distinct nodes 14, f,,....t,, it is dways
possible to construct a formula of type (3.35), which is exact for al polynomials
of degree < n — 1. Inthe case w(t) = 1 on [-1,1], and #; equally spaced on [—
1,1], the feasibility of such a construction was already alluded to by Newton in
1687 and implemented in detail by Cotes? around 1712. By extension, we call the
formula (3.35), with the 7, prescribed and the w;, given by (3.39), a Newton—Cotes
formula.

The question naturally arises whether we can do better, that is, whether we
can achieve d > n — 1 by ajudicious choice of the nodes 7, (the weights wy
being necessarily given by (3.39)). The answer is surprisingly simple and direct.
To formulate it, we introduce the node polynomial

n

wu (1) =[] ¢ —1). (3.41)

k=1

Theorem 3.2.1. Given an integer k with 0 < k < n, the quadrature formula (3.35)
has degree of exactness d = n— 1+ k if and only if both of the following conditions
are satisfied.

(@) The formula (3.35) is interpolatory.
(b) The node polynomial w, in (3.41) satisfies [ab w, () p(t)w(t)dt = 0 for all
p € Pr—1.

Theconditionin (b) imposesk conditionson thenodesty, 12, . . ., t, of (3.35). (If
k = 0, thereis no restriction since, as we know, we can alwaysgetd = n —1.) In
effect, w, must beorthogonal to P, relativeto theweight functionw. Sincew(t) >
0, we have necessarily k < n; otherwise, w, would have to be orthogonal to P,,, in
particular, orthogonal to itself, which isimpossible. Thus, k = n isoptimal, giving
rise to aquadrature rule of maximum degree of exactness dax = 2n — 1. Condition
(b) then amounts to orthogonality of w, to all polynomialsof lower degree; that is,
w,(+) = m,(-;w) is precisely the nth-degree orthogonal polynomial belonging to
the weight function w (cf. Chap. 2, Sect. 2.1.4(2)). This optimal formulais called
the Gaussian quadrature formula associated with the weight function w. Its nodes,
therefore, are the zeros of 7, (- ; w), and the weights w;, are given asin (3.39); thus,

7 (s W) = 0,

/ - _nn(t TW) w(r)dr,

1) 71, (tic; W)

k=1.2.....n. (3.42)

2Roger Cotes (1682-1716), precocious son of an English country pastor, was entrusted with the
preparation of the second edition of Newton's Principia. He worked out in detail Newton's idea
of numerica integration and published the coefficients — now known as Cotes numbers — of the
n-point formulafor all n < 11. Upon his death at the early age of 33, Newton said of him: “If he
had lived, we might have known something.”
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The formula was developed in 1814 by Gauss® for the special case w(r) = 1 on
[-1,1], and extended to more general weight functionsby Christoffel* in 1877. It is,
therefore, also referred to as the Gauss—Christoffel quadrature formula.

Proof of Theorem 3.2.1. We first prove the necessity of (a) and (b). Since, by
assumption, the degree of exactnessisd = n — 1 + k > n — 1, condition (a) is
trivial. Condition (b) also followsimmediately, since, for any p € P,_;, the product
w, pisinP,_;; hence,

b n
[ enwpemiod = 3w wpw).
a k=1

which vanishes, sincew, (tx) = 0fork = 1,2,...,n.
To prove the sufficiency of (a), (b), we must show that for any p € P,_14+, we
have E, (p) = 0in (3.35). Given any such p, divideit by w,, so that
P=qo,+r, qePr, rel,

where ¢ isthe quotient and r the remainder. There follows

b b b
/ p(@)w(r)dt =f q(t)w, (t)w(r)dt +/ r(t)w(z)de.

The first integral on the right, by (b), is zero, since ¢ € P_;, whereas the second,
by (), sincer € P,_;, equals

D oWer(t) = D Wil p(t) — qi)wn (6] = D Wi p(ie),
k=1 k=1 k=1

the last equality following again from w, (#x) = 0, k = 1,2, ..., n. Thiscompletes
the proof. O

3Carl Friedrich Gauss (1777-1855) was one of the greatest mathematicians of the 19th century —
and perhaps of al time. He spent amost his entire life in Gottingen, where he was director of the
observatory for some 40 years. Already as a student in Gottingen, Gauss discovered that the regular
17-gon can be constructed by compass and ruler, thereby settling a problem that had been open
since antiquity. Hisdissertation gave thefirst proof of the Fundamental Theorem of Algebra (that an
agebraic equation of degree n has exactly n roots). He went on to make fundamental contributions
to number theory, differential and non-Euclidean geometry, elliptic and hypergeometric functions,
celestial mechanics, geodesy, and various branches of physics, notably magnetism and optics. His
computationa efforts in celestial mechanics and geodesy, based on the principle of least squares,
required the solution (by hand) of large systems of linear equations, for which he used what today
are known as Gauss elimination and relaxation methods. Gauss's work on quadrature builds upon
the earlier work of Newton and Cotes.

4Elvin Bruno Christoffel (1829-1900) was active for short periods of time in Berlin and Zurich
and, for the rest of hislife, in Strasbourg. Heis best known for hiswork in geometry, in particular,
tensor analysis, which became important in Einstein’s theory of relativity.
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The case k = n of Theorem3.2.1 (i.e., the Gauss quadrature rule) is discussed
further in Sect. 3.2.3. Here, we still mention two specia cases with k& < n, which
are of some practical interest. The first is the Gauss—Radau® quadrature formulain
which one endpoint, say, «, is finite and serves as a quadrature node, say, #; = a.
The maximum degree of exactness attainablethenisd = 2n —2 and correspondsto
k = n—1inTheorem3.2.1. Part (b) of that theorem tells usthat the remaining nodes
t, ..., t, must bethe zeros of 7, (-;w,), wherew, (t) = (t — a)w(r). Similarly,
in the Gauss—Lobatto® formula, both endpoints are finite and serve as nodes, say,
ty = a,t, = b, and the remaining nodes 1,, ..., t,—; are taken to be the zeros of
Tn—2(*:Wap), Wap(t) = (¢ —a)(b — t)w(z), thus achieving maximum degree of
exactnessd = 2n — 3.

Example: Two-point Newton—Cotes vs. two-point Gauss

We compare the Newton—Cotes with the Gauss formulain the case n = 2 and
for the weight function w(z) = ¢~'/2 on [0,1]. The two prescribed nodes in the
Newton—Cotes formula are taken to be the endpoints; thus,

1 W€ £(0) +wh€ £(1) (Newton-Cotes),
/ V2 f()de ~
0 WP f(0) + WS f (1) (Gauss).

To get the coefficientsin the Newton—Cotes formula, we use (3.39), where

t—1 t—
L) =——=1—t, L(@t)=—=1.
0 =5 b =1
Thisgives

1

1 1
2
whC = / 720 de = | ¢V =1VP)de = (2t1/2 -3 13/2)
0 0

1

0_37

1 1
2
whc :/ t7V24,(r)de =/ tV2dt = 232
0 0 3

0_3'

5Jean-Charles-Rodol phe Radau (1835-1911) was born in Germany but spent most of his life in
France. He was strongly attracted to classical music (the French composer Jagques Offenbach was
one of his acquaintances) as he was to celestia mechanics. A gifted writer, he composed many
popular articles on topics of scientific interest. He was a person working quietly by himself and
staying away from the spotlight.

SRehuel L obatto (1797-1866), a Dutch mathematician of Portuguese ancestry, although very gifted
inhisyouth, stopped short of attaining an academic degree at the University of Amsterdam. He had
to wait, and be satisfied with alow-level government position, until 1842 when he was appointed a
professor of mathematics at the Technical University of Delft. His mathematical work is relatively
unknown, but he has written severa textbooks, one of which, on calculus, published in 1851,
contains the quadrature rule now named after him.
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Thus,

1
[ ra = S s+ s+ B, (3.43)

Note how the square root singularity at the origin causesthe value f(0) to receivea
weight twice aslarge as that of f(1).

To develop the Gauss formula, we first construct the required orthogonal
polynomial

m(t) = 1> = pit + pa.
Sinceit is orthogonal to the constant 1, and to ¢, we get

1 1
0= [ 7V 2m,(t)dt = [ (3 = 1t + pot ™% dt
0

1

2 2
= —-—=p1+2p,

/2 [3/2+2 t1/2 = =
(5 Pl P2 . 573

Lo 2 2

5
1 1
/z V2 (1)t = / (652 = it + put'?)
0 0
t’ =-—Zzp1+ 35D

2
/2 £5/2 l3/2
o I )

o 1 5 3
that is, the linear system
1 1
PPz
11
sPT3 Ty
Thesolutionis p; = $, p = 2 thus,
6 3
) =t>—-t+ —.
(1) 7 +35

The Gauss nodes — the zeros of 7, — are therefore, to ten decimal places,

1 6 1 6
= 7 (3 —2\/;> = 0.1155871100, 1, = 7 (3 —1—2\/2) = 0.7415557471.
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For the weightsw®, w$, we could use again (3.39), but it is simpler to set up alinear
system of equations, which expressesthe fact that the formulais exact for f(z) = 1
and f(t) =t:

1
we +wS = / t712dr = 2,
0

1

2

Hws + WS = / V2 rde = 3
0

Thisyields

2t + 2 2t — 2
W1G = —3 s W2G = —3 S
Hh—1t h—0h

or, with the values of 7, #, substituted from the preceding,
s 1 /5 s 1[5
wy =1+ 3Ve ™ 1.3042903097, wy =1— 3Ve ™ 0.6957096903.

Again, w® islarger than w$, thistime by afactor 1.87476.. ..
Summarizing, we obtain the Gauss formula

1
frreson= (3B G -2i))+ (440
1 6 c
S5 13 +2y5 )|+ ESW. (3.44)

Toillustrate, consider f(z) = cos(in1); thatis,
! 1
I = / 12 cos(znt) dr = 2C(1) = 1.5597868008 . . ..
0

(C(x) isthe Fresnel integral [, cos(37#?)d:.) Newton-Cotes and Gauss give the
following approximations,

4
INC =~ =13333...,
3
16 = 12828510665 + 0.2747384931 = 1.5575895596.
The respective errors are
ENC =0.226453..., E$ =0.002197...,

demonstrating the superiority of the Gauss formulaeven for n = 2.
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3.2.3 Properties of Gaussian Quadrature Rules

The Gaussian quadrature rule (3.35) and (3.42), in addition to being optimal, has
some interesting and useful properties. The more important ones are now listed,
with most of the proofs relegated to the exercises.

(8 All nodes t; are real, distinct, and contained in the open interval (a,b). This
is a well-known property satisfied by the zeros of orthogona polynomials
(cf. Ex. 32).

(b) All weightsw; are positive. The formula (3.39) for the weights gives no clue as
to their signs; however, an ingenious observation of Stieltjes’ proves it almost
immediately. Indeed,

b n
0</ zﬁ(z)w(z)dz=Zwkz§(zk)=wj, j=12,....n,
a k=1

the first equality following since 63 € P,,—» and the degree of exactness is
d =2n-—1.

(c) If [a,b] isafiniteinterval, then the Gauss formulaconvergesfor any continuous
function; that is, E,(f) — 0 asn — oo whenever f € Cla,b]. Thisis
basically a consequence of the Weierstrass Approximation Theorem, which
implies that, if p,,—1(f: ) denotes the polynomial of degree 2n — 1 that
approximates f best on [a,b] in the uniform norm, then

nli)rgo ”f(‘)_ﬁZn—l(f; )”00 =0.

Since E, (p2,—1) = 0 (polynomial degree of exactnessd = 2n — 1), it follows
that

|En(f)| = |En(f - ﬁZn—l)l

b n
[ 1@ = B (70O = 3wl 1) = P (0]
a k=1

"Thomas Jan Stieltjes (1856-1894), born in the Netherlands, studied at the Technical Institute
of Delft, but never finished to get his degree because of a deep-seated aversion to examinations.
He nevertheless got a job at the Observatory of Leiden as a*computer assistant for astronomical
calculations.” His early publications caught the attention of Hermite, who was able to eventually
secure a university position for Stieltjesin Toulouse. A life-long friendship evolved between these
two great men, of which two volumes of their correspondence (see Hermite and Stieltjes [1905])
gives vivid testimony (and still makes fascinating reading). Stieltjesis best known for hiswork on
continued fractions and the moment problem, which, among other things, led him to invent a new
concept of integral, which now bears his name. He died of tuberculosis at the young age of 38.
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b n
< / | (0) = Ponr (f:DIW@DE + Y Wil (1) = Pan—1 (S 16)]
¢ k=1

b n
< 1£O) = Pt ()0 [ / wi(r)dr + Zwk] .
4 k=1
Here, the positivity of the weight w;, has been used crucially. Noting that
n b
> owe = / w(t)dr = po  (cf. (3.36)),
k=1 a

we thus conclude

[E.(f) =210l f — Pan—illoo — 0 @ n — oc.

The nodes in the n-point Gauss formula separate those of the (n + 1)-point
formula. (Cf. Ex. 33).

The next property forms the basis of an efficient algorithm for computing
Gaussian quadrature formulae.
Let o = ax (W), Br = Br (W) be the recurrence coefficients for the orthogonal
polynomias s, (-) = mx(-;w); that is (cf. Chap. 2, Sect. 2.1.4(2)),

mp41(1) = (¢ — o) mi (1) — Beme—1 (1), k=0,1,2...,
mo(t) =1, 71’_1(1) =0, (345)

with B¢ (as is customary) defined by B, = fa” w(t)dr (= o). The nth-order
Jacobi matrix for the weight function w is a tridiagonal symmetric matrix
defined by

— o \/E 0 —_
VBl o VB
Ju = Ju(w) = \/,3_2
,Bn—l
L 0 ,Bn—l Op—1

Then the nodes 1, are the eigenvalues of J,, (cf. Ex. 44(a)),

IV = Vi, VZVkII, k=1,2,...,n, (346)
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and the weights w;, expressible in terms of the first component v, ; of the
corresponding (normalized) eigenvectorsvy by (cf. Ex. 44(b))

Wi = BoViy, k=1,2,....n. (3.47)

Thus, to compute the Gauss formula, we must solve an eigenval ue/eigenvector
problem for a symmetric tridiagonal matrix. This is a routine problem in
numerical linear algebra, and very efficient methods (the QR agorithm, for
example) are known for solving it.

(f) Markov® observed in 1885 that the Gauss quadrature formula can also be
obtained by Hermite interpolation on the nodes #;, each counting as a double
node, if one requires that after integration al coefficients of the derivative
terms should be zero (cf. Ex. 34). An interesting consequence of this new
interpretation is the following expression for the remainder term, which follows
directly from the error term of Hermite interpolation (cf. Chap. 2, Sect. 2.2.7)
and the Mean Value Theorem of integration,

A
Sent

Here, r, (- ; w) isthe orthogonal polynomial, with leading coefficient 1, relative
to the weight function w. It is assumed, of course, that f € C?>"[a, b].

E.(f) = / [, (t;W)PW(t)dt, a <& < b. (3.48)

We conclude this section with a table of some classical weight functions, their
corresponding orthogonal polynomials, and the recursion coefficients «y, B for
generating the orthogonal polynomiasasin (3.45) (see Table 3.1 on the next page).
We also include the standard notations for these polynomials (these usually do not
refer to the monic polynomials). Note that the recurrence coefficients oy are all
zero for even weight functions on intervals symmetric with respect to the origin
(cf. Chap. 2, Sect. 2.1.4(2)). For Jacobi polynomials, the recursion coefficients are
explicitly known, but the formulae are a bit lengthy and are not given here (they can
be found, e.g., in Gautschi [2004], Table 1.1).

8Andrey Andreyevich Markov (1856-1922), a student of Chebyshev, was active in St. Petersburg.
While his early work was in number theory and analysis, he is best known for his work in
probability theory, where he studied certain discrete random processes now known as Markov
chains.

9Carl Gustav Jacob Jacobi (1804-1851) was a contemporary of Gauss and with him one of the most
important 19th-century mathematiciansin Germany. Hisname is connected with elliptic functions,
partial differential equations of dynamics, calculus of variations, celestial mechanics; functional
determinants also bear his name. In his work on celestial mechanics he invented what is now
called the Jacobi method for solving linear algebraic system.

Edmond Laguerre (1834-1886) was a French mathematician active in Paris, who made essential
contributions to geometry, algebra, and analysis.
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Table 3.1 Classica orthogonal polynomias
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w(t) [a,b] Orth. Pol. Notation oy B
1 [-1,1] Legendre P, 0 2(k=0)
G—k=2"(k > 0)
(1—1%)2 [-1,1] Chebyshev #1 T, 0 7 (k =0)
1
_ =1
S k=1
zl; (k>1)
1
(1—1¢2)% [-1,1] Chebyshev #2 U, 0 7k =0)
‘—ll (k > 0)
(1= A +0f [-1] Jacobi® PP known known
a>—1,>—1
e, a>—1  [0,00]  Laguerre® LY k+a+1 T(+a)k=0)
k(k + a) (k > 0)
e [-00,00] Hermite H, 0 J7 (k = 0)
%k (k > 0)

3.2.4 Some Applications of the Gauss Quadrature Rule

In many applications, the integrals to be computed have the weight function w
already built in. In others, one hasto figure out for oneself what the most appropriate
weight function should be. Several examples of this are given in this section. We
begin, however, with the easy exercise of transforming the Gauss-Jacobi quadrature
rule from an arbitrary finite interval to the canonical interval [-1,1].

(@) The Gauss—Jacobi formula for the interval [a,b]. We assume [a,b] a finite
interval. What is essential about the weight function in the Jacobi case is the
fact that it has an algebraic singularity (with exponent «) at the right endpoint,
and an agebraic singularity (with exponent ) at the left endpoint. The integral
in question, therefore, is

b
/ (b —x)*(x —a)P g(x)dx.

A linear transformation of variables

1 1 1
X = E(b —a)t + E(b +a), dx= E(b —a)dt,
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maps the x-interval [a,b] onto the ¢-interval [-1,1], and the integral becomes

1 1 @ 1 B
/_1 (E(b —a)(1— t)) (E(b —a)(1 + t))

X g (%(b —aj) + %(b + a)) %(b —a)dt

1 a+p+1 1 ;
= (E(b_a)) /_1(1 — )% + )P f(¢)dke,
where we have set
f(@) =g(%(b—a)t+%(b+a)), —1<r<l.

Thelast integral isnow in standard form for the application of the Gauss-Jacobi
quadrature formula. One thus finds

b
/ (b —x)*(x —a)Pg(x)dx

1 et ;o1
= (E(b—a)) ;Wkg (E(b—a)tk +§(b+a)) + E,(g2),
(3.49)

where ], w] are the (standard) Gauss-Jacobi nodes and weights. Since with g,
also f isapolynomial, and both have the same degree, the formula (3.49) is
exactforall g € Py,—;.

(b) Iterated integrals. Let I denote the integral operator

t
(190 = [ sty
and /7 its pth power (the identity operator if p = 0). Then

1
(P g)(1) = / (17 g)(1)dr
0

is the pth iterated integral of g. It is a well-known fact from calculus that an
iterated integral can be written as a simple integral, namely,

(I"*e)(1) = /] d=nr g(rydr. (3.50)
0 p

!

Thus, to the integral on the right of (3.50) we could apply any of the standard
integration procedures, such as the composite trapezoidal or Simpson’s rule.
If g is smooth, this works well for p relatively small. As p gets larger, the
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factor (1 —¢)? becomes rather unpleasant, since as p — oo it approaches the
discontinuous function equal to 1 at ¢+ = 0, and O elsewhere on (0,1]. This
adversely affectsthe performance of any standard quadrature scheme. However,
noting that (1 — ¢)” is a Jacobi weight on the interval [0,1], with parameters
o = p, B =0,wecanapply (3.49); that is,

170 = Zwkg (%(1 " z,f)) FEG).  (351)

and get accurate results with moderate values of n, even when p is quite large
(cf. MA 5).
Integration over R. Compute ffzo F(x)dx, assuming that, for somea > 0,

F(x) ~ €% x — +oo0. (3.52)

Instead of aweight function we are given hereinformation about the asymptotic
behavior of theintegrand. It is natural, then, to introduce the new function

f)=¢'F (ﬁ) (359

whichtendsto 1 as¢t — Foo. The change of variables x = ¢/./a then gives

/_ F(x)dx_f/ ( )d_f/ e f()dr.

The last integral is now in a form suitable for the application of the Gauss—
Hermite formula. There results

f_ F(x)dx = f Zw e’ F ([) + E,(f). (3.54)

where !, w! are the Gauss—Hermite nodes and weights. The remainder E,, (/)
vanisheswhenever f isapolynomial of degree <2n — 1; that is,

F(x) = e_‘”zp(x), p € Py

Sincethe coefficientsin (3.54) involvethe productswt- exp((7;')?), sometables
of Gauss—Hermiteformulae also providethese products, in additionto the nodes
and weights.

Integration over R. Compute f0°° F(x)dx, assuming that

Fx) ~ xP asx |0 (p>-1), (355)
x9a x —>o00(qg>1).
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Similarly asin (c), we now define 1" by

F(x) = f(x), x e Ry, (3.56)

(14 x)rta

so asto again have f(x) — 1 asx | 0 and x — oco. The change of variables

1+t 2dt
X = , = ——
1—1t (1—1)?

thenyields

o0 Vrilan\? 2 \ 2T 1\ 2d
/0 F(x)dx‘/_l(l—r) (l—t) f(l—t)(l—r)z
_ 1
T optg—l

1
/ (1 =0)772(1 +1)P g(t)dt,
-1

where

=1 (7).

This calls for Gauss-Jacobi quadrature with parametersa = g — 2, 8 = p:

oo 1 n
[Q Fydx = (Z wy g () + En<g)).
k=1

It remainsto re-express g intermsof f,and f intermsof F, to obtain thefina
formula

/Oo - NP N4 L+
Fyde =2 wl (1+2) " (1=)" F ( )
0 k=1

1—1]
+ 27PN E, (). (3.57)

Thisis exact whenever g(¢) isapolynomia of degree <2n — 1, for example a
polynomial of that degreein the variable 1 — ¢; hence, since f(x) = g (i_ﬂ)
for any F(x) of theform

xP

F(X)ZW, A=0,1,2,....2n—1.
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3.2.5 Approximation of Linear Functionals: Method
of Interpolation vs. Method of Undetermined Coefficients

Up until now, we heavily relied on interpolation to obtain approximations to
derivatives, integrals, and the like. Thisis not the only possible approach, however,
to construct approximation formulae, and indeed not usually the simplest one.
Another is the method of undetermined coefficients. Both approaches can be
described in avastly more general setting, in which agiven linear functional isto be
approximated by other linear functionals so asto have exactness on a suitable finite-
dimensional function space. Although both approachesyield the same formulae, the
mechanics involved are quite different.

Before stating the general approximation problem, we illustrate the two methods
on some simple examples.

Example. Obtain an approximation formulaof the type

1
/0 f(x)dx = a; f(0) + a> f(1). (3.58)

Method of interpolation. Instead of integrating f, we integrate the (linear)
polynomial interpolating f at x = 0 and x = 1. Thisgives

1 1
/ f(x)dxav,/ p1(f;0,1;x)dx
0 0

1
= [ 10 =07 + 57 = 170)+ £

the trapezoidal rule, to nobody’s surprise.

Method of undetermined coefficients. We simply require (3.58) to be exact for all
linear functions. This is the same as requiring equality in (3.58) when f(x) = 1
and f(x) = x. (Then by linearity, one gets equality also for f(x) = ¢o + c;x for
arbitrary constants ¢y, ¢;.) Thisimmediately producesthe linear system

=a + as,

1
1
— = ds,
) 2

hencea; = a, = 1, asbefore,

Example. Find aformula of the type

1 I
/0 Vx f(x)dx &~ a; £(0) + a2/0 f(x)dx. (3.59)
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Such aformulamay comein handy if we already know the integral on the right and
want to use thisinformation, together with the value of f at x = 0, to approximate
the weighted integral on the l€ft.

Method of interpolation. “Interpolation” here means interpolation to the given
data — the value of f at x = 0 and the integral of f from O to 1. We are thus
seeking apolynomia p € IP; such that

1 1
p(0) = £(0). /0 p(x)dx = /0 F(x)dx, (3.60)

which we then substitute in place of f in the left-hand integral of (3.59). If we let
p(x) = ¢o + c1x, theinterpolation conditions (3.60) give

Co = f(o),
1
co+ %cl _ /0 F(0)d:

hence
1
co= f(0), ¢; = 2%/ f(x)dx—f(O)}.
0
Therefore,
1 1 1
/ NI / JEp()dx = / (o + erxv)dx
0 0 0
1
= ot ta=2j 22 {/0 )y - f(O)} :
that is,

1 2 4 1
/(; Vx f(x)dx ~ —Ef(O) + 5/0 f(x)dx. (3.61)

Method of undetermined coefficients. Equality in (3.59) for f(x) =1 and
f(x) = x immediately yields

Cgup—
— =da ay,
3 1 2
2 1
5277
hencea; = —%, a, = 2, the same result as in (3.61), but produced incomparably

faster.

In both examples, we insisted on exactness for polynomials (of degree 1). In
place of polynomials, we could have chosen other classes of functions, as long as
we make sure that their dimension matches the number of “free parameters”
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The essence of the two examples consists of showing how a certain linear
functional can be approximated in terms of other (presumably simpler) linear
functionals by forming a suitable linear combination of the latter. We recall that
alinear functional L on afunction space[F isamap

L:F—R, (3.62)
which satisfies the conditions of additivity and homogeneity:
L(f+g) =Lf+Lg al f geF, (3.63)

and
L(cf)=cLf, dl ceR, f €F. (3.64)

Thefunction classF, of course, must bealinear space, that is, closed under addition
and multiplication by ascaar: f,g € F implies f + g € F,and f € F implies
cf e Fforanyc € R.

Here are some examples of linear functionals and appropriate spaces F on which
they live:

@ Lf = f(0); F={f: fisdéfinedat x = 0}.

(b) Lf = f"(3); F={f: f hasasecondderivativeat x = 1}.

(o Lf = fol f(x)dx; F = CJ0, 1] (or, more generaly, f is Riemann integrable,
or Lebesgue integrable).

(d) Lf = fol f(x)w(x)dx, wherew isagiven (integrable) “weight function;” F =
clo, 1].

(e) Any linear combination (with constant coefficients) of the preceding linear
functionals.

Examples of nonlinear functionals are

@) Kf = Ifl(O)I-

) Kf =/ [f(x)]*dx, andsoon.
0

We are now ready to formulatethe general approximation problem: given alinear
functional L on IF (to be approximated), n special linear functionals L, L, . .., L,
on F and their values (the “data’) ¢; = L; f,i = 1,2,..., n, applied to some
function f, and given alinear subspace ® C F withdim® = »n, wewant to find an
approximation formulaof the type

i=1

that is exact (i.e., holdswith equality) whenever f € ©.
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It isnatural (since we want to “interpolate”) to make the following.
Assumption: the “interpolation problem”

find ¢ € ® suchthat L, =s;, i =1,2,...,n, (3.66)
has aunique solution, ¢(-) = ¢(s; -), for arbitrary s = [s1, 52,...,5,] .

We can express our assumption more explicitly in terms of a given basis
©1,¢2, ..., @, of ® andthe associated “ Gram matrix”

Ligr Ligy -+ Lign
L L cor Loy,
G=[Lg)=| " 7" Wl erre (367)
B L,pr Lygp -+ Lyp, |
What we requireisthat
det G # 0. (3.68)

Itiseasily seen (cf. Ex. 49) that this condition isindependent of the particular choice
of basis. To show that unique solvability of (3.66) and (3.68) are equivalent, we
express ¢ in (3.66) as alinear combination of the basis functions,

o= ci9; (3.69)
j=1

and note that the interpolation conditions

Ll' (ch(/’j) =S, i = 1,2,...,]’1,
j=1

by the linearity of the functionals L;, can be written in the form

n
E ciLig; =5, i =1,2,...,n;
j=1

that is,

Ge=s, ¢c = [cl,CQ,...,cn]T, s = [s1,9,... ,s,I]T. (3.70)

This has aunique solution for arbitrary s if and only if (3.68) holds.
Method of interpolation. We solve the general approximation problem “by
interpolation,”

Lf ~Lo;-), £ =[l1,l,....0]", € =L, (3.71)
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In other words, we apply L notto f, butto ¢(€; - ) —the solution of theinterpolation
problem (3.66) in which s = £, the given “data.” Our assumption guarantees that
¢(€; -) is uniquely determined. In particular, if f € @, then (3.71) holds with
equality, sincetrivialy ¢(€; -) = f(-) inthiscase. Thus, our approximation (3.71)
already satisfies the exactness condition required for (3.65). It remains only to show
that (3.71) indeed produces an approximation of the form (3.65). To do so, observe
that theinterpolant in (3.71) is

o) = c;p;(+),
j=1
wherethe vector ¢ = [cy. ca. . . .. c,|" satisfies (3.70) with s = ¢,
Ge=4, L=[Lf.Lof....L,f]".

Writing
Aj=Lo;, j=12,....m5 A=[A;,A,..., 4], (3.72)

we have by the linearity of L,

Lo: )= ¢;Ly; =2Te =276 =[(GT)"'A] ¢;

Jj=1

that is,
Lo:) =Y aLif a=laa.....a,]" =(G")'A. (3.73)

Method of undetermined coefficients. Here, we determine the coefficients a; in
(3.65) such that equality holdsfor al f € ®, which, by the linearity of both L and
L; isequivalent to equality for f = ¢, f = ¢a,..., f = ¢,; thatis,

(Z%’L/’) o =Ly, i =12,....n,
j=1

or, by (3.72),

Zaij(p,- ZA,I', I = 1,2,...,7’[.
j=1

Evidently, the matrix of this systemis G, so that

a=la,a,..., an]T = (GT)_l).,



3.2 Numerical Integration 187

in agreement with (3.73). Thus, the method of interpolation and the method of
undetermined coefficients are mathematically equivalent — they produce exactly the
same approximation.

3.2.6 Peano Representation of Linear Functionals

It may be argued that the method of interpolation, at least in the case of polynomials
(i,e, ® = P,;), is more powerful than the method of undetermined coefficients
because it also yields an expression for the error term (if we carry aong the
remainder term of interpolation). The method of undetermined coefficients, in
contrast, generates only the coefficients in the approximation and gives no clue as
to the approximation error.

Thereis, however, adevice due to Peano™ that allows usto discussthe error after
the approximation has been found. The point is that the error,

Ef =Lf =) aiLif, (3.74)
i=l1
isitself alinear functional, one that annihilates all polynomials, say, of degree d,
Ep =0, dl peP,. (3.75)
Now suppose that F consists of al functions f having a continuous (r + 1)st

derivative on the finite interval [a,b], F = C"*'[a,b], r < d. Then by Taylor's
theorem with the remainder in integral form , we have

F@ o ay L@

1! r!

+ % /x(x—t)’f(’“)(t)dt. (3.76)

f(x) =f(@)+ (x —a)

Thelast integral can be extendedtor = b if wereplace x — ¢ by Owhent > x:

x—t ifx—t>0,

(x_’“:; 0 ifx—1<0.

U Giuseppe Peano (1858-1932), an Italian mathematician active in Turin, made fundamental
contributions to mathematical logic, set theory, and the foundations of mathematics. Genera
existence theorems in ordinary differential equations also bear his name. He created his own
mathematical language, using symbols of the algebra of logic, and even promoted (and used) a
simplified Latin (his*“latino”) as aworld language for scientific publication.
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Thus,

x b
/ (x =) frt D (@)dr = / (x =), fUTD(r)dr. (3.77)

Now by applying the linear functional E to both sides of (3.76), with the integral
written asin (3.77), yields by linearity of £ and (3.75)

1
Ef=—FE
r!

b
/ <x—r>*+f”+”(r>dr§

1 b
= ﬁf [Eqo(x — ) 170 @0)dr,

provided the interchange of E with the integral is legitimate. (For most functionals
it is)) The subscript x in E(,) is to indicate that £ acts on the variable x (not ).
Defining

1 .
Ki(0) = — Eex =0y, 1 € R, (3.78)

we thus have the following representation for the error E,

b
Ef = [ K, (t) £ D (1)dr. (3.79)

Thisis called the Peano representation of the functional £, and K, the rth Peano
kernel for E.

If the functional E makes reference only to values of x in [a, b] (e.g., Ef may
involve values of f or of a derivative of f at some pointsin [a, b], or integration
over [a, b]), then it follows from (3.78) that K, (t) = 0 for ¢ & [a, b] (cf. Ex. 50). In
this case, theintegral in (3.79) can be extended over the whole real line.

Thefunctional E iscalled definite of order r if its Peano kernel K, is of the same
sign. (We then also say that K, isdefinite.) For such functionals E, we can use the
Mean Value Theorem of integration to write (3.79) in the form

b
Ef = f("H)(r)/ K, (t)dt, a <t <b (E definiteof order r).

The integral on the right is easily evaluated by putting £(t) = t"*'/(r + 1)!in
(3.79). Thisgives
r+1

— (r+1) —
Ef =ei fU77(0), erq1 =E D)

(E definiteof order r).  (3.80)

Since e,4+1 # 0 by definiteness of K,, we must have r = d by virtue of (3.75),
and so

IEf| < leas1l I £V loo. (3.81)
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Conversely, afunctional E satisfying (3.80) with e, +; # 0 isnecessarily definite of
order r (see Ex. 51). For nondefinite functionals £, we must estimate by

b
EFL < 1£ o [ 1K, (1), (382)

which, in view of the form (3.78) of K., can be rather laborious.
As an example, consider the formula obtained in (3.61); here

1
Ef = /0 VEFe 4 f0) - / ).

andEf =0foral f € P, (d = 1). Assumingthat € C?[0,1] (r =d = 1), we
thus have by (3.79),

1
Ef = /0 Ki) f"(0)dr, Ki(0) = Eqo(x — 1)+

Furthermore,
1
Ki(t) = / Vx(x —t)ydx + —-0-— —/ (x —t)4+dx
0

:/tlﬁ(x—t)dx—g/t (x — 1)dx

2 ! 2 58 41 )

S I R —t(1—1)

57, 37, s\27 |,

2
=§<1—t§)——t(1—t3)——(1—t)+—t(1—t)
LIPS B B
T 5 15

2

3
:—t(2ﬁ—3t 1).
15 +

Now the function in parentheses, say, ¢ (1), satisfiesg(0) = 1, ¢(1) = 0,4¢'(t) =
—3(1—1"%) <0for0 <t < 1. Therefollows¢(t) > 0 on[0,1], and the kernel K,
is (positive) definite. Furthermore,

2 Ly 2 4
—E(=)= Y+ 20— g
@ (2!) T 5/0 2

12 41" 21 4
= — —X2 — — =X

277, 537,

12 1
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so that finally, by (3.80),

1
Efzﬁf”(f), 0<t<l.

3.2.7 Extrapolation Methods

Many methods of approximation depend on a positive parameter, say, &, which
controls the accuracy of the method. As i | 0, the approximations typically
convergeto the exact solution. An example of thisis the composite trapezoidal rule
of integration, where  is the spacing of the quadrature nodes. Other important ex-
amplesarefinite differencemethodsin ordinary and partial differential equations. In
practice, one usually computes several approximationsto a solution, corresponding
to different values of the parameter 4. It is then natural to try “extrapolating to the
limit 2 = 0,” that is, constructing alinear combination of these approximationsthat
is more accurate than either of them. This is the basic idea behind extrapolation
methods. We apply it here to the composite trapezoidal rule, which givesrise to an
interesting and powerful integration technique known as Romberg integration.

To develop the general principle, suppose the approximationin questionis A(h),
a scalar-valued function of /, and thus A(0) the exact solution. The approximation
may be defined only for a set of discrete values of &, which, however, have h = 0
asalimit point (e.g.,h = (b —a)/n,n = 1,2,3, ..., inthe case of the composite
trapezoidal rule). We call these admissible values of 4. When in the following we
write h — 0, we mean that /1 goes to zero over these admissible values. About the
approximation A(%), we first assume that there exist constants a;, a, independent
of &, and two positive numbers p, p’ with p’ > p, such that

A(h) = ao +ath? + O(h?"), h— 0, a; #0. (3.83)

The order term here has the usual meaning of a quantity bounded (for all sufficiently
small /) by aconstant times 4”’, where the constant does not depend on /2. We only
assume the existence of such constants ay, a;; their values are usually not known.
Indeed, ap = A(0), for example, is the exact solution. The value p, on the other
hand, is assumed to be known.

Now let g < 1 beafixed positive number, and 4 and g ~' 1 admissible parameters.
Then we have

A(h) = ag + a\h? + O(h?),
, h—0.
A(q™"h) = ap + arg P h? + O(h?),

Eliminating the middle terms on the right, we find

do = A) = Ay + A =A@

- + 0", h—o.
-
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Thus, from two approximations, A(h), A(g~'h), whose errors are both O(h?), we
obtain an improved approximation,

A(h) — A(g™'h)

Aimpr(h) = A(h) + g7 — 1

, (3.84)

with asmaller error of O(h?"). The passage from A to Aimpr s célled Richardson®?
extrapolation.

If wewant to repeat this process, we have to know more about the approximation
A(h); there must be more terms to be eliminated. This leads to the idea of an
asymptotic expansion: we say that A(k) admits an asymptotic expansion

Ah) =ao +ah” +ah?”? +---, 0<pi<py<---, h—>0 (3.85)
(with coefficientsa; independent of k), if foreachk =1,2,...
A(h) — (ao + ar1h™ + -+ + axh?*) = O(hP*+1), h — 0. (3.86)

We emphasize that (3.85) need not (and in fact usually does not) converge for any
fixed h > 0; al that is required is (3.86). If (3.86) holds only for finitely many &,
say, k = 1,2,..., K, then the expansion (3.85) is finite and is referred to as an
asymptotic approximation to K + 1 terms.

It isnow clear that if A(h) admits an asymptotic expansion (or approximation),
we can successively eliminate the terms of the expansion exactly as we did
for a 2-term approximation, thereby obtaining a (finite or infinite) sequence of
successively improved approximations. We formulate thisin the form of atheorem.

Theorem 3.2.2. (Repeated Richardson extrapolation). Let A(k) admit the asymp-
totic expansion (3.85) and define, for some fixed positive ¢ < 1,
Ay(h) = A(h),

Ak(h) = Ax(g™"h)

Apy1(h) = Ax(h) + 77— 1

L k=12,.... (3.87)

12|_ewis Fry Richardson (1881-1953), born, educated, and active in England, did pioneering work
in numerical weather prediction, proposing to solve the hydrodynamical and thermodynamical
equations of meteorology by finite difference methods. Although this was the precomputer age,
Richardson envisaged that the job could be done “with tier upon tier of human computers fitted
into an Albert Hall structure” (P.S. Sheppard in Nature, vol. 172, 1953, p.1127). He also did a
penetrating study of atmospheric turbulence, where a nondimensiona quantity introduced by him
is now called “Richardson’s number.” At the age of 50, he earned a degree in psychology and
began to devel op a scientific theory of internationa relations. He was el ected a Fellow of the Royal
Society in 1926.
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Ao,o computing stencil
Ap At

Aap As Az I—c

Asp Az Az Az

Fig. 3.3 Extrapolation algorithm

Then foreachn = 1,2,3,..., A,(h) admits an asymptotic expansion
An(h) = ao + a4+ al") R+ k0, (3.88)
with certain coefficients a\", afﬂl, ... not depending on 4.

We remark that if (3.85) is only an approximation to K + 1 terms, then the
recursion (3.87) is applicable only for k = 1,2,..., K, and (3.88) holdsfor n =
1,2,...,K,whereasforn = K + 1 onehas Ag+(h) = ag + O(hPk+1).

It is easily seen from (3.87) that A4 (h) is a linear combination of A(h),
A(g~'h), A(q2h),.... A(q~*h), where it was tacitly assumed that &, ¢~ 'h,
g~ 2h, ... areadmissible values of the parameter.

We now rework Theorem3.2.2 into a practical algorithm. To do so, we assume
that we initially compute A (/) for a succession of parameter values

ho. qho. q*ho.... (g <1),
all being admissible. Then we define
Apx = Arr1(@"hy), m,k=0,1,2,.... (3.89)

The idea behind (3.89) is to provide two mechanisms for improving the accuracy:
oneisto increase m, which reducesthe parameter /1, the other isincreasing k, which
engages a more accurate approximation. Ideally, one employs both mechanisms
simultaneously, which suggests that the diagonal entries A4,, ,, are the ones of most
interest.

Putting i = g™ hy in (3.87) produces the extrapolation algorithm

Am,kfl - Amfl,kfl
q—Pk —1

Amo = A(q" ho). (3.90)

Am.k = Am,k—l + , m>k> 1,

This alows us to compute the triangular scheme of approximations shown in
Fig.3.3.
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Each entry is computed in terms of its neighbors horizontally, and diagonally above,
to the left, as indicated in the computing stencil of Fig. 3.3. The entries in the first
column are the approximationsinitially computed. The generation of the triangular
scheme, once the first column has been computed, is extremely cheap, yet can
dramatically improvethe accuracy, especialy down the diagonal. If (3.85) isafinite
asymptotic approximationto K + 1 terms, then the array in Fig. 3.3 has atrapezoidal
shape, consisting of K + 1 columns (including the one with k = 0).

We now apply (3.90) and Theorem 3.2.2 to the case of the composite trapezoidal
rule,

ag = /bf(x)dx, (3.92)

1 = 1 b—a
A(h) =h§§f(a) +k2=:]f(a + kh) ~|—§f(b)} Ch=—— (392

The development of an asymptotic expansion for A(4) in (3.92) is far from trivial.
In fact, the result is the content of a well-known formula due to Euler’® and
Maclaurin.*

Before stating it, we need to define the Bernoulli'® numbers By ; these are the
coefficientsin the expansion

Z o0
&1 =2
k=0

| >

*, 7| < 27 (3.93)

k
!

byl

13|_eonhard Euler (1707-1783) was the son of a minister interested in mathematics who followed
lectures of Jakob Bernoulli at the University of Basel. Euler himself was allowed to see Johann
Bernoulli on Saturday afternoons for private tutoring. At the age of 20, after he was unsuccessful
in obtaining a professorship in physics at the University of Basel, anectodically because of alottery
system then in use (Euler lost), he emigrated to St. Petersburg; later, he moved on to Berlin, and
then back again to St. Petersburg. Euler unquestionably was the most prolific mathematician of
the 18th century, working in virtually all branches of the differential and integral calculus and, in
particular, being one of the founders of the calculus of variations. He aso did pioneering work in
the applied sciences, notably hydrodynamics, mechanics of deformable materials and rigid bodies,
optics, astronomy, and the theory of the spinning top. Not even his blindness at the age of 59
managed to break his phenomenal productivity. Euler’s collected works are till being edited, 71
volumes having aready been published.

14Colin Maclaurin (1698-1764) was a Scottish mathematician who applied the new infinitesimal
calculus to various problems in geometry. He is best known for his power series expansion, but
aso contributed to the theory of equations.

15Jakob Bernoulli (1654-1705), the elder brother of Johann Bernoulli, was active in Basel. He was
one of thefirst to appreciate Leibniz's and Newton’s differential and integral calculus and enriched
it by many original contributions of his own, often in (not aways amicable) competition with his
younger brother. He is aso known in probability theory for his“law of large numbers.”
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It is known that

1 1 1
B():l’ 32:_1 B4___, B6=_7~~~,
6 30 42 (3.94)
1
BIZ—E, B3=Bs— =0
Furthermore,
k!
Bi| ~2—— as k (even . 3.95
| By | ) (even) — oo (3.95)
We now state without proof'®

Theorem 3.2.3. (Euler—Maclaurin formula). Let A(%) be defined by (3.92), where
f e C**1[a, b] for some integer K > 1. Then

A(h) = ap + a1h* + axh* + -+ axgh** + o(W** Y, h -0, (3.96)

16A heuristic derivation of the formal expansion (3.96) and (3.97), very much in the spirit of Euler,
may proceed as follows. We start from Taylor’s expansion (where x, x 4+ & € [a, b])

0 k

h d
o= f) = 3 S ) = @ = s, D= o

= dx

Solving formally for f(x), we get, using (3.93),

o0

S0 =@ =7 D = 0 = 3 DY T+ ) = S

r=0

that is, in view of (3.94),

SO =[0D) =3+ 3 Dy TS+ by — f0)
r=2 :

(hD)_I[f(x-Fh)—f(X)]—-[f(x+h) f(X)]+Z .h’ O+ = U 0]

/ f(@)dr — = [f(x +h)— f(x)] + Z (Zk)thk FO=D(x 4+ h) — £@D(x)].

Therefore, bringing the second term to the Ieft-hand side, and multiplying through by 7,

By 22k ok f(zk_l)(x+h)—f(2k_1)(x)].

h x+h
SUen+fwl= [ o+ Z o

Now letting x = a + ih and summing over i from0ton — 1 gives

o0

aon=[ 108+ 32 GO0 = 1 @)
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where ay is given by (3.91) and

By

= o /OO - fE @) k=120 K (@)

ak

Thus, under the assumption of Theorem 3.2.3, we have in (3.96) an asymptotic
approximationto K + 1 termsfor A(k), with

pe =2k, k=1,2,....,K, pxy1 =2K + 1, (3.98)
and an asymptotic expansion, if K = oo (i.e, if f has continuous derivatives of
any order). Choosing hp = b —a,q = % in (3.89), which is certainly permissible,

the scheme (3.90) becomes

Apk—1— Am—1k-1
4k 1

Am,k = Am,k—l + ., m>k>1,

and is known as the Romberg integration scheme. The choiceq = % is particularly
convenient here, sincein the generation of A4,, o we can reusefunction valuesalready
computed (cf. MA 6).

Thereis an important instance in which the application of Romberg integration
would be pointless, namely, when all coefficients a,, a,,... in (3.96) are zero.
Thisis the case when f' is periodic with period b — a, and smooth on R. Indeed,
we already know that the composite trapezoidal rule is then exceptionally accurate
(cf. Sect. 3.2.1,(3.32)).

3.3 Notesto Chapter 3

Section 3.1. Here we are dealing strictly with numerical differentiation, that is,
with the problem of obtaining approximations to derivatives that can be used for
numerical evaluation. The problem of symbolic differentiation, where the goal is
to obtain analytic expressions for derivatives of functions given in analytic form, is
handled by most computer algebra systems such as Mathematica and Macsyma,
and we refer to texts in this area cited in Sect. P3.2 under Computer Algebra.
Another important approach to differentiation is what is referred to as automatic
differentiation. Here, the objective isto create a program (i.e., a piece of software)
for computing the derivatives of a function given in the form of a program or
algorithm. Notable applications are to optimization (calculation of Jacobian and
Hessian matrices) and to the solution of ordinary differential equations by Taylor
expansion. For an early paper on this subject, see Kedem [1980], for a good
cross-section of current activity, Griewank and Corliss [1991] and a more recent
exposition, Griewank and Walther [2008]. Automatic differentiation in the context
of Matlab object-oriented programming is discussed in Neidinger [2010].
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Section 3.1.1. The interpolatory formulae for differentiation derived here are
analogousto the Newton—Cotesformulaefor integration (cf. Sect. 3.2.2) in the sense
that one fixes n 4+ 1 distinct nodes xo, x1, ..., x, and interpolates on them by a
polynomia of degree n to ensure polynomial degree of exactness n. In analogy
to Gauss quadrature formulae, one might well ask whether by a suitable choice of
nodes one could substantially increase the degree of precision. If x; is the point at
which 7 isto be approximated, thereis actually no compelling reason for including
it among the points where f is evaluated. One may thus consider approximating
S/ (x0) by L(f;x0,h) = h™' YF_w; f(xo + t;h) and choosing the (real) numbers
w;, t; so that theinteger d for which Ef = f/(xo) — L(f;x0,h) = 0,dl f € Py,
is as large as possible. This, however, is where the analogy with Gauss ends. For
one thing, the #; need to be normalized somehow, since multiplying al ¢ by a
constant ¢ and dividing w; by ¢ yields essentially the same formula. One way of
normelization is to require that |; — ¢;| > 1 for al i # j. More important,
the possible improvement over d = n (which is achievable by interpolation) is
disappointing: the best we can doisobtaind = n+1. Thiscan beshown by asimple
matrix argument; see Ash et al. [1984]. Among the formulaewith d = n+ 1 (which
are not unique), one may define an optimal one that minimizes the absolute value
of the coefficient in the leading term of the truncation error E f'. These have been
derived for each n in Ash et al. [1984], not only for thefirst, but also for the second
derivative. They seem to be optimal also in the presence of noise (forn = 2, see Ash
and Jones [1981, Theorem 3.2.3]), but are still subject to the magnification of noise
as exemplified in (3.18). To strike a balance between errors due to truncation and
those due to noise, an appropriate step 4 may be found adaptively; see, for example,
Stepleman and Winarsky [1979] and Oliver [1980].

For the sth derivative and its approximation by a formula L asin the preceding
paragraph, where 4! is to be replaced by 4=, one may aternatively wish to
minimizethe“condition mumber” Y "/_ |w;|. Interestingly, if n and s have the same
parity, the optimum is achieved by the extreme points of the nth-degree Chebyshev
polynomial 7,,; see Rivlin [1975] and Miel and Mooney [1985].

One can do better, especialy for high-order derivatives, if one allowsthe ¢; and
w; to be complex and assumes analyticity for f. For the sth derivative, it is then
possible (cf. Lyness [1968]) to achieve degree of exactness n + s by choosing the
t; to be the n 4 1 roots of unity; specifically, one applies the trapezoidal rule to
Cauchy’sintegral for the sth derivative (see (3.19) for s = 1). A more sophisticated
use of these trapezoidal sums is made in Lyness and Moler [1967]. For practical
implementations of these ideas, and algorithms, see Lyness and Sande [1971] and
Fornberg [1981].

Considering the derivative of a function f on some interval, say, [0, 1], as the
solution on this interval of the (trivial) integral equation f(f u@)dr = f(x), one
can try to combat noise in the data by applying “Tikhonov regularization” to this
operator equation; this approach is studied, for example, in King and Murio [1986].

Section 3.2. The standard text on the numerical evaluation of integrals — simple
as well as multiple — is Davis and Rabinowitz [2007]. It contains a valuable
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bibliography of over 1500 items. Other useful textsare Krylov [1962], Brass[1977],
Engels [1980], and Evans [1993], the last being more practical and application-
oriented than the others and containing a detailed discussion of oscillatory integrals.
A broadly based, but concise, text is Krommer and Ueberhuber [1998]. Most
quadrature rules are designed to integrate exactly polynomials up to some degree
d, that is, al solutions of the differential equation u*! = 0. One can generalize
and requiretherulesto be exact for all solutionsof alinear homogeneousdifferential
equation of order d + 1. Thisis the approach taken in the book by Ghizzetti and
Ossicini [1970]. There are classes of quadrature rules, perhaps more of theoretical
than practical interest, that are not covered in our text. One such concernsrules, first
studied by Chebyshev, whose weights are all equal (which minimizes the effects of
small random errorsin the function values), or whose weights have small variance.
Surveys on these are given in Gautschi [1976a] and Forster [1993]. Another class
includes optimal quadrature formulae, which minimize, for prescribed or variable
nodes, the supremum of the modul us of the remainder term taken over some suitable
class of functions. For these, and their close relationship to “monosplines,” we refer
to Nikol’skiT [1988] or Levin and Girshovich [1979].

Symbolic integration is inherently more difficult than symbolic differentiation
since integrals are often not expressible in analytic form, even if the integrand isan
elementary function. A great amount of attention, however, has been given to the
problem of automatic integration. Here, the user is required to specify the limits of
integration, to providearoutinefor evaluating the integrand function, and to indicate
an error tolerance (absolute, relative, or mixed) and an upper bound for the number
of function evaluations to be performed. The automatic integrator is then expected
either to return an answer satisfying the user’s criteria, or to report that the error
criterion could not be satisfied within the desired volume of computation. In the
latter event, auser-friendly integrator will offer abest-possible estimate for the value
of the integral along with an estimate of the error. A popular collection of automatic
integrators is Quadpack (see Piessens et a. [1983]), and a good description of
the internal workings of automatic integration routines can be found in Davis and
Rabinowitz [2007, Chap. 6].

For the important (and difficult) problem of multiple integration and related
computational tools, we must refer to specia texts, for example, Stroud [1971],
Mysovskikh [1981] (for readers familiar with Russian), Sloan and Joe [1994], and
Sobolev and Vaskevich [1997]. An update to Stroud [1971] is available in Cools
and Rabinowitz [1993]. Monte Carlo methods are widely used in statistical physics
and finance to compute high-dimensional integrals; texts discussing these methods
are Niederreiter [1992], Sobol’ [1994], Evans and Swartz [2000], and Kaos and
Whitlock [2008].

In dealing with definite integrals, one should never lose sight of the many
analytical toolsavailablethat may help in evaluating or approximating integrals. The
reader will find the old, but still pertinent, essay of Abramowitz [1954] informative
in this respect, and may also wish to consult Zwillinger [1992a].



198 3 Numerica Differentiation and Integration

Section 3.2.1. The result relating to (3.34), in a dightly different form, is proved
in Davis and Rabinowitz [2007, p. 209]. Their proof carries over to integrals of the
form [ f(x)dx, if onefirst letsn — oo, and thena — —oo, in their proof.

Section 3.2.2. The classical Newton—Cotes formulae (3.35) involve equally spaced
nodes (on [—1, 1]) and weight function w = 1. They are useful only for relatively
small values of n, since for large n the weights become large and oscillatory in
sign. Choosing Chebyshev points instead removes this obstacle and gives rise to
the Fejér quadrature rule. Close relatives are the Filippi rule, which uses the local
extremepointsof 7,1, and the Clenshaw—Curtisrule, which usesall extreme points
(including £1) of 7,,—; as nodes. All three quadrature rules have weights that can
be explicitly expressed in terms of trigonometric functions, and they are al positive.
The latter has been proved for the first two rules by Fejér [1933], and for the last
by Imhof [1963]. Formulas with Chebyshev points of the third and fourth kind,
with or without the endpoints, are studied in Notaris[1997], [1998]. Algorithmsfor
accurately computing weighted Newton—Cotes formulae are discussed in Kautsky
and Elhay [1982] and Gautschi [1997] (see also Gautschi [2011a, Sect.4.1] for an
improvement); for acomputer program, see Elhay and Kautsky [1987].

It is difficult to trace the origin of Theorem 3.2.1, but in essence, Jacobi already
was aware of it in 1826, and the idea of the proof, using division by the node
polynomial, is his (Jacobi [1826]). There are other noteworthy applications of
Theorem3.2.1. Oneis to quadrature rules with 2n + 1 points, where n of them are
Gauss pointsand theremaining n+1 areto be selected, together with all the weights,
so as to make the degree of exactness as large as possible. These are called Gauss—
Kronrod formulae (cf. Ex. 19) and have found use in automatic integration routines.
Interest has focused on the polynomia of degreen + 1 — the Stieltjes polynomia
— whose zeros are the n 4+ 1 nodes added to the Gauss nodes. In particular, this
polynomial must be orthogonal to all polynomials of lower degree with respect to
the“weight function” 7, (t; w)w(z). The oscillatory character of thisweight function
posesintriguing questionsregarding the location relative to the Gauss nodes, or even
thereality, of the added nodes. For a discussion of these and related matters, see the
surveysin Gautschi [1988] and Notaris [1994].

There is a theorem analogous to Theorem3.2.1 that deals with quadrature
rules having multiple nodes. The simplest one, first studied by Turan [1950],
has constant multiplicity 2s + 1 (s > 0) for each node; that is, on the right
of (3.35), there are also terms involving derivatives up to order 2s for each
node 7, (cf. Ex. 20 for s = 1). If one applies Gauss's principle of maximum
algebraic degree of exactness to them, one is led to define the 7, as the zeros
of a polynomial of degree n whose (2s + 1)st power is orthogonal to al lower-
degree polynomials (cf. Gautschi [1981, Sect.2.2.1]). This gives rise to what
are called s-orthogonal polynomials and to generalizations thereof pertaining to
multiplicitiesthat vary from node to node; a good referencefor thisis Ghizzetti and
Ossicini [1970, Chap. 3, Sect. 3.9]; see also Gautschi [1981, Sect. 2.2] and Chap. 4,
Sect.4.1.4.

Another class of Gauss-type formulae, where exactness is required not only for
polynomials (if at al), but also for rational functions (with prescribed poles), has
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been developed by Van Assche and Vanherwegen [1993] and Gautschi [1993]. They
are particularly useful if the integrand has poles near theinterval of integration. One
can, of course, require exactness for still other systems of functions; for literature
on this, see Gautschi [1981, Sect. 2.3.3]. Exactness of Gauss formulae for parabolic
splinesisdicussed in Nikolov and Simian [2011].

Section 3.2.3. (c) The convergence theory for Gauss formulae on infinite
intervals is more delicate. Some general results can be found in the book by
Freud [1971, Chap. 3, Sect. 3.1].

(e) The importance for Gauss quadrature rules of eigenvalues and eigenvectors
of the Jacobi matrix and related computational algorithms was first elaborated by
Golub and Welsch [1969], athough the ideaiis older. Similar eigenval ue techniques
apply to Gauss—Radau and Gauss—L obatto formulae (Golub [1973]), and indeed to

Gauss—Kronrod formulae as well (Laurie [1997]).
A list of published tables of Gaussformulaefor variousclassical and nonclassical

weight functions is contained in Gautschi [1981, Sect. 5.4], where one also finds
a detailed history of Gauss-Christoffel quadrature rules and extensions thereof.
A table of recurrence coefficients, in particular, also for Jacobi weight functions,
can be found in the Appendix to Chihara [1978] and in Gautschi [2004, Sect. 1.5].
For practical purposes, it is important to be able to automatically generate Gauss
formulae as needed, even if the Jacobi matrix for them is unknown (and must itself
be computed). A major first step in this direction is the Fortran computer package
in Gautschi [1994b] based on earlier work of the author in Gautschi [1982], and
the more recent Matlab packages OPQ SOPQ on the Web at the URL cited in
Gautschi [2004, Preface].

Section 3.2.4. Other applications of classical Gaussian quadrature rules, notably to
product integration of multiple integrals, are described in the book by Stroud and
Secrest [1966], which also contains extensive high-precision tables of Gaussformu-
lae. Prominent use of Gaussian quadrature, especially with Jacobi weight functions,
is made in the evaluation of Cauchy principa value integrals in connection with
singular integral equations; for this, see, for example, Gautschi [1981, Sect. 3.2].
A number of problemsin approximation theory that can be solved by nonclassical
Gaussian quadrature rules are discussed in Gautschi [1996].

Section 3.2.7. A classical account of Romberg integration — one that made this
procedure popular — is Bauer et a. [1963]. The basic idea, however, can be traced
back to nineteenth-century mathematics, and even beyond. An extensive survey not
only of the history, but also of the applications and modifications of extrapolation
methods, is given in Joyce [1971] and supplemented in Rabinowitz [1992]. See
also Engels [1979] and Dutka [1984] for additional historical accounts. Romberg
schemes for other sequences of composite trapezoidal rules are discussed in
Fischer [2002].

Richardson extrapolationis just one of many techniquesto accel erate the conver-
gence of sequences. For others, we refer to the books by Wimp [1981], Brezinski
and Redivo-Zaglia [1991] (containing also computer programs), and Sidi [2003].
A book with emphasis on linear extrapolation methods and the existence of related
asymptotic expansionsis Walz [1996].
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Exercises and Machine Assignmentsto Chapter 3
Exercises

1. From (3.4)—«3.6) with n = 3 we know that

1 (x0) =[xo. x1]f + (xo — x1)[x0, X1, X2] f

+ (x0 — x1)(x0 — x2)[x0, X1, X2, X3] f + €3,

where ez = (X() — xl)(xo — Xz)(X() — )@)%. App'y thisto

1 1 1
Xo—o, xl—g, XQ—Z, X3—§
and express f’(0) as alinear combination of f; = f(xx), k = 0,1,2,3,and
e3. Also, estimate the error e in terms of My = max,_, 1 | £ @ (x)].

2. Deriveaformulafor theerror termr; (x) of numerical differentiation analogous
to (3.5) butfor x # xo. {Hint: use Chap. 2, (2.116) in combination with Chap. 2,
Ex.58.}

3. Letx;, i =0,1,...,n,ben 4+ 1 distinct pointswith H = max;<; < |X; — Xo]
small.

(& Showthatfork =0,1,...,n onehas

k n
;'7 [Jx—x =OH"" as H—O0.
i=1

X=Xxo

(b) Provethat
f(”)(xo) =n![xo, X1,...,X:]f + en,
where

1 n
O(H?) if xo=— i
(H?) if xo . Ex
O(H) otherwise,

assuming that f is sufficiently often (how often?) differentiable in the
interval spanned by the x;. {Hint: use the Newton interpolation formula
with remainder, in combination with Leibniz'srule of differentiation.}

(c) Specidize the formulain (b) to equally spaced points x; with spacing &
and express the result in terms of either the nth forward difference A” f;
or the nth backward difference V" f, of the values f; = f(x;). {Here,
Afo= fi— fo. M fo=AASK) =Afi—Afo = L—2fi + fo, etc,

and similarly for V f;, V2 f,, and so on.}
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4. Approximate ou/dx|p, intermsof uy = u(Pp), Uy = u(Pr), U = u(Pz) (see
figure, where the curve represents a quarter arc of the unit circle). Estimate the
error.

5. (a) Usethe central difference quotient approximation f/(x) =~ [f(x + h) —
f(x — h)]/(2h) of the first derivative to obtain an approximation of
02 . .
—u(x, y) for afunction u of two variables.
axady

(b) Use Taylor expansion of a function of two variables to show that the error
of the approximation derived in (a) is O (h?).
6. Consider theintegral I = f_]] |x]dx, whose exact valueis evidently 1. Suppose
I is approximated (as it stands) by the composite trapezoidal rule 7'(h) with
h=2/n,n=12.73,....

(a) Show (without any computation) that 7(2/n) = 1if n iseven.
(b) Determine T'(2/n) for n odd and comment on the speed of convergence.

7. Let

h h
I(h) = | Jfdx, T(h) =2 [f(0) + f(h)].

(a) Evaluate I(h), T(h), and E(h) = I1(h) — T (h) explicitly for f(x) = x> +
x>/2,

(b) Repeatfor f(x) = x>+x'/2. Explain the discrepancy that you will observe
in the order of the error terms.
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8.

10.

11.

12.

13.

3 Numerica Differentiation and Integration

(@) Derivethe“midpoint rule” of integration

Xi+h
/ f(x)dx = hf (xk + %h) + 21—4h3f”(g), Xp <E<xe+h

Xk

{Hint: use Taylor's theorem centered at x; + 1h.}

(b) Obtain the composite midpoint rule for fab f(x)dx, including the error
term, subdividing [a, b] into n subintervals of length i = ’%
(a) Show that the elementary Simpson’srule can be obtained as follows:

1 1
/y(t)dtz/ p3(y;—1,0,0,1;1)dt + ES(y).
—1 —1

(b) Obtain aformulafor the remainder £5(y), assuming y € C*[—1, 1].
(c) Using (a) and (b), derive the composite Simpson’s rule for fa]’ f(x)dx,
including the remainder term.

Let E3(f) be the remainder term of the composite Simpson’s rule for
02” f(x)dx using n subintervals (n even). Evaluate ES(f) for f(x) = "~
(m = 0,1,... ). Hence determine for what values of d Simpson’s rule
integrates exactly (on [0, 2x]) trigonometric polynomials of degree d .
Estimate the number of subintervals required to obtain fol e~ dx to 6 correct

decimal places (absolute error < 1 x 107°)

(@) by means of the composite trapezoidal rule,
(b) by means of the composite Simpson’srule.

Let f bean arbitrary (continuous) function on [0,1] satisfying
)+ fl—=x)=1foro0<x <1.

(@ Showthat [ f(x)dx = 1.

(b) Show that the composite trapezoidal rule for computing fol f(x)dx is
exact.

(c) Show, with aslittle computation as possible, that the composite Simpson’s

rule and more general symmetric rules are also exact.

(a) Construct atrapezoidal-like formula

h
/ f(x)dx =af©)+bf(h)+ E(f), 0<h<m,
0

which is exact for f(x) = cosx and f(x) = sinx. Does this formula
integrate constants exactly?

(b) Show that asimilar formulaholds for fc"+h g(t)de.
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14. Given the subdivision A of [0,2x] into N equa subintervals, 0 = xy, <

15.

16.

17.

X] < X3 < -+ < Xy—1 < Xy = 27, X, = kh,h = 2x/N, and a 2n)-
periodic function £, construct a quadrature rule for the mth (complex) Fourier

coefficients of f,
1 2

— f(x)e " dy,
2 0

by approximating f by the spline interpolant s;(f; -) from S%(A). Write the
result in the form of a“modified” composite trapezoidal approximation. {Hint:
expresss; (f; -) interms of the hat functions defined in Chap. 2, (2.129).}

The composite trapezoidal rule for computing fol f(x)dx can be generalized to

subdivisions

A: O=xp<x1<Xp<-<Xp—1 <x,=1

of the interval [0,1] in subintervals of arbitrary length Ax; = x; 41 — x;, i =
0,1,...,n — 1, by approximating

1 1
/ f(x)dx = / s1(f;x)dx,
0 0

wheres;(f; -) € SU(A) isthe piecewise linear continuous spline interpolating

f atx(),xl,...,xn.

() Use the basis of hat functions By, Bi,..., B, to represent s;(f; -) and
Calculatefo1 s1(f:x)dx.

(b) Discusstheerror E(f) = [} f(x)dx — [ 51(f;x)dx. In particular, find a
formulaof thetype E(f) = const- f” (), 0 < & < 1, where the constant
dependsonly on A.

(@) Construct the weighted Newton—Cotes formula

1
/0 FOOx“dx = a0 f(0) + ar f(1) + E(f). a>—1.

Explain why the formula obtained makes good sense.

(b) Derive an expression for the error term E( f) in terms of an appropriate
derivativeof f.

(¢) Fromtheformulaein (a) and (b) derive an approximateintegration formula
for ]Oh g()t*dr (h > 0 small), including an expression for the error term.

(a) Construct the weighted Newton—Cotes formula

1
/0 f(x)-xIn(1/x)dx ~ ag f(0) +a; f(1).

{Hint: use f; x" In(1/x)dx = (r + 1), 7 =0,1,2,... .}
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18.

19.

20.

21.
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(b) Discuss how the formula in (a) can be used to approximate foh g(t) -
tIn(1/¢)dt for small 4 > 0. {Hint: make a change of variables.}
Let s be the function defined by

x+1D3if —1<x<0,

S =P ifo<x<l.

(a) With A denoting the subdivision of [—1, 1] into the two subintervals[—1, 0]
and [0, 1], to what class Sk (A) doesthe spline s belong?

(b) Estimate the error of the composite trapezoidal rule applied to f_'] s(x)dx,
when [—1, 1] isdivided into n subintervals of equal length s = 2/n and n
iseven.

(c) What is the error of the composite Simpson’s rule applied to f_'] s(x)dx,
with the same subdivision of [—1, 1] asin (b)?

(d) What isthe error resulting from applying the 2-point Gauss-Legendrerule
to f_ol s(x)dx and f0' s(x)dx separately and summing?

(Gauss-Kronrod rule) Let 7, (-;w) be the (monic) orthogona polynomial of

degreen relativeto anonnegativeweight functionw on[a, 4], and t,i”) itszeros.

Use Theorem 3.2.1 to determine conditionson w;., w, ¢, for the quadraturerule

n+1

b n
[ rowod = Y w6 + w160 + i)
a k=1 k=1

to havedegreeof exactnessat least 3n+1; thatis, E,(f) = Oforadl f € P3,4;.
(Turan quadrature formula) Let w be a nonnegative weight function on [a, b].
Prove: the quadratureformula

n

b
[ FOW@)dr =Y e £ () + W f(@0) + W £ @] + En(f)

k=1
has degree of exactnessd = 4n — 1 if and only if the following conditions are
satisfied:
(@) Theformulais (Hermite-) interpolatory; that is, E,(f) = 0if f € P3,_;.
(b) The node polynomial w, (t) = I} _, (¢ — t;) satisfies

b
/ [, pt)wW(t)de =0 foral peP, ;.

{Hint: simulate the proof of Theorem 3.2.1.}
Consider s > 1 weight functionsw, (), o = 1,2, ..., s, integersm, such that
> _ime = n,ands quadraturerules

b n
0ui [ SOW O = Y Wen f1) + Brolf) 0= 1.2,
a k=1
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22,

23.

24,

which share n common nodes ¢, but have individual weights wy . State
necessary and sufficient conditions for Q, to have degree of exactnessn +
me—1,0=12,..., s, and explain why thisislikely to be optimal.
Consider aquadrature formula of the form

1 n
|78~ a0 )+ £10)+ 3w ) + b f ().
k=1

(a) Cal the formula“Hermite-interpolatory” if the right-hand side is obtained
by integrating on the left instead of f the (Hermite) interpolation polyno-
mial p satisfying

p(0) = f(0), p'(0)= f'(0), p(1)= f(1),
p(xe) = flxx), k=1,2,....n.

What degree of exactness does the formula have in this case (regardless
of how the nodes x; are chosen, as long as they are mutually distinct and
gtrictly inside the interval [0, 1])?

(b) What isthe maximum degree of exactness expected to beif all coefficients
and nodes x;, are allowed to be freely chosen?

(c) Show that for the maximum degree of exactness to be achieved, it is
necessary that {x; } are the zeros of the polynomial r,, of degreen whichis
orthogonal on [0, 1] with respect to the weight function w(x) = x?(1 — x).
Identify this polynomial in terms of one of the classical orthogonal
polynomials.

(d) Show that the choice of the x; in (c) together with the requirement of
the quadrature formula to be Hermite-interpolatory is sufficient for the
maximum degree of exactnessto be attained.

Show that the Gauss—-Radau aswell as the Gauss-L obatto formulae are positive
if the weight function w is nonnegative and not identically zero. {Hint:
modify the proof given for the Gauss formulain Sect. 3.2.3(b).} What are the
implications with regard to convergenceas n — oo of the formulae?

(Fejér, 1933). Let 1y, k =1,2,..., n, be the zeros of

wy(t) = Py(t) + aPy—1(t) + pPr—2(t), n>2,

where { P} are the Legendre polynomials, and assume« € R, § < 0, and the
zeros ¢, real and pairwise distinct. Show that the Newton—Cotes formula

1 n
[ rwd = Y w6 + B, B =0
- k=1

has all weights positive: wy > 0 for k = 1,2,...,n. {Hint: define Ay (t) =
[€ (1)]2 — € (1) and show that [, Ax(r)dr < 0.}
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25.

26.

27.

28.

29.
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(a) Determine by Newton’'s interpolation formula the quadratic polynomial p
interpolating f at x = 0andx = 1 and f’ at x = 0. Also, express the
error in terms of an appropriate derivative (assumed continuouson [0,1]).

(b) Based on the result of (@), derive an integration formula of the type

1
/0 FC)dx = a0 f(0) + ar f(1) + bo ') + E(S).

Determineay, a1, by and an appropriate expression for E( f).
(c) Transformtheresult of (b) to obtain an integration rule, with remainder, for
fc"+h y(t)dt, where h > 0. {Do not rederive this rule from scratch.}
Imitate the procedures used in the Example of Chap. 2, Sect. 2.1.4(2) for monic
L egendre polynomialsto show orthogonality on [0, co) relative to the Laguerre
measure dA(¢t) = t*e~'dr, @ > —1, of the (monic) polynomials

(1) = (=Dke ‘“e‘ aotke™y  k=0,1,2,...,

dt %
and to derive explicit formulae for the recursion coefficients oy, Br. {Hint:
expressa;, and B interms of the coefficients A, pux inmy () = X 4+ Atk =1 +
Mktk_z + cee }
Show that k k
1 d
(1) = - 7 ) eﬂ e’

are the monic orthogonal polynomlals on R relative to the Hermite measure

dA(r) = e’dr. Use this* Rodriguesformula’ directly to derive the recurrence

relation for the (monic) Hermite polynomials.

(a) Construct the quadratic (monic) polynomial (- ; w) orthogonal on (0, co)
with respect to the weight function w(z) = €. {Hint: use f0°° el dr
=m!}

(b) Obtain the two-point Gauss-L aguerre quadrature formula,

), k=0,1,2,...,

/0 " e d = wif (1) + Waf (1) + Ea(f),

including a representation for the remainder E,(f).

() Apply theformulain (b) to approximate I = ]0°° e 'dr/(t + 1). Use the
remainder term E,(f) to estimate the error, and compare your estimate
with the true error {use I = 0.596347361 ...}. Knowing the true error,
identify the unknown quantity £ > 0 contained in the error term E,(f).

Derive the 2-point Gauss—-Hermite quadrature formula,

/°° FOEde = wy f(11) + W f(12) + Ex(f),

including an expression for the remainder E,( f). {Hint: use f0°° e ’dr =
U VT = 0,1,2,...)

nl22n 2
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30. Let m,(-;w) be the nth-degree orthogonal polynomial with respect to the

31

32.

33.
34.

weight function w on [a, b], t1,12,...,t, itSn zeros, and wy, Wy, ...,w, the
n Gauss weights.

(@ Assuming n > 1, show that the n polynomias ny, my,...,7,—1 ae
aso orthogonal with respect to the discrete inner product (u,v) =
Dot Wol(t)V(8).

(b) With £;(t) = [l —u)/@ — )], i = 1,2,...,n, denoting the
elementary Lagrange interpolation polynomials associated with the nodes
t, ta, ..., t,, Show that

b
/ L) (w@)d: =0 if @ #£k.
Consider a quadrature formula of the type
/0 € f(x)dx = af(0)+bf(c) + E(f).

(@ Find a, b, ¢ such that the formula has degree of exactnessd = 2. Can
you identify the formula so obtained? {Point of information: f0°° e ' x"dx
=rl}

(b) Let pa(x) = pa(f;0,2,2;x) be the Hermite interpolation polynomial
interpolating f at the (smple) point x = 0 and the double point x = 2.
Determine f0°° € * p»(x)dx and compare with the result in (a).

(c) Obtaintheremainder E(f) intheform E(f) = const- f"(§), & > 0.

Inthisproblem, r; (- ; w) denotes the monic polynomial of degree j orthogonal
ontheinterva [a, b] relative to aweight function w > 0.

(8) Show that 7, (-;w),n > 0, hasat least onereal zeroin theinterior of [a, b]
at which ,, changessign.
(b) Prove that al zeros of =, (-;w) are rea, simple, and contained in the

interior of [a, b]. {Hint: put ry = max{r > 1: t,E"),t,i"),.. (") are distinct
real zeros of m, in (a,b) a each of which =, changes sgn} Show that
ro =n.}

Prove that the zeros of =, (- ; w) interlace with those of 7,41 (-; w).
Consider the Hermite interpolation problem: Find p € P,,—; such that

() r(w) = fi. pl(‘ru)=fv/, v=12,....n

There are “elementary Hermite interpolation polynomias’ 4,, k, such that the
solution of (*) can be expressed (in analogy to Lagrange’sformula) in the form

p@) =Y [h(0) fy + ko (D) £].

v=1
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35.

36.

37.

38.

3 Numerica Differentiation and Integration
(8 Seek h, andk, intheform
(1) = (ay + b)) (1), ku(t) = (cy + duD) I} (1),

where ¢, are the elementary Lagrange polynomials. Determine the con-
stantsa,, b,, ¢, d,.
(b) Obtain the quadraturerule

n

b
[ femod = 30 £ ) + £ @+ )

v=1

with the property that E,,(f) = 0foral f € Py,—;.
(c) What conditions on the node polynomia w, (t) = [],_,(t — 7,) (or onthe
nodes t,,) must beimposed in order that 1, = 0 forv =1,2,...,n?

Show that fO'(l—t)—l/zf(t)dt,whenf is smooth, can be computed accurately
by Gauss-Legendre quadrature. {Hint: subgtitute 1 — ¢t = x2.}

The Gaussian quadraturerule for the (Chebyshev) weight functionw(z) = (1 —
t?)~1/2 isknown to be

1 n
-2y, o T C C_ 2k —1
L SO =)™ Pdr ~ = ];f(zk), 1 _cos( > n).

(The nodes tkc are the n Chebyshev points.) Use this fact to show that the unit
disk hasarearn.

Assuming f isawell-behaved function, discuss how thefollowingintegralscan
be approximated by standard Gauss-type rules (i.e., with canonical intervals
and weight functions).

@ [ f(x)dx (@ < b).

(b) [T e f(x)dx (a>0).

(© [%2, e @9 f(x)dx (a > 0). {Hint: complete the square.}

(d) f0°° j%’dt, x > 0, y > 0. Isthe approximation you get for the integral
too small or too large? Explain.

(8 Let w(r) be an even weight function on [a,b], a < b,a+ b = 0,i.e,
w(—t) = w(z) on [a, b]. Show that (—1)"m,(—t; W) = m,(t;w), i.e, the
(monic) nth-degree orthogonal polynomial relative to the weight function
w iseven [odd] for n even [odd].

(b) Show that the Gauss formula

b n
[ remwd = Yow, se) + E.)
a v=1
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39.

40.

41.

42.

for an even weight function w is symmetric, i.e.,
tht1—y = —ty, Wypyi—y =W,, v=12,...,n.

(c) Letw bethe “hat function”
I+¢if —1<r=<0,

w(t) =
© 1—¢tifo<r<l.

Obtain the 2-point Gaussian quadrature formula f_'] f@Ow@)d: =
w f(t1) + Wo f(t2) + E»(f) for this weight function w, including an
expression for the error term under a suitable regularity assumption on f.
{Hint: use (a) and (b) to simplify the calculations.}

Let tliz") be the nodes, ordered monotonically, of the (2n)-point Gauss-

Legendre quadrature rule and W,(f”) the associated weights. Show that, for any

p € Py,—1, 0nehas
1 n
_ 2 2
| pwd = 23w P,
k=1

Let f beasmooth function on [0, 7z]. Explain how best to evaluate

T 1 o ) 1 B
Ia,ﬁ(f):A f(6) [00559} [smze} do, o>-1, B> -—1.

Let O, f, Q.,~f be n-point, resp. n*-point quadrature rules for If =
fab f(&w(r)dr and O, f at least twice as accurateas 0, f, i.e.,

1
Qe f = 1f1 = 510uf = If].
Show that the error of Q= f then satisfies

Qs [ = 1f| = [Qnf — Our f1.

Given anonnegativeweight functionw on [—1, 1] and x > 1, let

1
G) [ 0

X

w(t) ‘
sl = ];W;?f(t;?) + EZ(f)

be the n-point Gaussian quadratureformulafor the weight function
that 78, w both depend on n and x.) Consider the quadrature rule

"2"(’32 .(Note

X

1 n
[ somiod = Ywegte + Eno),
- k=1
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43.

45,
46.

47.
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where s, =12, w = [x? — (t8)*|wg. Prove:

(@ Ei(g) =0if g(t) = 1.
(b) If n > 2,then E,(g) = 0 whenever g isapolynomial of degree < 2n — 3.

Let&,, v =1,2,...,2n, be2n preassigned distinct numbers satisfying —1 <
&, < 1, and let w be a positive weight function on [-1,1]. Define w,,(x) =
[T, (14 &x). (Notethat w,, ispositiveon[-1,1].) Let x&, w® be the nodes

and weights of the n-point Gauss formula for the weight function w*(x) =
w(x) .
@2 (x) "

1 n
/ W @) = Y wWEp(). p € Parc.
- k=1

Definex} = xZ, W = wlws, (xF). Show that the quadrature formula

1 n
[ e = Yowire) + Ef ()
- k=1

is exact for the 2x rational functions

1
1+ &x

f(x) = ,v=12,...,2n.

(a) Prove(3.46).

(b) Prove (3.47). {Hint: use the Christoffel-Darboux formula of Chap. 2,
Ex. 21(b).}

Prove (3.50). {Hint: prove, more generally, (17+'g)(s) = [, “>2° g(r)dr.}

(@) Use the method of undetermined coefficients to obtain an integration rule
(having degree of exactness d = 2) of theform

1
/0 Y()ds & ay(0) + by (1) — e[y (1) — ¥/ O)].

(b) Transform the rule in (@) into one appropriate for approximating
[ f@yar.
(c) Obtain a composite integration rule based on the formula in (b) for

approximating fa” f(¢)dz. Interpret the result.
Determine the quadrature formula of the type

1 —1/2 1
/ F)dr = oz, f FO)dt + a0 f(O) + / F)dr + E(f)
—1 1/2

—1

having maximum degree of exactness d. What isthe value of d ?
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48.

49,

50.

51.

52.

53.

54.

(a) Determinethe quadratic spline s,(x) on[—1, 1] withasingleknotat x = 0
and such that s;(x) = 0on [—1,0] and s2(1) = 1.
(b) Consider afunction s(x) of theform

s(x) = co + c1x + c2x? + ¢c352(x), ¢ = const,

where s,(x) is as defined in (a). What kind of function is s? Determine s
such that

s(=1) = f-1. s(0) = fo. s'(0) = fi. s(1) = fi.
where /1 = f(=1). fo = f(0). f§ = f'(0). fi = f(1) for some

function f on[—1, 1].

(c) What quadrature rule does one obtain if one approximates f_ll f(x)dx by
1, s(x)dx, with s as obtainedin (b)?

Prove that the condition (3.68) does not depend on the choice of the basis

1,925 -+ Pn-

Let E bealinear functional that annihilates al polynomials of degree d > 0.
Show that the Peano kernel K, (¢), r < d, of E vanishesfor ¢ ¢ [a, b], where
[a, b] istheinterval of function values referenced by E.

Show that a linear functional E satisfying Ef = e, 1 fCTV (@), 7 € [a.b],
e,11 # 0, forany f € C"t!a, b], is necessarily definite of order r if it hasa
continuous Peano kernel K.

Let E bealinear functional that annihilates all polynomials of degree d. Show
that none of the Peano kernels Ky, K, ..., K;—; of E can be definite.
Suppose in (3.61) the function f is known to be only once continuously
differentiable, i.e., f € C'[0, 1].

(a) Derivethe appropriate Peano representation of the error functional E f .
(b) Obtain an estimate of theform |Ef| < ¢ol f/|lco-

Assume, in Simpson’srule

1
[ Feods = SUED + 470 + £ + B,
that / is only of class C?[—1,1] instead of class C*[—1,1] as normally
assumed.

(@) Find an error estimate of the type

ES()] = const | f " lows I lloo = _max 1" ().

{Hint: apply the appropriate Peano representation of ES( f).}
(b) Transform the result in (a) to obtain Simpson’s formula, with remainder
estimate, for the integral
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55.

56.

57.

58.
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c+h
/ g()dt, g e C?[c—h,c+h], h>0.
c—h

(c) How doesthe estimate in (a) compare with the analogous error estimate for
two applications of the trapezoidal rule,

1
[ Feds = LD+ 27O + 70+ EL (2

Determine the Peano kernel K (z) on [a, b] of the error functional for the
compositetrapezoidal rule over theinterval [a, ] subdividedinto n subintervals
of equal length.

Consider the trapezoidal formula*“with mean values,”

1

! 11 (¢ 1
/Of(x)dxzi[g/(; f(x)dx+g 1_Sf(x)dx:|+E(f), O<s<%.

(a) Determine the degree of exactness of thisformula.

(b) Expressthe remainder E( /') by means of its Peano kernel K in terms of
f", assuming f € C2[0,1].

(c) Show that the Peano kernel K is definite, and thus express the remainder
intheform E(f) = e2 f"(1),0 <t < 1.

(d) Consider (and explain) thelimit casese | 0 and & — %

(@) Use the method of undetermined coefficients to construct a quadrature
formulaof the type

1
/0 f)dx =af(0)+bf(1) +cf"(y) + E(f)

having maximum degree of exactnessd, the variablesbeinga, b, ¢, and y.
(b) Show that the Peano kernel K, of the error functional E of the formula
obtained in (@) is definite, and hence express the remainder in the form
E(f) =eqr1 fUP(E),0<E < 1.
(@) Use the method of undetermined coefficients to construct a quadrature
formulaof the type

1
[ reods = —ar )+ 87 (5) + et )+ B

that has maximum degree of exactness.
(b) What isthe precise degree of exactness of the formula obtained in (a)?
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59.

60.

61.

62.

(c) Usethe Peano kernel of the error functional E to express E(f) in termsof
the appropriate derivative of f reflecting the result of (b).

(d) Transform the formula in (a) to one that is appropriate to evauate

/ cth g(t)dr, and then obtain the corresponding composite formula for

c

fab g(t)dt, using n subintervals of equal length, and derive an error term.
Interpret your result.
Consider aquadraturerule of the form

/lxo‘f(x)dx%Af(O)—i—B/lf(x)dx, a>-—1, a#0.
0 0

(@) Determine A and B such that the formulahas degree of exactnessd = 1.

(b) Let E(f) bethe error functional of the rule determined in (a). Show that
the Peano kernel K (¢) = E()((x —t)+) of E ispositive definiteif o > 0,
and negative definite if o < 0.

(c) Based on the result of (b), determine the constant e, in E(f) = e f”(§),
0<&<.

(@) Consider aquadrature formulaof the type

1
*) [0f(X)dx=af(X1)+ﬁ[f(1)—f(0)]+E(f)

and determine «, B, x; such that the degree of exactness is as large as
possible. What is the maximum degree attainable?

(b) Use interpolation theory to obtain a bound on |E(f)| in terms of
£ oo = Maxo<c<i | £ (x)| for some suitable r.

(c) Adapt (*), including the bound on |E(f)]|, to an integral of the form
[ f(1)dr, where ¢ is some constant and & > 0.

(d) Apply theresult of (c) to develop acomposite quadraturerulefor fa b f(@)de
by subdividing [a, b] into n subintervals of equal length 1 = ";“. Find a
bound for the total error.

Construct a quadraturerule

1

1 1
/ x% f(x)dx =~ a1/ f(x)dx +a2/ xf(x)dx, 0 <o <1,
0 0 0
(8) whichisexactfor al polynomias p of degree < 1;
(b) whichisexactforal f(x) = x'/?p(x), p € P;.
Let
b—a
pan

A=X0< X1 <Xp <+ +<Xp_1<xX,=b, xp,=a+kh, h=

be asubdivision of [a, b] into n equal subintervals.
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(a) Derive an elementary quadrature formulafor the integral f T £(x) d,
including a remainder term, by approximating f by the cubic Hermite in-
terpolation polynomia ps(f; xx, X, Xk+1, Xk+1; X) and then integrating
over [xx, xx+1]. Interpret the result.

(b) Develop the formulaobtained in (a) into a composite quadrature rule, with
remainder term, for the integral fab f(x)dx.

63. (a) Given afunction g(x,y) ontheunitsquare0 < x < 1,0 < y < 1,
determine a “bilinear polynomia” p(x,y) = a + bx + ¢y + dxy such
that p hasthe samevalues as g at the four corners of the square.

(b) Use (a) to obtain a cubature formula for fol fol g(x, y)dxdy that involves
the values of g at the four corners of the unit square. What rule does this
reducetoif g isafunction of x only (i.e., does not depend on y)?

(¢) Use (b) to find a“composite cubature rule” for fol fol g(x, y)dxdy involv-
ingthevaluesg; ; = g(ih, jh),i,j =0,1,..., n,whereh = 1/n.

64. (&) Let di(h) = (f(h) — f(0))/h, h > 0, be the difference quotient of f
at the origin. Describe how the extrapolation method based on a suitable
expansion of d; (/) can be used to approximate f”(0) to successively higher
accuracy.

(b) Developasimilar method for calculating f”(0), based on d,(h) = [ f(h)—

21(0) + f(=h)]/ h*.

Machine Assignments

1 Let f(x) = = and f; = f(ih), i = —2,—1,0,1,2. In terms of the four
backward differences
VA=hH—fo. VA= A-2fo+ f.
Vh=f-3fi+3f— fa. V= fH—4fi+6fo—4f1 + [,
define |
en(h) = f™M(O0) = — V" fluga . n=123.4.
h" |_ 2 J

Try to determine the order of convergence of e,(h) as h — 0 by printing, for
n=1,...,4,

en(hi)

en(hk) and ry = en(hk—l)’

=1,2,...,10,

1
where h, = h 27k k > 0. Comment on the results.
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2. Let

1
f(@@ =tanz, |[z| < En.
(8) Express
: . 1
ym (@) = Re{e"’"ef(xo + re'e)}, O<r< En, m=1,2,3,...

explicitly as a function of 4. {Hint: use Euler's identities sinz = (€% —
e7%)/(2i), cosz = (€% 4 €7'?)/2, valid for arbitrary complex z.}

(b) Obtain the analogueto (3.19) for the mth derivative and thus write £ (xo)
as adefinite integral over [0, 27].

(c) Use Matlab to compute £ (0) for m = 1 : 5 using the integral in (b) in
conjunction with the composite trapezoidal rule (cf. Sect. 3.2.1) relativeto a
subdivision of [0, 27] into n subintervals. User = 5pm, p = 1,2,3,4,5,
and n =5:5:50. For each m print a table whose columns contain r,
n, the trapezoidal approximation ™ and the (absolute) error, in this
order. Comment on the results; in particular, try to explain the convergence
behavior as r increases and the difference in behavior for n even and n
odd. {Hint: prepare plots of the integrand; you may use the Matlab routine
spl i ne for cubic splineinterpolation to do this}

(d) Dothesameas(c), butfor /" (Lx)andr = 5.

(e) Write and run aMatlab programfor approxmatmg f (’”)(O) m=1:5bhy

— 1
central difference formulae with steps i = l,g 2% To5» 625 Comment on
the results.
7 _ 1 1 1 1
(f) Do thesameas(€), but for f<"’)(—n) andh = 357, 15570 5507 30067 -

3. Given n distinct real nodes x;, = xk , theinterpolatory quadrature rule

wey [ f(x)W(x)dx—ZW(") x). alfeB, .

is caled a weighted (by the weight function w) Newton—Cotes formula
(cf. Sect.3.2.2). The weights wk can be generated by ng-point Gauss
integration, n, = |[(n + 1)/2], of the elementary Lagrange interpolation
polynomials (see (3.39)),

X — Xy

(W,) w = /ek(x)w(x)dx le(x) = ]‘[

z;ék

Xk — X¢

Thisisimplemented in the OPQroutine Newt Cot es. mdownloadablefrom the
web site mentioned in MA 4. For reasons of economy, it uses the barycentric
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form (see Chap. 2, Sect.2.2.5, (2.106)) of the Lagrange polynomials and the
algorithm (ibid., (2.108)) to compute the auxiliary quantities A}k). Use the

routine Newt Cot es. mto explore the positivity of (WNC,), i.e, w\" > 0,
k=1,2,...,n.

(@) Write a Matlab function y=posNC( n, ab, ab0, eps0), which checks
the positivity of the n-point Newton—Cotes formula with the abscissae
being the zeros of the Jacobi polynomial P,f“'ﬁ) with parameters «, 8,
and using integration relative to the Jacobi weight function w = w(®-f0)
with other parameters o, Bo. The former are selected by the OPQ routine
ab=r j acobi (n, al pha, bet a), from which the Jacobi abscissae can
be obtained via the OPQ function xw=gauss( n, ab) as the first column
of the n x 2 array xw. The weight function w is provided by the routine
ab0=r j acobi (fl oor ((n+1)/2), al phaO, bet a0), which alows
us to generate the required n,-point Gaussian quadrature rule by the routine
xw=gauss( ng, ab0) . The input parameter eps0, needed in the routine
Newt Cot es. misanumber closeto, but larger than, the machine precision
eps, for example 5 = 0.5 x 107'4. Arrange the output parameter y to
have the value 1 if al n weights of the Newton—Cotes formula (WNC,) are
positive, and the value O otherwise.

Use your routine for all n < N = 50, g = Bo = 0,—1/2,1/2, and
a=—-14+h:h:a",B=a:h:pT, wherea’ = BT = 3,1.5,4and
h = 0.05,0.025,0.05 for the three values of «y, B0, respectively. Prepare
plots in which a red plus sign is placed at the point («, 8) of the («, 8)-
plane if positivity holds for all n < N, and a blue dot otherwise. Explain
why it suffices to consider only 8 > «. {Hint: use the reflection formula
PP (x) = (=1)" P{*P)(—x) for Jacobi polynomials.} In a second set of
plots show the exact upper boundary of the positivity domain created in the
first plots; compute it by a bisection-type method (cf. Chap. 4, Sect.4.3.1).
(Running the programs for N = 50 may take a while. You may want to
experiment with smaller valuesof N to see how the positivity domainsvary.)

(b) Theplotsin (a) suggest that »-point Newton—Cotes formul ae are positive for
dln < N =50o0ntheline0 < § = ¢ uptoapoint @ = ama. Use the
same hi section-type method as in (@) to determine amax for the three values
of g, Bp andfor N = 20, 50, 100 in each case.

(¢) Repeat (a) witha = 8 = 0,—1/2,1/2 (Gauss-Legendre and Chebyshev
abscissae of the first and second kinds) and g = —0.95 : 0.05 : oz(;", Bo =
a1 0.05: B, wherea” = B =3.5,3,4.

(d) Repeat (a) witha™ = BT = 6, 4, 6, but for weighted ( +2)-point Newton—
Cotesformulaethat contain asnodesthe points +1 in additionto the n Jacobi
abscissae.

(e) Theplotsin (d) suggest that the closed (1 +2)-point Newton—Cotesformulae
are positivefor all n < N = 50 on some line amin < @ = B < Omax-
Determine amin and omax Similarly as amax in (b).
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(f) Repeat (c) for the weighted closed (n + 2)-point Newton—Cotes formula of
(dwithay = -1+ h : h :a(;",ﬂo =g : h Z,BS_,WhEFGOlJ— = ﬂgr =
0.5,—-0.2,1and 2 = 0.01,0.01, 0.02 for the three values of «, S.

4. Below are a number of suggestions as to how the following integrals may be
computed,

() Usethe compositetrapezoidal rulewith n intervalsof equal lengthh = 1/n,
“ignoring” the singularity at x = 0 (i.e,, arbitrarily using zero as the value
of theintegrand at x = 0).

(b) Usethe compositetrapezoidal ruleover theinterval [, 1] withn —1 intervals
of length 2 = 1/n in combination with a weighted Newton—Cotes rule with
weight function w(x) = x~'/2 over the interval [0, 4]. {Adapt the formula
(3.43) to theinterva [0, h].}

(c) Make the change of variables x = ¢* and apply the composite trapezoidal
rule to the resulting integrals.

(d) Use Gauss-Legendre quadrature on the integrals obtained in (c).

(e) Use Gauss-Jacobi quadrature with parameterse = 0 and 8 = —% directly
ontheintegrals /. and I;.

{As a point of information, I, = +2nC (\/g) = 1.809048475800... ,

Iy =27 S \/g) = 0.620536603446 ... ,where C(x), S(x) arethe Fresnel

integrals.}

Implement and run the proposed methodsfor » = 100 : 100 : 1000 in (a) and
(b), forn =20:20:200in(c),andforn = 1:10in(d) and (€). Try to explain
the results you obtain. {To get the required subroutines for Gaussian quadrature,
download the OPQ routines r _j acobi . m and gauss. m from the web
site http://ww. cs. purdue. edu/ ar chi ves/ 2002/ wxg/ codes/
OPQ htm .}

5. For anatural number p let

1
I,,:[0 (1 =1)? f(r)de

be (except for the factor 1/ p!) the pthiterated integral of f'; cf. (3.50). Compare
the composite trapezoidal rule based on n subintervals with the n-point Gauss—
Jacobi rule on [0, 1] with parameterse = p and B = 0. Take, for example,
f(@t) =tantrand p = 5:5:20,andletn = 10 : 10 : 50 in the case of
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the trapezoidal rule, and n = 2 : 2 : 10 for the Gauss rule. {See MA 4 for
instructions on how to download routinesfor generating the Gaussian quadrature
rules.}

6. (@ Lethy = (b—a)/2%,k =0,1,2,.... Denote by

(b)

©

2k—1
T (f) = (% f@ + Y flat )+ f(b))
r=1

the composite trapezoidal rule and by

M h =13 1 (a (r=3)m)

r=1

the composite midpoint rule, both relative to a subdivision of [a, 5] into 2¢
subintervals. Show that the first column Tj o of the Romberg array {Ti .}
can be generated recursively as follows:

bh—
Too = —5— /(@ + ).

1
Tiv10 = 7 [Tko + My, (f)], £=0,1,2,....

Write aMatlab function for computing fab f(x)dx by the Romberg integra-
tion scheme, with i, = (b —a)/2F, k =0,1,..., n—1.

Formal parameters: a, b, n;include f asasubfunction.

Output variable: then x n Romberg array T.

Order of computation; Generate T row by row; generate the trapezoidal sums
recursively asin part (a).

Program size: Keep it down to about 20 lines of Matlab code.

Output: Tro, Tk, k =0,1,..., n—1.

Call your subroutine (with n = 10) to approximate the following integrals.

Ze
1 / —dx (“exponentia integral”)
1 X

Lo
2. / MY 4 (“sineintegra)
0 X
1 b
3. — / cos(yx)dx, y =17
T Jo
l b
4. — / cos(ysinx)dx, y=1.7
T Jo

1
5. / V1 —x2dx
0
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=
e}
A
=
IA
&

2
6./0 fx)dx, f(x)=

2-2 B
2 X, 0<x=< é
7 [ s s = 4
0 3 2-x) 3 <2
5Ty ==
(d) Comment on the behavior of the Romberg schemein each of the seven cases

in part (c).

Selected Solutionsto Exercises

3. (a) Thekth derivative of [T'_,(x — x;) isasum of products, each containing
n — k factors x — x;. Thus, if x = x, each term of the sumis O(H" %),
hence also the sum itself.

(b) By Lagrange interpolation, we have

Sx) = pa(fix) + Ru(x),
where p,, (f:x) = pa(f; X0, X1, ..., X, x), in Newton'sform, is given by

pu(f1x) =fo 4+ (x — xo)[x0, x1] f + -+~

n—1

and
- SUDE X))
Ri’l = — AT Ny,
(x) E)(x ) 1

assuming f € C"*!inthe span I of xo, x,...,x,,x. Differentiating n
timesat x = xo gives

) d" : )
(%) S (xo) = o pu(f3x) + R, (xo).

X=X

Clearly,

dll
(%) @pn(f;x) =n! [xo, X1, ..., Xn].

X=X
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Assuming that f € C2*T!(I), we can apply Leibniz'srule of differentiat-
ing n times the product

f(”“)(S(X))§ |

Ry(x) = (x — xo) - {}:[l(x BT

If we evaluate theresult at x = x(, we get

” - f(”+1)($(x))
R( )(Xo) = ” {n( — X W}

X=X0

Using Leibniz'srule again, and the result of (a), we obtain

F(g)

CESI O(H?).

R (x0) = n d = H(x

X=X0

where &, = £(x¢). Since

n n
H(X—xi)=xn—01xnfl+"', o) = E X,
i=1 i=1

we have
s 1 n
— l_[(x X;) =n'xg—(n—1oy = n—1)!(nxg—o1),
xi’l
x=x0
so that
(n+1)
(¢ * *) R,(,”)(xo) = n! (nxo —01)m + O(H?).
(n+ 1)!
Since

nxg—o; = Z(xo —x;) = O(H) if nxy # oy,
i=1
the assertion follows by combining (*)—(***).

One has

1
A" — v -
'h” Ao n!h"
This is proved by induction on n. We show it for the forward difference
only; for the backward difference the proof isanalogous. Sincetheclaimis
obvioudy truefor n = 1, supposeit is true for some n. Then by definition

of divided differences, and the induction hypothesis,

[x0, X1,..., %] f =
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[X1s. s Xnr1l f = [x0, - - s X0l f

[XO,XI,...,Xn,xn+1]f =
Xn+1 — X0
_ L AAh=-A"S
nh*  (n+ 1)h
1
- @@ An+1 ;
e AN
which is the claim for n + 1. Therefore, since 13" x; = xo +

(n 4+ 1)h/2 # xo, we get

) = 2 A fo+ O = 1V fy + O,

n

14. With adlight differencein notation, one has from (2.129) of Chap. 2 that

hBo(x) = x; — X, xo < X < X1;

X —Xp—q 0f xp—1 < x < xp,
hBi(x) = o e = = 0 N~ 1
Xi+1—x 0f xp < x < xeqrs

hBy(x) = x — Xy—1, Xy—1 < X < Xy.

From this, one gets, with obvious changes of variables,

X1 ) XN .
/ Bo(x)ef'mxdx—i—/ By(x)e " dx

0 XN—1
! 1
= h/ (] — t)e—lmthdt + h/ (1 _ Z)e_lm@ﬂ_th)dl
0 0
1
= zh/ (1 — 1) cos(mth)dt,
0
and’fork = 1525"~5N_ 11
X1 _
[ Bk(X)e_lmxdx

Xk—1

1 Xk . 1 Xk+41 .
= —/ (x — xp—)e""™dx + —/ (Xk41 — x)e " dx
h Xk—1 h X

Xk
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1 1
= h/ (1 _ t)e—lm(xk—th)dt 4 h[ (1 _ t)e—lm(xk+th)dt
0 0
. 1
=2he""”kf (1 —1¢)cos(mth)dr.
0

Since (cf. Chap. 2, (2.132)), with fiy = f(xk),

N—1

s1(f3x) = foBo(x) + ) fiBe(x) + fi B (x),

k=1

and fy = fo, weget
1 2 .
—/ s1(f;x)e”" dx
2w 0

= % Jo (/XI Bo(x)e "™ dx + /:N By (X)e_i’"xdx)

X0 N—1

= . |
— B (x)e7"*d
-5n§ﬁLﬂkm o

2

2h . 1
=5 Z fre ™ | (1 — t) cos(mth)dt
=0 0

N—
— Z e |mvc1\

N
where
1
Ty = 2/ (1 — 1) cos(mth)dr.
0
Integration by partsyields
2 sin® (Amh
Ty = 5 (1 —cosmh) = iz)
(mh) (3mh)
hence,

__[sin(mr/N) 2
w= [T ]
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The factor t,,, which modifies the composite trapezoidal sum, may be inter-
preted as an “attenuation factor,” since asm — oo it tends to zero, whereas
the composite trapezoidal sums, being periodic in m with period N, cycle
through N values. For a theory of attenuation factors in Fourier analysis, see
Gautschi [1971/1972].

22.(a)

(b)

(©

(d)

Sincethe Hermiteinterpolant reproduces f exactly if f € P,4,, theformula
has degree of exactnessd = n + 2.

Thereare2n + 3 free parameters avail abl e to make the formulaexact for the
thefirst2n 4+ 3 powersx”, r = 0, 1,...,2n + 2. Thus, the maximum degree
of exactnessis expectedtobed = 2n + 2.

Letting w, (x) = [];=,(x — xx), we have, forany p € P,_i,

/1 w, (x) p(x)x2(1 — x)dx = 0,
0

since the integrand is a polynomial of degree < 2n + 2, and hence the
integral is equal to the quadrature sum. The latter, however, vanishes, since
the integrand vanishes together with its first derivative at x = 0 and aso
vanishesat x = 1, and w,(xx) = 0 fork = 1,2,...,n. This shows that
w,(+) = m,(+; x*(1 — x)dx), the Jacobi polynomial relative to the interval
[0, 1], with parametersa = 1, 8 = 2.

Let f(x) € Py,45. Divide f(x) by x*(1 — x)w, (x):

f(x) = x*(1 =)@, (x)q(x) + 7(x), q€Pyoy, r€Pyia.

Then

1 1 1
dx = N 2(1—x)d dx.
/0 f(x)dx /0 Wy (X)q(x)x~(1 — x) x+/0 r(x)dx

By the orthogonality assumption and the fact that ¢ € P,—;, thefirst integral
vanishes. For the second integral, sincer € PP, 1, and the quadratureformula
is Hermite interpolatory, we have

1 n
/ r(x)dx = aor(0) + a;r’(0) + Zwkr(xk) + bor(1),
0

k=1
and using

r(0) = f(0), r'(0) = f'(0), r(1) = f(1),
r(v) = fOu) —xp(1 — xp)w, (x)q(xe) = f(x),

since again, w, (x;) = 0, we get

1 n
/0 F)dx = agf(0) +arf'(0) + Y Wi f(xk) + bo f(1).
k=1
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This shows that the formula has degree of exactness2n + 2.
54. (a) Putting

1
E(f) = [ fede = U1 + 4700 + £,
onehas, if f € C?[-1, 1], the Peano representation

1
E(f) = f_ K0S o,

where, for -1 <r <1,

Ki(t) = E@((x —1)+)

1
JCRL S G R IER IR (ETN

410 iftr>0 1
—(1—z)2—— 0— - I € )
31 —tifr<of 3

é(l—t)(1—3t) if t >0,

1
g(1+l)(l+3t) ifr <0.

It can be seen that K;(—t) = K;(¢) and K( ) = K(1) = 0 (seefigureon
the next page). Therefore, |E(f)| < ||f"||oof K ()| de.
Now,

1

1 1 1/3
/ | Ky (t)|dt = 2/ |Ki(t)|dt =2 ( Ki(¢)dt — Kl(t)dt>
-1 0 0 /3

1

1/3 1
=3 (/0 (1—1)(1—3r)dr + 1/3(1 —1)(3t — 1)dt>

1 1/3 1
== / (1 — 4t + 3¢%)dr + (=1 4 41 — 3¢%)dr
3\Jo 13

W =

! 2+1 —i—l 1+1+2 2 l—i—l 8
3 9 27 3 3 9 27 81'
Thus,

BN = g1 1/ o



Selected Solutions to Exercises 225

0.1f

-0.1

-1 -08-06-04-02 0 02 04 06 08 1

(b) With the substitutiont = ¢ 4 xh, and applying (a), one obtains
c+h 1
/ g()dr = h/ g(c + xh)dx
c—h —1

h
=3 [g(c —h) +4g(c) + glc + )]+ En(g),

S0 that
8
|En(g)] < S_Ih max

—1<x<l

d2
P glc+ xh)’.
2

d
Since ) g(c + xh) = h?g"(c + xh), one gets
X

8 ’
|En(g)] < am”g/ | cofe—h.c4h]-
(c) The Peano kernel K(¢) inthis caseis (negative) definite, namely

1 .
—t(l+1) if —1<r=<0,
Ki(t) =1 2

—Et(l—t) if 0<r<1,
giving
' 1
EIN = 1'0) [ Kiodr = 21" o).
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hence |
|E5 ()] < EHf//”oo-

Thisisonly alittle worse than the bound in (a).
56.(a) Aneasy calculation showsthat E(f) = 0if f(x) = 1 and f(x) = x. For
f(x) = x? oneobtains E(f) = —L (1 —¢)(1 —2¢) <0if0 <& < 1.1t

followsthat d = 1.

(b) With
1 1 5 1 1
£ = [ rwdi= o [ rode= o [ s,
one has
1 1 5
Km)=Em«w4h)=[(w4mx—5&£@—0+w
1
~ 5. l_s(x — 1)+ dx.
Now

1 d—ll 2
'[u—ﬂx—5<—n,

¢ 0if t >¢ 0
(x —t)4dx = N
0 [fx—ndx if 0<r<e¢ 5(8_02’
/1 (x —1)4dx = Jle=ndx if 1> 1—¢
—f)ydx =
- fll—s('x_t)dx ifr<l—c¢
1
%[(l—z)2_(1_8_t)2] 8(1_[_58)_

Therefore, if 0 <t < ¢, then

1 1 1 1 1
Kit)y==(1-1)——-=(e—t))——-¢e[l—-t—=¢],
()= 20— e o a( 28)
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which, after some algebra, reducesto
(1) K\ (t) Le(2 0<t<
== —— 1], 0=r=<e
: 2 2
Ife <t <1-—¢,then
1 1 1
Kiit)y==(1-1>——-e(l—-t—=¢},
1(1) 2( ) 2% 8( 25)
that is,
1 1
2) K1(Z)=—§t(l—l)+ze, e<t<l1-—e.

Finaly,if > 1 — &, then

D PR S S PSR
Ki(0) = 5(1=17 = 5+ 2 (1 =2,
that is,
(3) K(t):l(l—t)z(l—i) l—e<t<l1
: 2 2 )’ ==
Therefore,
1
(4) E(f) = / Ki(r) f" (r)ck,
0

with K, asabovein (1)—3).
(c) Sincel — o= < 0Owhen0 < ¢ < 1, it followsfrom (1) and (3) that

Ki(t)y<0ifo<t<egsorl—e=<rtr<lI.

Fore <t <1 - ¢, onehasfrom (2) that

1 1 1 1 1
Kl(l)=—§l‘(1—l)+Z&‘S—58(1—8)+18=—18(1—28)<0,

. 1
since0 < ¢ < 3 Altogether, therefore,

Ki(t) <0 for 0<t<1,
and K is negative definite. Consequently,

E(f)=ef"(r), 0 <1 <1,
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with

2

asfollows by an elementary calculation.
(d) Thelimitcasee | 0 givesusthe known resultsfor the (ordinary) trapezoidal
formula. If ¢ — % ,thene, — 0, thatis, E(f) — 0. Thisis consistent with

the fact that, fore — 3,

171 ¢ 1! :
S[2 [ reoae s [ s~ [ o

60.(a) Theremainder vanishesfor the first three powers 1, x, x> of x if

a=1,
1
X1+,3=5,
1

Eliminating B from the last two equations gives the quadratic equation x7 —
x1 + + = 0, which hastwo solutions,

(1)
X1 = = — ),
1=3 Ve
both located in (0, 1). Thus,
1 1 1
a=1, xiy==-(1£—], =F—.
=3 (12 5) -7
With these valuesone gets, since x; = 3 — B, x} = 1+ — B, and B2 = &,

1 1 1 1 1 1 1
EGxD)=——x’-B=-——|-— ——B)-B=—-VPB=Ft——#£0,
(r=gsi-p=3-(3-8) (53-8)p = —5p=+3; 75 #
so the maximum attainable degree of exactnessisd = 2.

(b) Each of the two quadrature formulae obtained in (a) (having three nodes and
degree of exactness 2) isinterpolatory. Therefore, if f € C3[0, 1], then

! ! 3
E(f)Z/O [f(x)—pz(f;O,)q,1;x)]dx=/0x(x—l)(x—x1)—f (g(x))dx,

Therefollows

1 1
B = g7 17Vl where y = [ x(1 =)} xilar.
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The numerical factor y can be written as

X1 1
y = / x(1—x)(x; —x)dx +/ x(1—=x)(x — x)dx,
0 X

1

where the first integral evaluatesto

61 12
and the second to
ERE RS LR R
Thus,

1
Using repeatedly the equation x? = x; — c’ one can eliminate all higher
powersof x;:

I
Sl-
|
AN =
+

%)
Oxl’_‘
/N
I
AN =
N——
+
AN =
=
N
=
I
AN =
N~

T2 76" e 2t
1 1 1 1 1
=§‘5’“+5(x1‘6)‘f6
1 1 1
12736 216
1
~ 216

Thevalue of y, being independent of x;, holdsfor both choices of x;. Thus,

AL e
EI = 135¢ 171
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(c) By thework in (a),
c+h

1
fydt = h /0 f(c + xh)dx

= h{f(c +xih) + BLf(c +h) = f(OI} + Ex(f)(c),
with  and x; as determined in (a). From the result in (b),
BN = e BT o

(d) Lettingh = (b —a)/n, ty =a+kh, fr = f(tx), k =0,1,2,...,n,we
have

/ fod =Y / o

k=0

= h[f(to +x1h) + B(fi— fo) + ft1 + x1h) + B(fa— f1) +---

n—1
+ fltat +x10) + B(fo — fiD] + Y En(f) (k)

k=0

n—1
— g S £l + xih) + BLEB) — F@]Y + Ea(f),

k=0

where, by the result in (c),

En (] = Z|Eh<f)(zk)| = Doe Zh‘*nf“ oot 41

11
= 129 nh- b ( Z £ loofse tkm)
11
=——(@0b-ah’ (3)
= T20¢ O =M1 T lleo
63.(a) If p(x,y) = g(x,y) isto hold at the four corner points of the square, we
must have
a = g(0,0),
a+b=g(1,0),
a+c=g(0,1),

a+b+c+d=g(,1).
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Solving for a, b, ¢, and d gives

a =g(0,0),

b = g(1,0)—£(0,0),

¢ =g(0,1)—g(0,0),

d =g(l.1)—¢g(1,0) — g(0,1) 4+ £(0,0).

(b) If instead of g we integrate p (as determined in (a)), we get the
approximation

1l 1l 1 1
/ / g(x, y)dxdy ~ a[ / dxdy + b/ dy/ xdx
0o Jo 0o Jo 0 0

1 1 1 1 1 1 1
—i—c/ dx/ ydy+d/ xdx/ ydy=a+-b+-c+-4d,
0 0 0 0 2 2 4

hence, substituting from (a),

1 1
/ / g(x,y)dxdy ~ g(0,0) + % [g(1,0) — g(0,0)]
0 0

+ 31601 = g0.0)] + 7 [g(1. )~ £(1,0) ~ (0. 1) + (0. 0),

that is,

1 1
/ / g(x, y)dxdy ~ % [(0.0) + g(1,0) + g(0,1) + g(1, 1)].
0 0

If g(x,y) = g(x), thisreducesto the trapezoidal rule.
(c) Thegrid square

Qi ={(x,y):ith=x=<({+Dh, jh<y=(+1Dh}

is mapped by
x =h( +u),

y="h(j+V)

onto the unit square0 <u < 1,0 <v < 1. Since

0h

b

a(x,y) _ h 0 2
a(u,v)
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we get

//Qi.ig(X,Y)dxdy = /01 /01 g(h(i +u),h(j + V)) - h>dudv

2

~ T [gij + &i+1j +&j+1i + &j+1,j+1]-

Summing over all grid squares gives

1 1 1 1
/0/0g(x,y)dxdy%h2 DGty DL gty D g

(i,j)ES (i,j)eB (i,j)eC

where S, 5, C denote, respectively, the sets of interior grid points, interior
boundary points, and (four) corner points.

Selected Solutionsto Machine Assignments

3.(a) PROGRAMG

9%VAI Il _3A Boundary of positivity domain
%
N=50;
eps0=. 5e- 14;
[ abound, bbound] =posdomai NnNC( N) ;
abO0=r _j acobi (floor ((N+1)/2));
%ab0=r _j acobi (fl oor ((N+1)/2),-1/2);
% ab0=r _j acobi (floor ((N+1)/2),1/2);
i b=fi nd( bbound- abound) ;
for i=1:size(ib,1)
ap(i)=abound(i);
bhi gh=bbound(i); bl ow=abound(i);
whi | e bhi gh- bl ow>. 5e-5
bme( bhi gh+bl ow) / 2;
ab=r _j acobi (N, abound(i), bm;
y=1;
for n=1:N
pos=posNC( n, ab, ab0, epsO0);
i f pos==0
y=0;
br eak
end
end
if y==0
bhi gh=bm
el se
bl ow=bm
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end

end

bp(i)=bm
end
figure
hol d on
pl ot (ap, bp)
axi s(’ square’)
plot([-1 3],[-1 3])
%plot([-1 1.5],[-1 1.5])
9plot([-1 4],[-1 4])
hol d of f

% POSDOVAI NNC
%
% Positivity domain for Newton-Cotes formulae with
% Jacobi absci ssae and integration relative to the
% wei ght function 1 and Chebyshev wei ght functions
% of the first and second kind.
%
functi on [abound, bbound] =posdonai nNC( N)
hol d on
abound=zeros(80, 1); bbound=zeros(80, 1);
%bound=zer 0os(100, 1) ; bbound=zeros(100, 1);
% bound=zer 0os(100, 1) ; bbound=zeros(100, 1);
eps0=. 5e-14; i=0;
for a=-.95:.05:3
% or a=-.975:.025:1.5
% or a=-.95:.05:4
i =i +1; abound(i)=a; k=0;
for b=a:.05:3
% for b=a:.025:1.5
% for b=a:.05:4
ab=r _j acobi (N, a, b);
abO=r _j acobi (floor((N+1)/2));
% abO=r _j acobi (floor ((N+1)/2),-1/2);
% abO=r _jacobi (floor((N+1)/2),1/2);
y=1;
for n=1: N
pos=posNC( n, ab, ab0, eps0);
if pos==0
y=0;
br eak
end
end
if y==
plot(a,b,’:")
axi s(’' square’)
k=k+1;
if k==1, bbound(i)=b; end
el se
plot(a, b, ' r+)
end
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end
end
hol d off

% POSNC

%

% Positivity of the n-point New on-Cotes formula

% with absci ssae equal to the zeros of the orthogonal
% pol ynom al associated with the nx2 recurrence matrix
% ab and integration being with respect to the neasure
% identified by the floor((n+l)/2)x2 recurrence matrix
% ab0. The input parameter epsO, required in the routine
% Newt Cotes. m is a nunber |arger than, but close to,
% t he machi ne preci sion.

%

function y=posNC(n, ab, ab0, eps0)

y=0;

xw=gauss(n, ab); zn=zeros(n,1);

w=Newt Cot es(n, xw(:, 1), ab0, eps0);

if wszn, y=1; end

Why does 8 > « suffice? To simplify notation, let

Pa(x) := PP (), wx) = (1 —x)*(1 + x)F;
Py(x) = PP (x), W(x) = (1 —x)f(1 +x)~.

If x, denotethe zeros of p,, and X, those of P,, one has X, = —x, by the
reflection formulafor Jacobi polynomials (see Hint). With

Pn(X) P, (x)

Lty = (x — Xv)P,;(Xv),

b= ey

there follows

o R
W = /_1 LW = /_1 =X PI(Xyy I

/1 (=1)" pn(—x)
- (x + xv)(_l)n+1p;z(xv)

- _ 1& _ B o
= /_1 Gt om0 (0T

R R 1 B 8
‘/1 Cito)pGey) (AT 0d

Y L Y B
a /;1 —(t — xv) pl(xy) (I =01+ 0)’dt =w,,

(1—x)?(1 + x)%dx

showing that the two Newton—Cotes weights are the same.
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For relevant literature, see Askey and Fitch [1968], Askey [1972], [1979],
Micchelli [1980], Sottas [1982], [1988], [1989], and Gautschi [2011a,
Sect. 4.1].

In the case of constant weight function = 1, it appearsthat with increasing
N the danted portion of the upper boundary of the positivity domain slightly
turns downward, and the horizontal portion slowly moves down. It is likely
that in the limit N — oo the dope of the slanted portion tends to 1 and
the height of the horizontal portion to 3/2, which would be consistent with a
conjecture of Askey (1979) (except for the slanted portion of the boundary).
Ontheline 8 = 1.55, for example, spotcheckingwitha = —0.4,0:0.5: 1.5
revealed nonpositivity of the n-point Newton—Cotes formulawhen n = 800
(but not when n = 700).

In the case of the Chebyshev weight function of thefirst kind, the height of
the upper boundary is practically constant equal to 1/2 (already for N = 10
and more so for larger values of N). Thisisin agreement with aresult proved
by Micchelli (1980) in the case of Gegenbauer abscissae, o = f.

In the case of the Chebyshev weight function of the second kind, the slope
of the slanted portion of the boundary curve, asin thefirst case, seemsto tend
(dowly) to 1, and the height of the horizontal portion to 2.5. (Cf. also the third
column in the output to MAIII_3B, which seems to confirm this, given the
slowness of convergenceas N — oc.)

(b) PROGRAM

%VAI | | _3B Upper bound of Gegenbauer positivity
i nterval
%
fOo="98.0f %1.6f\n";
disp(’ N al pha_max’)
eps0=. 5e- 14;
ab0O=r _j acobi (50);
%ab0=r _j acobi (50, -1/2);
%ab0=r _j acobi (50, 1/ 2);
for N=[20 50 100]
ahi gh=2; al ow=1. 5;
% ahi gh=0. 6; al ow=0. 4;
% ahi gh=3. 3; al ow=2. 6;
whi | e ahi gh-al ow>. 5e-6

a=(ahi gh+al ow)/ 2

ab=r _jacobi (N, a);

y=1;

for n=1: N

pos=posNC( n, ab, ab0, eps0) ;
if pos==
y=0;
br eak
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PLOTS (N=50) for 3(a)
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Weight function = 1

3.
25}
ol
1.5—ﬁa
1
05}
ol
o5l

1’ L L L L L L L .
-1-050 05 1 15 2 25 3

1 L L L L L L L ),
-1-050 05 1 15 2 25 3

Chebyshev weight function of the first kind

2 1.5¢
15 .l
1
0.5
0.5
0 L
0
05 -0.5¢
L L L L , _l L L L L ,
-1 -0.5 0 0.5 1 1.5 -1 -0.5 0 0.5 1 1.5
Chebyshev weight function of the second kind
5 4.
Al 35}
3 L
2.5¢
2 L
1.5¢
1 I
0.5}
0 L
-0.5¢

“1-050 05 1 15 2 25 3 35 4

1650051 152 25 3 35 4



Selected Solutions to Machine Assignments 237

(©

end
end
if y==
ahi gh=a;
el se
al ow=a;
end
end
fprintf(fO, N, a)
end
OUTPUT
>> MAI Il _3B
weight function=1 Chebyshev #1 Chebyshev #2
N al pha_max al pha_max al pha_max
20 1. 700560 0. 500000 2.863848
50 1.643718 0. 500000 2.750502
100 1.617770 0. 500000 2.700881
>>
PROGRAMS

%Al 11 _3C Boundary of positivity donmain
%
N=50;
eps0=. 5e- 14;
[ aObound, bObound] =posdonmai nNCO(N) ;
ab=r _j acobi (N);
%b=r jacobi (N, -1/2);
%ab=r _j acobi (N, 1/2);
i bO=f i nd( bObound- aObound) ;
for i=ib0(1):ib0(1)+size(ib0,1)-1
alp(i)=alObound(i);
bOhi gh=bObound(i); b0l ow=aObound(i);
whi | e bOhi gh- b0l ow>. 5e-5
bOn=( bOhi gh+b0l ow) / 2;
abO=r _j acobi (fl oor ((N+1)/2), aObound(i), bOm;
y=1;
for n=1:N
pos=posNC( n, ab, ab0, eps0);
i f pos==0
y=0;
br eak
end
end
if y==
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bOhi gh=b0m
el se
b0l ow=b0m
end
end
bOp(i)=b0Om
end
figure
hol d on
pl ot ([a0p(i b0O(1)) aOp(ibO(1))],[a0p(ib0(1))
bOp(ib0(1))])
axi s(’ square’)
pl ot (aOp(i b0O(1): size(alp, 2)), bOp(ib0(1):size(bOp,2)))
plot([-1 3.5],[-1 3.5])
%lot([-1 3],[-1 3])
Oplot([-1 4],[-1 4])
hol d of f

9%OSDOVAI NNCO
%
%%Positivity domain for New on-Cotes
% ormul ae wi th Gauss-Legendre and Chebyshev absci ssae
%nd integration relative to Jacobi weight functions.
%
function [aObound, bObound] =posdomai nNCO( N)
hol d on
aObound=zero0s(90, 1); bObound=zeros(90, 1);
% O0bound=zer 0os(80, 1); bObound=zeros(80,1);
% 0bound=zer 0s( 100, 1) ; bObound=zeros(100, 1);
eps0=. 5e-14; i =0;
ab=r _j acobi (N);
%ab=r _j acobi (N, -1/2);
%b=r _j acobi (N, 1/ 2);
for a0=-.95:.05:3.5
% or a0=-.95:.05:3
% or a0=-.95:.05:4
i =i +1; aObound(i)=a0; k=0;
for bO=a0l:.05:3.5
% for bO=a0l:.05:3
% for bO=a0:.05:4
abO=r _j acobi (fl oor ((N+1)/2), a0, b0);
y=1;
for n=1:N
pos=posNC( n, ab, ab0, eps0);
if pos==
y=0;
br eak
end
end
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if y==0
pl ot (a0, b0, :")
axi s(’ square’)
k=k+1;
i f k==1, bObound(i)=b0; end
el se
pl ot (a0, b0, ' r+")
end
end
end
hol d of f
(d) PROGRAMS

%Al Il _3D Boundary of positivity domain
%
N=50;
eps0=. 5e- 14
[ abound, bbound] =posdomai NnNC1( N) ;
abO=r _j acobi (floor ((N+3)/2));
%ab0=r _j acobi (fl oor ((N+3)/2),-1/2);
% b0=r _j acobi (floor ((N+3)/2),1/2);
i b=fi nd( bbound- abound) ;
for i=ib(1):size(ib,1)
ap(i-ib(1)+1)=abound(i);
bhi gh=bbound(i); bl ow=abound(i);
whi | e bhi gh- bl ow>. 5e-5
bne( bhi gh+bl ow) / 2
ab=r_j acobi (N, abound(i), bm;
y=1
for n=1: N
pos=posNC1(n, ab, ab0, eps0)
i f pos==0
y=0;
br eak
end
end
if y==0
bhi gh=bm
el se
bl ow=bm
end
end
bp(i-ib(1l)+1)=bm
end
figure
hol d on
pl ot (ap, bp)
axi s(’ square’)
plot ([0 O],[0 bp(1)])
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PLOTS (N=50) for 3(c)
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bpf =bp(si ze(ib,1)-ib(1)+1);

pl ot ([ap(size(ib,1)-ib(1)+1), bpf],[bpf, bpf])
plot([-1 6],[-1 6])

Oplot([-1 4],[-1 4])

%lot([-1 6],[-1 6])

hol d of f

%°OSDOVAI NNC1
%
% Positivity domain for closed Newt on-Cotes fornmulae
% wth Jacobi abscissae and integration relative to
% the weight function 1 and Chebyshev wei ght functions
% of the first and second ki nd.
%
function [abound, bbound] =posdomai NnNCL1( N)
hol d on
abound=zer os(140, 1); bbound=zeros(140, 1);
% bound=zer 0os(100, 1) ; bbound=zero0s(100, 1);
%bound=zer os( 140, 1) ; bbound=zeros(140,1);
eps0=. 5e-14; i =0;
for a=-.95:.05:6
% or a=-.95:.05:4
% or a=-.95:.05:6
i =i +1; abound(i)=a; k=0;
for b=a:.05:6
% for b=a:.05:4
% for b=a:.05:6
ab=r _j acobi (N, a, b);
abO=r _j acobi (floor ((N+3)/2));
% ab0=r _j acobi (floor ((N+3)/2),-1/2);
% ab0=r _j acobi (floor ((N+3)/2),1/2);
y=1
for n=1:N
pos=posNC1(n, ab, ab0, eps0);
if pos==
y=0;
br eak
end
end
if y==
plot(a,b,’:")
axi s(’ square’)
k=k+1;
if k==1, bbound(i)=b; end
el se
plot(a,b, ' r+")
end
end
end
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()

3 Numerica Differentiation and Integration

hol d of f

%POSNCL

%

% Positivity of the (n+2)-point New on-Cotes formula
% wth abscissae equal to +- 1 and the n zeros of the
% orthogonal polynom al associated with the nx2

% recurrence matrix ab and integration being with

% respect to the nmeasure identified by the floor

% ((n+3)/2)x2 recurrence matri x ab0. The input

% paraneter epsO, required in the routione

% NewtCotes.m is a nunber |arger than, but close to,
% the machi ne precision.

%

functi on y=posNCl(n, ab, ab0, epsO0)

y=0;

xw=gauss(n, ab); zn=zeros(n+2,1);

xwl=[-1; xw(:,1);1];

wl=Newt Cot es(n+2, xwl, ab0, eps0);

if wl>zn, y=1; end

For relevant literature, see Notaris[2002], [2003].

PROGRAM

%Al Il _3E Bounds for the Gegenbauer
positivity intervals

%

fo="98.0f %1.6f\n";

di sp(’ N al pha_max’)
%li sp(’ N al pha_mn")
eps0=. 5e- 14;

ab0=r jacobi (51);
%ab0=r _j acobi (51, -1/2);
%ab0=r _j acobi (51, 1/ 2);
for N=[20 50 100]
ahi gh=4.5; al ow=3. 5;
% ahi gh=3; al ow=2.5;
% ahi gh=5.3; al ow=4.5;
% ahi gh=.1; al ow=-.1;
% ahi gh=-.4; al ow=-. 6;
% ahi gh=.6; al ow=. 4;
whi | e ahi gh- al ow>. 5e-6
a=( ahi gh+al ow)/ 2
ab=r _jacobi (N, a);
y=1;
for n=1: N
pos=posNC1(n, ab, ab0, eps0);
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PLOTS (N=50) for (3d)
Weight function = 1
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i f pos==
y=0;
br eak
end
end
if y==0
ahi gh=a;
al ow=a;
el se
al ow=a;
ahi gh=a;
end
end
fprintf(fOo,N, a)
end

%

%

3 Numerica Differentiation and Integration

In the case of constant weight function = 1 and Gegenbauer abscissae,
one has positivity of the closed Newton—-Cotes formulaewhen 0 < o = 8 <
3.5 by aresult of Kiitz (cf. Notaris [2002, p. 144]). This is consistent with
our plot on the previous page and the output of MAIII_3E below. Also the
positivity domain proved in Notaris [2002, Theorem 2.1(a),(b)] is indeed a
small subdomain of the respective domain in our plot.

QUTPUT

>> MAIll_3E

weight function=1

Chebyshev #1 Chebyshev #2

al pha_m n/ max

-0.500000 2.863848 0.500000 5.152099
-0.500000 2,750502 0.500000 4.924714
0. 500000 4.829984

N al pha_m n/ max al pha_m n/ max

20 0.000000 4.012030

50 0.000000 3.841891
100 0.000000 3.769501 -0.500000 2.700881
>>

()] PROGRAMS

%Al I | _3F Boundary of positivity domain
%

N=50;

eps0=. 5e- 14;

[ a0Obound, bObound] =posdomai NNCO1( N) ;

ab=r_j acobi (N);
%b=r _j acobi (N, -1/ 2);
%b=r _j acobi (N, 1/ 2);

i bO=f i nd( bObound- aObound) ;
for i=ib0O(1):ibO(1)+size(ib0,1)-1
a0p( i) =aObound(i);

bOhi gh=b0bound(i); b0l ow=aObound(i);
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PLOTS (N=50) for 3(f)
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whi | e bOhi gh- b0l ow>. 5e-5
bOnme( bOhi gh+b0l ow) / 2;
abO=r_j acobi (fl oor (( N+3)/2), aObound(i), bOn);
y=1;
for n=1:N
pos=posNCL(n, ab, ab0, eps0) ;
if pos==
y=0;
br eak
end
end
if y==0
bOhi gh=b0m
el se
b0l ow=b0m
end
end
bOp(i)=bOm
end
figure
hol d on
pl ot (aOp(i bO(1): size(alp, 2)), bOp(ib0O(1):size(bOp,2)))
axi s('square’)
plot([-1 .5],[-1 .5])
Yplot([-1 -.2],[-1 -.2])
Y%lot([-1 1],[-1 1])
hol d of f

9POSDOVAI NNCO1

%

% Positivity domain for closed Newton-Cotes fornulae with
% Gauss--Legendre and Chebyshev absci ssae and integration
% relative to Jacobi weight functions.

%

function [aObound, bObound] =posdonmai nNCO1( N)
hol d on
a0Obound=zer 0s(150, 1) ; bObound=zer os( 150, 1);
%a0bound=zer 0os(80, 1); bObound=zer 0s(80, 1);
%a0bound=zer 0s( 100, 1); bObound=zer0s(100, 1);
eps0=. 5e-14; i =0;
ab=r_j acobi (N);
Y%ab=r _j acobi (N, -1/2);
%ab=r _j acobi (N, 1/ 2);
for a0=-.99:.01:.5
% or a0=-.99:.01:-.2
% or a0=-.98:.02:1

i =i +1; aObound(i)=a0; k=0;

for b0=al:.01:.5
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% for b0=a0:.01:-.2
% for b0=a0:.02:1
abO=r _j acobi (fl oor ((N+3)/2), a0, b0);
y=1;
for n=1:N
pos=posNC1(n, ab, ab0, epsO0);
if pos==0
y=0;
br eak
end
end
if y==0
pl ot (a0, b0, " :")
axi s(’ square’)
k=k+1;
i f k==1, bObound(i)=b0; end
el se
pl ot (a0, b0, ' r+")
end
end
end
hol d of f
6.(a) It sufficesto derive the second relation:

2k

Tivro = b {5 @+ 5 [+ 3 fla+ i)
(=1

2k+1_p
1 1 1
= 3he U@+ SO+ 3 3 St this)
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| oK1
+ zhk ; Sfla+Chiyy)
(¢ odd)

2k—1

= h 3 S@ Y S+ 2 + 5 ()

Jj=1

zk
b Y fat @~ D)

J=1

2k—1

= LS @+ Yt i) + 1)
j=1
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(b)~(d)

3 Numerica Differentiation and Integration

(o (5-2)m)

Jj=1

1 1
— - = My, (f).
3 k,0+2 e ()

PROGRAM

%Al I | _6BC

%

f0o="96. 0f %49. 15f 9%9. 15f\n’;

di sp(’ i T(i, 1) T(i,i)")

n=10;

a=1; b=2;

%=0; b=1;

% =0; b=pi;

%=0; b=1;

%=0; b=2;

T=ronberg(a, b, n);

for i=1l:n
fprintf(fO,i,T(i,1),T(i,i))

end

function T=ronberg(a,b,n)
T=zeros(1:n);
h=b-a; mel; T(1, 1)=h*(f(a)+f(b))/2;
for i=2:n
h=h/2; me2*m mil=m1;
k=(1:2: nml) " ;
T(i,1)=T(i-1,1)/2+h*sun(f (a+h*k));
| =1;
for k=2:i
| =4x*1;
T(i, k) =T(i, k-1)+(T(i,k-21)-T(i-1,k-1))/(1-1);
end
end

function y=f(x)
y=exp(x)./x;

y=1;

% f X" =zeros(size(x,1),1)
% y=sin(x)./x;

%end

%y=cos(1. 7xx)/ pi;

% =cos(1.7xsin(x))/pi;
%y=sqrt(1-x."2);

% =zeros(size(x,1),1);
% or i=1:size(x,1)
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% if x(i)<=sqrt(2)
y(i)=x(i);

%

% else

%
% e
%end

y(i)=sart(2)«(2-x(i))/(2-sqrt(2));

nd

%=zeros(size(x,1),1);
% or i=1:size(x,1)

% if x(i)<=3/4
y(i)=x(i);

%

% else

%
% e
%end

QUTPUT

y(i)=3%(2-x(i))/5;

nd

>> MAIl|_6BC

>>

© 00 N O O b~ WDNBEFE T

=
o

(i, 1)
. 206404938962185
. 097098826260448
. 068704101194839
. 061519689433579
. 059717728013521
. 059266861956402
. 059154121802282
. 059125935283745
. 059118888561571
. 059117126875243

W W W wWwwwwwwow

>> MAI Il _6BC

>>

© 00 N O g b~ WN R T

=
o

(i, 1)
. 920735492403948
. 939793284806177
. 944513521665390
. 945690863582701
. 945985029934386
. 946058560962768
. 946076943060063
. 946081538543152
. 946082687411347
. 946082974628235

O O O O O O O O o o

>> MAlI|_6BC

i

1
2
3
4

T(i, 1)
0.793892626146237

-0.048556949021066
-0.128279145629103
-0.145813060666924

W W W wwwwwwow

O O O O O O o o o o

T(i, i)

. 206404938962185
. 060663455359868
. 059144242004954
.059116836818692
.059116541002761
. 059116539648306
. 059116539645955
. 059116539645953
. 059116539645952
. 059116539645953

T(i, i)

. 920735492403948
. 946145882273587
. 946083004063674
. 946083070387223
. 946083070367181
. 946083070367183
. 946083070367183
. 946083070367183
. 946083070367183
. 946083070367183

T(i, i)

. 793892626146237
-0
-0
-0

329373474076833
143218526971000
151575238486816

249

(i) Ei(2)-E (1)

(ii) sl(1)

(iii) sin(l.7«pi)/p
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5 -0.150072135492423 -0.151480973833174
6 -0.151129454951574 -0.151481239834844
7 -0.151393324105836 -0.151481239647168
8 -0.151459262675203 -0.151481239647201
9 -0.151475745523767 -0.151481239647201
10 -0.151479866123815 -0.151481239647201
>>
>> MAIl|_6BC

i T(i, 1) T(i, i)
1 1. 000000000000000 1. 000000000000000 (iv) J_0(1.7)
2  0.435577752852238 0. 247437003802984
3 0.397997329127638 0. 394672755713868
4 0.397984859446116 0. 398880460382129
5 0.397984859446110 0. 397968405925570
6  0.397984859446110 0. 397984921711269
7  0.397984859446110 0. 397984859403064
8  0.397984859446110 0. 397984859446102
9  0.397984859446109 0. 397984859446109
10  0.397984859446110 0. 397984859446110
>>
>> MAI | _6BC
i T(i, 1) T(i, i)
1 0.500000000000000 0. 500000000000000 (v) pi/4
2 0.683012701892219 0. 744016935856292
3 0.748927267025610 0. 772690912262104
4 0.772454786089293 0. 781054541057592
5 0.780813259456935 0. 783876545840612
6 0.783775605719283 0. 784861687334472
7 0.784824228194921 0. 785208669629317
8  0.785195198099154 0.785331191417285
9 0.785326395739308 0. 785374488842346
10  0.785372788179914 0. 785389793759148
>>
>> MAI || _6BC
i T(i, 1) T(i, i)
1 0.000000000000000 0. 000000000000000 (vi) sqrt(2)
2 1..000000000000000 1.333333333333333
3 1. 353553390593274 1. 480609266621545
4 1.390165042944955 1. 396451590456853
5 1.408470869120796 1.415741434555130
6 1.412654727760896 1.413984394417376
7 1.413896991372851 1. 414335276603458
8 1.414109407799875 1.414168137287926
9 1.414211586644613 1. 414251685496006
10 1.414212593986806 1. 414209909989944
>>
>> MAI Il _6BC
i T(i, 1) T(i, i)
1 0.000000000000000 0. 000000000000000 (vii) 3/4
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2 0.600000000000000 0. 800000000000000
3 0.700000000000000 0. 728888888888889
4 0.750000000000000 0. 769523809523810
5 0.750000000000000 0. 748489262371615
6  0.750000000000000 0. 750024807644598
7 0.750000000000000 0. 749999901904365
8  0.750000000000000 0. 750000000096088
9  0.750000000000000 0. 749999999999976
10 0. 750000000000000 0. 750000000000000
>>
Comments

. The Romberg scheme is effective here, since integration is over a smooth
nonperiodic function.

. Sameas (i).

. Sameas (i).

. Romberg is worse than the trapezoidal rule, because the integrand is a
smooth periodic function with period , and integration is over the full
period.

. Romberg only dlightly better than the trapezoidal rule, and both converge
dowly. The reason is the singularity at x = 1 (where the derivative is
infinite).

. Romberg does not provide any improvement, since the derivative of f is
discontinuous at an irrational point (+v/2).

. Thetrapezoidal rule, in contrast to the Romberg scheme, is exact after the
third step, because 3/4 then becomes, and remains, ameshpoint, separating
two linear piecesof f. Romberg, however, eventually catches up.






Chapter 4
Nonlinear Equations

The problems discussed in this chapter may be written generically in the form

f(x) =0, (4.1)

but alow different interpretations depending on the meaning of x and f. The
simplest case is a single equation in a single unknown, in which case f isadgiven
function of a real or complex variable, and we are trying to find values of this
variablefor which f vanishes. Such values are called roots of the equation (4.1), or
zeros of the function £. If x in (4.1) isavector, say, x = [x,Xx2,...,x4]" € RY,
and f is aso a vector, each component of which is a function of d variables
X1,X2,...,Xq4, then (4.1) represents a system of equations. It is said to be a
nonlinear system if at least one component of f depends nonlinearly on at least
one of the variables x|, xz, ... ,x,4. If al components of f are linear functions of
X1, X2,... ,Xq, then we call (4.1) asystem of linear algebraic equations, which (if
d > 1) isof considerableinterest in itself, but is not discussed in this chapter. Still
more generally, (4.1) could represent a functional equation, if x is an element in
some function space and f* a (linear or nonlinear) operator acting on this space. In
each of these interpretations, the zero on theright of (4.1), of course, has adifferent
meaning: the number zero in the first case, the zero vector in the second, and the
function identically equal to zero in the last case.

Much of this chapter is devoted to single nonlinear equations. Such equationsare
often encountered in the analysis of vibrating systems, where the roots correspond
to critical frequencies (resonance). The special case of algebraic equations, where
fin (4.1) is a polynomial, is also of considerable importance and merits special
treatment. Systems of nonlinear equations are briefly considered at the end of the
chapter.

W. Gautschi, Numerical Analysis, DOI 10.1007/978-0-8176-8259-0_4, 253
© Springer Sciencet+Business Media, LLC 1997, 2012
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4.1 Examples

4.1.1 A Transcendental Equation

Nonalgebraic equations are referred to as being “transcendental.” An exampleis
cosxcoshx —1 =0 (4.2

and is typical for equations arising in problems of resonance. Before one starts
computing roots, it is helpful to gather some qualitative properties about them:
are there any symmetries among the roots? How many roots are there? Where
approximately are they located? With regard to symmetry, one notes immediately
from (4.2) that the roots are located symmetrically with respect to the origin: if « is
aroot, sois—a. Also, @ = Oisatrivial root (whichisuninteresting in applications).
It suffices therefore to consider positive roots.

A quick way to get insight into the number and location of roots of (4.2) is to
divide the equation by cosx and to rewriteit in the form

1

coshx = .
COSx

(4.3)

No roots are being lost by thistransformation, since clearly cosx # 0 at any root
x = «. Now one graphs the function on the right and the function on the left and
observeswhere the two graphsintersect. The respective abscissae of intersection are
the desired (real) roots of (4.2). Thisisillustrated in Fig. 4.1 (not drawn to scale).
It is evident from this figure that there are infinitely many positive roots. Indeed,
each interval [2n — )7, (2n + 3)m], n = 1,2,3,..., has exactly two roots,
o, < B,, with o, rapidly approaching the left endpoint, and ,, the right endpoint,
as n increases. These account for all positive roots and thus, by symmetry, for all
nonvanishing real roots. In applications, it is likely that only the smallest positive
root, o, will be of interest.

4.1.2 A Two-Point Boundary Value Problem

Here we are looking for afunction y € C?[0, 1] satisfying the differential equation
' =g,y y), 0=<x=1 (4.4)
and the boundary conditions

y(0) = yo, y(1) =y, (4.5)
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y=cosh

/2 3n/2 5m/2 /2 9n /2

Fig. 4.1 Graphical interpretation of (4.3)

where g isagiven (typically nonlinear) function on [0, 1] x R x R, and yy, y, are
given numbers. At first sight, this does not look like a problem of the form (4.1), but
it can bereduced to it if one introducesthe associated initial value problem
u" = g(x,u,u), 0<x<I,
u(0) = yo, U (0)=s, (4.6)
where s (for “slope”) is an unknown to be determined. Suppose, indeed, that for

each s, (4.6) has a unique solution that exists on the whole interval [0,1]. Denote it
by u(x) = u(x;s). Then problem (4.4), (4.5) is equivalent to problem

u(l;s)—y1 =0 (4.7)

in the sense that to each solution of (4.7) there corresponds a solution of (4.4), (4.5)
and vice versa(cf. Chap. 7, Sect. 7.1.2). Thus, by defining

S(s) :==u(l;s) =y, (4.8)

we have precisely a problem of the form (4.1). It isto be noted, however, that f(s)
is not given explicitly as afunction of s; rather, to evaluate f(s) for any s, one has
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to solvetheinitial value problem (4.6) over the wholeinterval [0,1] to find the value
of u(x;s) atx = 1, and henceof f(s)in (4.8).

A very natural way to go about solving (4.4), (4.5) isto evaluate f'(s) for some
initial guess s. If f(s) is, say, positive, we lower the value of s until we find one
for which f(s) is negative. Then we have two slopes s: one that “overshoots’ the
target and one that “undershoots’ it. We now take as our next aim the average
of these slopes and “shoot” again. Depending on whether we hit above the target
or below, we discard the first or second initial slope and continue to repeat the
same procedure. In the terminology of boundary value problems, thisis called the
shooting method. To shoot is tantamount to solving an initial value problem for a
second-order differential equation, which in fact is the equation of the trajectory a
bullet would traverse if it were fired from a gun. In the terminology of this chapter,
it is called the bisection method (cf. Sect. 4.3.1).

4.1.3 A Nonlinear Integral Equation

Suppose we want to find asolution y € C|[0, 1] of theintegral equation

1
Y@ — /0 K(x.0) £t y()dr = a(x). 0<x <1, (4.9)

where K, the “kernel” of the equation, is a given (integrable) function on [0, 1] x
[0,1], f agivenfunctionon [0, 1] x R, typically nonlinear in the second argument,
and a also a given function on [0, 1]. One way to approximately solve (4.9) isto
approximate the kernel by a degenerate kernel,

n

K(x,t) ~ k,(x,t), ky(x,t)= Z ci(H)m; (x). (4.10)

i=1

We may think of the degenerate kernel as coming from truncating (to » terms) an
infiniteexpansionof K (x, t) inasystem of basisfunctions{; (x)}, with coefficients
¢; depending only on ¢. Replacing K in (4.9) by k, then yields an approximate
solution y,, which isto satisfy

1
5@ = [ B0 S @ —aw, 0sxsl (41
0
If we substitute (4.10) into (4.11) and define

1
w= [ @@ i=12 (4.12)
0
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we can write y, in the form

() = a(x) + 3 e (x). (4.13)

i=1

All that remainsto be doneisto computethe coefficientse; in thisrepresentation.
It is at this point where one is led to a system of nonlinear equations. Indeed, by
(4.12), the a; must satisfy

1 n
a,«—f () f(t.at) + ) a;mj@)d =0, i=12....n  (414)
0

=1

where the left-hand sides are functions f; of o, as, ... , @, which can be evaluated
by numerical integration. It is seen how techniques of approximation (to obtain
k,) discussed in Chap. 2, and techniques of integration (to compute the integrals
in (4.14) discussed in Chap. 3, usefully combineto provide an approximate solution
of (4.9).

4.1.4 s-Orthogonal Polynomials

In Ex. 20(b) of Chap. 3 we encountered an instance (s = 1) of “power orthogonal-
ity,” that is, a(monic) polynomial 7, of degreen satisfying

/[nn(t)]z“'Hp(l)dA(t) =0, dl peP,_,. (4.15)
R

Thisis called an s-orthogonal polynomial relative to the (positive) measure di. We
can reinterpret power orthogonality as ordinary orthogonality

(T Play = /R 71 (0) p(O) 72 (D)dA () = O,

but relative to the (positive) measure dA: (1) = 72 (1)dA(¢) depending on rr,,. Thus,
orthogonality is defined implicitly. The point, however, is that if we denote by
ATk n}} = thefirst n 4-1 orthogonal polynomialsrelativeto dis,, wehave , = 7, ,,

and we can formally generate r,, , by athree-term recurrence relation:
Tir1a(t) = (t — )Tk — Prk—10, k=0,1,....n—1, (4.16)
where 7_1 ,(¢) = 0, mp,(t) = 1. The coefficients oy, @1, ... , —1; Bo, B1, - »

Bn—1 are unknown and must be determined. Here is how a system of 2n nonlinear
equations can be constructed for them:
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From Chap. 2, (2.40) and (2.41), one has

(1, )y

= , k=0,1,...,n—1,
(T ns Ten ) s

O

(ks Ten)drg

(k11> Tk—1.0)d2s

Bo= (1, Dars, B = L k=1,...,n—1.

Consequently, clearing denominators,
foi=po— [ 2 0d0 =0,
R
Sovg1 1= /(oz,, — t)nf’n(t)n,f;(t)dk(t) =0, v=0,1,...,n—1,
R

S = /R[ﬂ,,nf_l,” () =7y, Ol72 (dA(@) =0, v=1,....n—1. (417)

Each of the n,,, v = 1,2,...,n, depends on «y, ..., ®,—1; B1,..., By—1 Viathe
three-term recurrence relation (4.16). Therefore, we have 2n eguations depending
nonlinearly on the 2n unknownsw, . .., &,—1; Bo, . - ., Bu—1:

f(p) = 0, pT = [(Xo,... ,Oln_l;ﬂo,... ,,3,1_1].

Since the components of f are integrals of polynomials of degree at most
2(s + 1)n — 1, they can be computed exactly by an (s + 1)n-point Gauss quadrature
rule relative to the measure dA (cf. MA 9).

4.2 Iteration, Convergence, and Efficiency

Even the simplest of nonlinear equations — for example, algebraic equations — are
known to not admit solutionsthat are expressiblerationally in terms of the data. It is
therefore impossible, in general, to compute roots of nonlinear equationsin afinite
number of arithmetic operations. What is required is an iterative method, that is, a
procedure that generates an infinite sequence of approximations, {x, }°2,, such that

n=0"

lim x, =« (4.18)

n—oQ
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for someroot « of the equation. In case of a system of equations, both x, and « are
vectors of appropriate dimension, and convergenceis to be understood in the sense
of componentwise convergence.

Although convergence of an iterative processis certainly desirable, it takes more
than just convergence to make it practical. What one wants is fast convergence. A
basic concept to measure the speed of convergenceis the order of convergence.

Definition 4.2.1. Linear convergence. One says that x,, convergesto « (at least)
linearly if
|xn —a| < en, (4.19)

where {¢,} is apositive sequence satisfying

. & 1
lim 2t

n—o0o g,

=c, O<c<l. (4.20)

If (4.19) and (4.20) hold with the inequality in (4.19) replaced by an equality,
then ¢ is called the asymptotic error constant.

The phrase “at least” in this definition relates to the fact that we have only
inequality in (4.19), which in practice is al we can usually ascertain. So, strictly
speaking, it is the bounds ¢, that converge linearly, meaning that eventualy (e.g.,
for n large enough) each of these error boundsis approximately a constant fraction
of the preceding one.

For linearly convergent sequences there is a simple device, called Aitken’s A2-
process, that can be used to speed up convergence. One defines

¥ =y — (Axn)z
n Azxn ’

(4.21)

n

where Ax, = x,4+1 — Xp, A%x, = A(AX,) = X,4+2 — 2X,+1 + x,. The sequence
{x} then convergesfaster than {x, } in the sense that

/
X, —a

— 0 asn — oo, (4.22)
Xp—

wherea = lim, o x, (cf. EX. 6).

Definition 4.2.2. Convergence of order p. One saysthat x,, convergesto o with (at
least) order p > 1 if (4.19) holds with

lim 4~ > (4.23)
n—o00 gy

(If p = 1, onemust assume, in addition, ¢ < 1.)

Thus, convergence of order 1 is the same as linear convergence, whereas
convergence of order p > 1 is faster. Note that in this latter case there is no
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restriction on the constant ¢: once ¢, is small enough, it will be the exponent p
that takes care of convergence. The constant ¢ is again referred to as the asymptotic
error constant if we have equality in (4.19).

The same definitions apply also to vector-valued sequences; one only needs to
replace absolute valuesin (4.19) by (any) vector norm.

The classification of convergence with respect to order is till rather crude, as
there are types of convergencethat “fall between the cracks.” Thus, asequence {¢, }
may convergeto 0 more slowly than linearly, for example, such that ¢ = 1in (4.20).
We may call thistype of convergencesublinear. Likewise, ¢ = 0in (4.20) givesrise
to superlinear convergence, if (4.23) does not hold for any p > 1 (cf. aso Ex. 4).

It is instructive to examine the behavior of ¢, if instead of the limit relations
(4.20) and (4.23) we had strict equality from some n on, say,

En+1

P
En

=c¢, n=mnynyg+1l,ny+2,.... (4.24)

For ny large enough, this is amost true. A simple induction argument then shows
that

pk=1

—I Pk
Enotk =C 77T &,

k=0,1,2,..., (4.25)
which certainly holdsfor p > 1, butadlsofor p = linthelimitasp | 1:

Enp+k = cksno, k=0,1,2,... (p=1). (4.26)

Assuming then ¢,, sufficiently small so that the approximation x,, has several
correct decimal digits, we write g,,+x = 107%g,,. Then §, according to (4.19),
approximately represents the number of additional correct decimal digits in the
approximation x,,+x (as compared to x,,). Taking logarithmsin (4.26) and (4.25)
gives

1
klog— if p=1,
c
S =

1—p*k 1 1 .
pk[ u |09—+(1—p_k)|09—} if p > 1;
p—1 c Eng

hence, ask — oo,
Si~Cik (p=1), & ~Cop* (p>1), (4.27)

where C; = logl > 0if p =1andC, = ﬁ log{ + log ;. (We assume here
that n, islarge enough, and hence ¢,,, small enough, to have C[;, > 0.) This shows
that the number of correct decimal digitsincreaseslinearly with k, when p = 1, but
exponentially when p > 1. Inthelatter case, 6x+1/0x ~ p, meaning that ultimately
(for large k) the number of correct decimal digits increases, per iteration step, by a
factor of p.
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If each iteration step requires m units of work (a “unit of work” typically is the
work involved in computing a function value or a value of one of its derivatives),
then the efficiency index of the iteration may be defined by limy s oo [Sr+1/8x]V/™ =
p'/™ .1t provides a common basis on which to compare different iterative methods
with one another (cf. Ex. 7). Methodsthat convergelinearly have efficiency index 1.

Practical computation requiresthe employment of astopping rule that terminates
the iteration once the desired accuracy is (or is believed to be) attained. Ideally, one
stops as soon as the absolute value (or norm) of the error x,, — « is smaller than a
prescribed error tolerance. Since « is not known, one commonly replaces x,, — o by
Xn — Xp—1 and requires

x4 — xp—1] < tol, (4.28)
where
tol = ”xn”€r + €, (429)

with ¢, €5 prescribed tolerances. As a safety measure, one might require (4.28) not
just for one but for a few consecutive values of n. Choosing ¢, = 0 or €5 = 0 will
make (4.29) an absolute resp. relative error tolerance. It is prudent, however, to use
a“mixed error tolerance,” say, €, = €a = €. Then, if ||x, || is small or moderately
large, one effectively controls the absolute error, whereas for ||x, || very large, it is
in effect the relative error that is controlled.

4.3 TheMethods of Bisection and Sturm Sequences

Both these methods generate a sequence of nested intervals [a,,b,], n =
0,1,2,..., whereby each interval is guaranteed to contain at least one root of
the equation. Asn — oo, thelength of these intervalstendsto 0, so that in the limit
exactly one (isolated) root is captured. Thefirst method appliesto any equation (4.1)
with f acontinuous function, but has no built-in control of steering the iteration to
any particular (rea) root if there is more than one. The second method does have
such a control mechanism, but applies only to a restricted class of equations, for
example, the characteristic equation of a symmetric tridiagonal matrix.

4.3.1 Bisection Method

We assume that two numbersa, b with a < b are known such that

feCla,bl, fla) <0, f(b)>o0. (4.30)
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What is essential hereisthat f has opposite signs at the endpoints of [a, b]; the
particular sign combination in (4.30) is not essential as it can always be obtained,
if necessary, by multiplying /" by —1. Assumptions (4.30), in particular, guarantee
that f hasat least one0in (a, b).

By repeatedly bisecting the interval and discarding endpointsin such a manner
that the sign property in (4.30) remains preserved, it is possible to generate a
sequence of nested intervals whose lengths are continuously halved and each of
which containsazero of f.

Specifically, the procedureis asfollows. Definea;, = a, by = b. Then

forn=1,2,3,... do

Xn = %(an + by)
if f(xn) < 0 then aApy1 = Xp, b,7+1 = bn else

ap+1 = dy, bn+1 = Xn.

Since b, —a, = 27"V —a),n = 1,2,3,..., and x, is the midpoint of
[an, by], if @ istheroot eventually captured, we have

b—a

1
el <t by —ay) = 431
|xn —a| < 2( an) 7 (4.31)
Thus, (4.19) holdswith &, = 2~ (b — a) and
ent1 1
Gt _ 1 (4.32)
&n 2

This shows that the bisection method converges (at least) linearly with asymp-
totic error constant (for the bound ¢,,) equal to %

Given an (absolute) error tolerance tol > 0, the error in (4.31) will be less than
or equal to tol if

b—a

< tol.
2’1

Solved explicitly for n, thiswill be satisfied if

log 2@
n= IVW , (4.33)

where [ x] denotesthe “ceiling” of x (i.e., the smallest integer > x). Thus, we know
apriori how many steps are necessary to achieve a prescribed accuracy.
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It should be noted that when f'(x,,) approachesthelevel of machineprecision, its
sign may be computed incorrectly, hence the wrong half of the current interval may
be chosen. Normally, this should be of little concern since by thistime, the interval
has aready become sufficiently small. In this sense, bisection is a method that is
robust at the level of machine precision. Problems may occur when f is very flat
near the root «, in which case, however, the root is numerically not well determined
(cf. MA 1).

When implementing the procedure on a compulter, it is clearly unnecessary to
provide arraysto store a,,, by, x,,; one simply keeps overwriting. Assuming « and b
have been initialized and tol assigned, one could use the following Matlab program
(in symbolic/variable-precision mode to allow for high accuracies):

8Bl SEC  Synbolic bisection nethod
%
function [ntol, x]=sbisec(dig,a,b,tol)
ntol =ceil (1 og((b-a)/tol)/10g(2));
digits(dig);
a=vpa(a); b=vpa(b);
for n=1:ntol
x=vpa((atb)/2);
fx=subs(f(x));
if fx<0O
a=x;
el se
b=x;
end
end

function y=f(x)
y=cos(x) *cosh(x)-1;

Asan example, we run the program to compute the smallest positive root of (4.2)
that is, of f(x) = 0 with f(x) = cosx coshx — 1 (see the subfunction appended
to shi sec. m). By takinga = 2x, b = 27 (cf. Fig. 4.1), we enclose exactly
one root, oy, from the start, and bisection is guaranteed to converge to «;. This
is implemented in the program TABLE4_3_1. mfor tolerances tol = % x 1077,
1% 107", and 1 x 107; the results, rounded to the appropriate number of digits,

9TABLE4_3_1 Bisection nethod to solve Eq.(4.2)
%
a=3xpi/2; b=2+pi; dig=35;
for tol=[.5e-7 .5e-15 . 5e-33]
[ n, x] =sbi sec(dig, a,b,tol)
end
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Table 4.1 The bisection method applied to (4.2)
n o

25  4.7300408

52  4.730040744862704

112 4.730040744862704026024048100833885

are shown in Table 4.1%. As can be seen, bisection requires a fair amount of work
(over a 100 iterations) to obtain «; to high precision. Had we run the program with
initial interval [a, b],a = % w, b = 4, which contains three roots, we would have
converged to the third root, «,, with about the same amount of work.

4.3.2 Method of Sturm Sequences

There are situations in which it is desirable to be able to select one particular
root among many and have the iterative scheme converge to it. This is the case,
for example, in orthogonal polynomials, where we know that al zeros are real
and distinct (cf. Chap. 3, Sect. 3.2.3(a)). It may well be that we are interested in
the second-largest or third-largest zero and should be able to compute it without
computing any of the others. Thisis indeed possible if we combine bisection with
the theorem of Sturm.?
Thus, consider

S(x) = ma(x), (4.34)

where z; isapolynomial of degreed orthogonal with respect to some positive mea-
sure. We know (cf. Chap. 3, Sect. 3.2.3(e)) that n; is the characteristic polynomial
of asymmetric tridiagonal matrix and can be computed recursively by athree-term
recurrence relation

mo(x) =1, m((x) =x —a,
Tr+1(x) = (x —ag) e (x) — Bre—1(x), k=1,2,...,d —1, (4.35)

with all B, positive. Recursion (4.35) not only is useful to compute 7, (x) for any
fixed x, but also has the following interesting property due to Sturm: Let o (x) be
the number of sign changes (zeros do not count) in the sequence of numbers

1The 33-digit result given in the first edition of this text is erroneous, being accurate only to 19
digits after the decimal point.

2Jacques Charles Frangois Sturm(1803-1855), a Swiss analyst and theoretical physicist of Alsatian
parentage, is best known for his theorem on Sturm sequences, discovered in 1829, and his theory
of Sturm-Liouville differential equations, published in 1834, which earned him the Grand Prix des
Sciences Mathématiques. He also contributed significantly to differential and projective geometry.
A member of the French Academy of Sciences since 1836, he succeeded Poisson in the chair of
mechanics at the Ecole Polytechnique in Parisin 1839.
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¥ —— @ —

IESE d a—1 d—2 r r—1 1 0

Fig. 4.2 Sturm’stheorem

g (x), mg—1(x),...,m(x), mo(x). (4.36)

Then, for any two numbers a, b with @ < b, the number of real zeros of 7, in the
interval a < x < b isequalto o(a) — o (b).

Since mx (x) = xK + .-, itis clear that 0(—c0) = d, o0(4+00) = 0, S0 that
indeed the number of real zeros of 7, isSo(—o0) — o(+00) = d. Moreover, if
& > & > .- > &, denotethe zeros of ,; in decreasing order, we have the behavior
of o(x) asshownin Fig. 4.2.

It isnow easy to see that

o(x) <r—1Iiff x >§. (4.37)

Indeed, supposethat x > £,. Then {#zeros< x} > d + 1 — r; hence, by Sturm’s
theorem, o(—o0) —o(x) = d —o(x) = {#zeros < x} > d + 1 — r; that is,
o(x) <r—1.Conversely, if o(x) < r — 1, then, again by Sturm’stheorem, {#zeros
<x}=d—-o(x)>d+1—r,whichimpliesx > &, (cf. Fig. 4.2).

The basic idea now isto control the bisection process not, as before, by checking
the sign of z;(x), but rather, by checking the inequality (4.37) to see whether we
are on the right or left side of the zero &,. To initialize the procedure, we need
two valuesa; = a, by = b suchthata < &; and b > &;. These are trivialy
obtained as the endpoints of the interval of orthogonality for 7z, if itisfinite. More
generally, one can apply Gershgorin's theorem? to the Jacobi matrix J,; associated
with (4.35) (cf. Chap. 3, Sect. 3.2.3(€)) by recalling that the zeros of 7z, are precisely
the eigenvalues of J;. In this way, a can be chosen to be the smallest and b the
largest of the numbers ay + /B1, a1 = (V/Bi + V/B2). ... da—at (/Ba—r +
VBai-1),@q—1 %+ /Ba—1. Themethod of Sturm sequencesthen proceedsas follows,
forany givenr withl <r <d:

forn =1,2,3,...do

Xn = %(an + bn)
ifa(x,,) >r —1 then Ap+1 = Xp, bn+1 = bn else

dp+1 = A4y, bn+1 = Xp.

SGershgorin's theorem states that the eigenvalues of amatrix A = [a;;] of order d are located in
theunion of thedisks{z € C: |z—ay| <r;},i =1,2,...d,wherer; = 3, |a;|.
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Sinceinitidlyo(a) =d >r—1,0(b) =0 < r — 1, it follows by construction that
o(a,)>r—1, ob,)<r—1, dln=1,2,3,..., (4.38)

meaning that &, € [a,,b,] foral n = 1,2,3,.... Moreover, as in the bisection
method, b, — a, = 2=""V(b — a), so that |x, — & | < &, withe, = 27"(b — a).
The method converges (at least) linearly to theroot £,.. A computer implementation
can be modeled after the one for the bisection method by modifyingthei f - - el se
statement appropriately.

4.4 Method of False Position

Asin the method of bisection, we assume two numbersa < b such that

feCla,b], f(a)f(d)<0 (4.39)

and generate a sequence of nested intervals[a,, b,], n = 1,2,3,... , witha, = a,
by = b, such that f(a,) f(b,) < 0. Unlike the bisection method, however, we
are not taking the midpoint of [a,, b,] to determine the next interval, but rather the
solution x = x, of thelinear equation

pi(fian, byix) =0, (4.40)

where p(f;ay,, by; -) isthelinear interpolant of f at a,, and b,,. Thiswould appear
to be more flexible than bisection, as x,, will come to lie closer to the endpoint at
which | f| issmaller. Also, if f isalinear function, we obtain the root in one step
rather than in an infinite number of steps. This explains the somewhat strange name
given to thismethod (cf. Notes to Section 4.4).

More explicitly, the method proceeds as follows:. definea;, = a, by = b. Then,

forn=1,2,3,... do

an—by

Xn = An = 75w /@)
if f(xn)f(an) > 0 then ap+1 = Xy, bn-H = bn else

ap+1 = Ay, bn+l = Xn.

One may terminate the iteration as soon as b, — a,, < tol or | f(x,)| < tol, where
tol isaprescribed error tolerance.

Asin the bisection method, when implementing the method on a computer, the a
and b can be overwritten. On the other hand, it isnolonger known a priori how many
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iterations it takes to achieve the desired accuracy. It is prudent, then, to put a limit
on the number of iterations. An implementation in (symbolic/variable-precision)
Matlab may look as follows.

YBFALSEPCS Synbolic nmethod of fal se position
%
function [n, x] =sfal sepos(dig,a, b, tol, nnax)
n=0;
digits(dig);
a=vpa(a); b=vpa(b);
fa=f(a); fb=f(b);
whi | e subs(b-a)>=tol
n=n+1;
i f n>nmax
fprintf(’'n exceeds nnmax’)
return
end
x=a-(a-b)+fal(fa-fh);
fx=f (x);
i f abs(subs(fx))<tol, return; end
if subs(fxxfa)>0
a=x; fa=fx;
el se
b=x; fb=fx;
end
end

The convergence behavior is most easily analyzed if we assumethat f isconvex
or concaveon [a, b]. To fix ideas, suppose f* is convex, say,

f"(x)>0 fora<x<b and f(a) <0, f(b)>0. (4.41)

Then f has exactly one zero, «, in [a, b]. Moreover, the secant connecting f(a)
and f(b) lies entirely above the graph of y = f(x) and hence intersects the
real line to the left of «. This will be the case for all subsequent secants, which
means that the point x = » remains fixed while the other endpoint a« gets contin-
uously updated, producing a monotonically increasing sequence of approximations
defined by

X, —b

B m.f(xn), n=123,..., (4.42)

Xn+1 = Xn
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where x; = a. Any such sequence, being bounded from above by «, necessarily
converges, and letting n — oo in (4.42) shows immediately that f(x,) — 0, that
is, x, — «. To determine the speed of convergence, we subtract « from both sides
of (4.42) and usethefact that f(«) = O:

X, —b

T e = 1) [f (xn) = f(@)].

Xn+1 — Q@ = X — &

Now divide by x, — « to get

Nppr =@ 4—b fa) — f@)
xo—o  f)—fb)  xp—a

Letting heren — oo and using the fact that x, — «, we obtain

R [ (o)
M e —a 0T Ty

(4.43)

Thus, we have linear convergence with asymptotic error constant equal to

f'(@)

c=l-(-a) "

(4.44)

It is clear on geometric groundsthat 0 < ¢ < 1 under the assumptions made.
An analogous result will hold, with a constant |c| < 1, provided f is either convex
or concave on [a, b] and has opposite signs at the endpointsa and 5. One of these
endpoints then remains fixed while the other moves monotonically to the root «.

If f doesnot satisfy these convexity properties on the wholeinterval but is such
that f € C?[a.b] and f"(a) # O at the root o eventually approached, then the
convergence behavior described sets in for n large enough, since f” has constant
signinaneighborhood of «, and x,, will eventually cometo liein this neighborhood.

The fact that one of the “false positions’ remains at a fixed point from some n
on may speak against this method, especialy if this occurs early in theiteration, or
even from the beginning, as under the assumptions (4.41) made previously. Thus,
in the case of (4.2), for example, whena = %n and b = 27, we have f”(x) =
—2snxsinhx > 0onJa,b],and f(a) = —1, f(b) = cosh(2w) — 1 > 0, so that
we are precisely in a case where (4.41) holds. Accordingly, we have found that to
computetheroot «; to within atoleranceof 0.5x1077,0.5x 107", and 0.5 x 10733,
we now need respectively, 42, 87, and 188 iterations, as compared to 25, 52, and 112
in the case of the bisection method.

Exceptionally slow convergence is likely to occur when £ is very flat near «,
the point a is nearby, and b further away. In this case, b will typically remain fixed
while a isslowly creeping toward « (cf. MA 1).
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45 Secant Method

The secant method is a simple variant of the method of false position in which it is
no longer required that the function f has opposite signs at the end points of each
interval generated, not even the initial interval. In other words, one starts with two
arbitrary initial approximations xy # x; and continueswith

. Xn — Xp—1
S (xn) = f(xn—1)

This precludes the formation of a fixed false position, as in the method of false
positions, and hence suggests potentially faster convergence. On the other hand, we
can no longer be sure that each interval [x,—, x,] contains at least one root. It will
turn out that, if the method converges, it does so with an order of convergencelarger
than 1 (but less than 2). However, it converges only “locally,” that is, only if the
initial approximations xo, x; are sufficiently close to aroot.

This can be seen by relating the three consecutive errors of x,,+1, x,,, and x,—; as
follows. Subtract & on both sides of (4.45), and use f(«) = 0, to get

Xn+1 = Xp f(xn), n=1,2,3,.... (445)

Xn41 — 0 = Xy —O — M
’ ! [xnflaxn]f
— _ _ f(xn) - f(a)
= (-Xn Ol) (1 (xn — a)[xnlvxn]f)
_ [xp, o] f
- (xn —(X) (1—m)
= (X, — @) [Xn—1. X4 f — [xn,a]f.

[xnflvxn]f ’

hence, by the definition of divided differences,

[Xn—1, Xn, 0] [

[n—1.xa]f

Thisisthe fundamental relation holding between three consecutive errors.
From (4.46) it follows immediately that if « isasimpleroot,

Xpp1 —a@ = (x, —a)(x,—] —@) n=12,.... (4.46)

fl@)=0. f'(a) #0, (4.47)

and if x, — «, then convergence is faster than linear, at least if f € C? near «.
Indeed,
Xn+1 — O

[im —— =0,
n—>00 X, —o
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since the divided differencesin the numerator and denominator of (4.46) converge
to % f"(a) and f'(a), respectively. But just how fast is convergence?

We can discover the order of convergence (assuming convergence) by a simple
heuristic argument: we replace the ratio of divided differences in (4.46) by a
constant, which isalmost true if n islarge. Letting then e, = |x; — «|, we have

ent1 =epen—1-C, C >0.

Multiplying both sidesby C and defining E,, = Ce, gives

En+l - EnEn—la En — 0.
Taking logarithms on both sides, and defining y, = log El we get
Yn+1 = Yn + Yn—1, (4.48)

the well-known difference equation for the Fibonacci sequence. Its characteristic
equationis¢?> —t — 1 = 0, which has the two roots, t, with

1 1
1‘125(1"'\/5), [225(1—\/5)7
andt, > 1, |5| < 1. The general solution of (4.48), therefore, is

yn =city +caty, ci1, cp constant.

Since y, — oo, wehavec; # 0and y, ~ ¢t} asn — oo, which translates into

+ ~eft, L~ ce't and thus

n.
€n+1 Ctl eClll h

n—+1

T~ =C"! n- oo
€n Ceh

The order of convergence, therefore, ist; = %(1 + +/5) = 1.61803. . . (the golden
ratio).

We now give arigorous proof of thisand beginwith aproof of local convergence.
Theorem 4.5.1. Let o beasimplezeroof f.Let I, = {x e R: |x —«a| < ¢} and
assume f € C?[1,]. Define, for sufficiently small ¢,

O]
21"(1)

M (g) = max
sEIg
1€l

. (4.49)

Assume ¢ so small that

eM(e) < 1. (4.50)
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Then the secant method converges to the unique root « € I, for any starting values
X0 75 X1 with X0 € I, x1 € 1.

Note that lim,_.o M(s) = ‘Zf 4| < 00, s0 that (4.50) can certainly be satisfied
for ¢ small enough. The local nature of convergence is thus quantified by the

requirement xo, x; € /.

Proof of Theorem 4.5.1. First of al, observethat « isthe only zero of f in I.. This
follows from Taylor’'sformulaapplied at x = «:

(x —

2
o) = f@) + (- a) @) + S ),

where f(o) = 0 and £ is between x and «. Thus, if x € I, then sois &, and we
have

x—a f7(§)
2 )

ﬂn=a—wﬂwﬁ1+ },seu

Here, if x # «, dl three factors are different from zero, the last one since by

assumption

x—a f1)
2 @)

Thus, f on I, canonly vanishat x = «.

Next we show that all x,, € I, and two consecutive iterates are distinct, unless
f(x,) = 0for somen, inwhich case x, = « and the method convergesin afinite
number of steps. We prove this by induction: assume that x,—; € I, x, € I, for
somen and x,, # x,—;. (By assumption, thisistrue for n = 1.) Then, from known
properties of divided differences, and by our assumptionthat f € C?[1,], we have

<eM(e) < 1.

Dol f = /&), Do vl f = 5 "€). & el i=12.
Therefore, by (4.46),

J"(&)
2151

showing that x,+; € I.. Furthermore, by (4.45), x,+1 # x,, unless f(x,) = 0,
hencex, = «.
Finally, again using (4.46), we have

2

[Xn41—a| <& <eg-eM(e) <e,

[Xpt1—o| <|xy —a|eM(e), n=1,2,3,...,
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which, applied repeatedly, yields
|x, —a| < [eM(e)]"  x; — .

SinceeM(¢e) < 1, it followsthat x, — o« asn — oo. O
We next prove that the order of convergenceis indeed what we derived it to be
heuristicaly.

Theorem 4.5.2. The secant method is locally convergent with order of convergence
(atleast) p = 1 (1 + v/5) = 1.61803....

Proof. Loca convergence is the content of Theorem4.5.1 and so needs no further
proof. We assume that xo, x; € I, where ¢ satisfies (4.50), and that al x, are
distinct. Then we know that x,, # « foral n, and x, — o asn — oo.

Now the number p in the theorem satisfies

pPP=p+1 (4.51)

From (4.46), we have
|Xne1 —a| = |xn —af [Xp—1 —a| - M, (4.52)

where we write simply M for M(¢). Define
E, = M|x, —«al. (4.53)
Then, multiplying (4.52) by M , we get
E, .1 <E,E, 1.
It follows easily by induction that
E, <E", E=max(Eo.E,"). (4.54)

Indeed, thisistrivialy trueforn = 0 andn = 1. Suppose (4.54) holdsfor n aswell
asforn — 1. Then

1 n—1, .2 prr+l

Enp1 S EnEpoy < EVEP = EP7I0RD — grt = g

where (4.51) has been used. This proves (4.54) for n + 1, and hencefor al n. It now
follows from (4.53) that

1 vy
|x, —a| <é&,, & =—E".
- M



4.5 Secant Method 273

Since Eg = M |xo — | < eM(e) < 1, and the same holdsfor E;, wehave E < 1.
Now it sufficesto note that

n—+1
e E?P
=M =M i,
&n Eprtp
to establish the theorem. O

The method is easily programmed for a computer. In (symbolic/variable-
precision) Matlab, for example, we could use the following program:

USSECANT Synbol i ¢ secant met hod
%
function [n, x] =ssecant (dig, a, b, tol, nmax)
n=0;
digits(dig);
a=vpa(a); b=vpa(b);
fa=f(a);
x=b;
whi | e subs(abs(x-a))>=tol
n=n+1;
i f n>nmax
fprintf(’'n exceeds nnmax’)
return
end
b=a;
f b=f a;
a=x;
fa=f(x);
x=a-(a-b)*f(a)/(fa-fh);
end

It is assumed herethat ¢ = xo, b = x; and that the iteration (4.45) is terminated
as soon as |x,+1 — x,| < tol or n > nmax. The routine produces not only the
approximation x to the root but also the number n of iterations required to obtain it
to within an error of tol.

Since only one evaluation of f isrequired in each iteration step (the statement
f a=f ( x) in the preceding program), the secant method has efficiency index p =
1.61803 ... (cf. Sect.4.2).

To illustrate the considerable gain in speed attainable by the secant method, we
again apply the routine to the equation (4.2) with xo = %n, x; = 2m. Inview
of the convexity of f, both x, and x3 come to lie to the left of the root o = «.
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Lete = o — 3 7 and /. betheinterval defined in Theorem 4.5.1. Its right endpoint
is20 — 37, whichis <7 7. Indeed, 777 — 2o — 37) = 2({m —a + 37) =
2(2m—a) > 0,sncea < £ 7 onaccount of f(% 7) =30.545... > 0.Onthe
interval [3 7, 7 7], and hence also on /., we have

- sinh (£ )

= 1.0965...,
~ 2cosh (3 )

' S (s)
21'(1)

which, multiplied by %7‘[ — the length of the interval —is 0.86121... < 1. All the
more, therefore, eM () < 1. By Theorem4.5.1 and its proof, it follows that all
subsequent approximations x3, x4, ... remain in this interval and converge to «;,
the order of convergence being p = %(l + +/5) by Theorem4.5.2. To obtain
the root «; to within the three tolerances used earlier, we find that 6, 7, and 9
iterations, respectively, suffice. This should be contrasted with 25, 52, and 112
iterations (cf. Sect. 4.3.1) for the bisection method.

In contrast to bisection, the secant method is not robust at the level of machine
precision and may even fail if f a happens to become equal to f b. The method is,
therefore, rarely used on its own, but more often in combination with the method of
bisection,; see, for example, Dekker [1969] and Brent [2002, Chap. 4].

46 Newton'sMethod

Newton’s method can be thought of asalimit case of the secant method (4.45) if we
let there x,,_; moveinto x,.. Theresult is

_ f(xn)
f/(xn)’

where x, is some appropriate initial approximation. Another more fruitful in-
terpretation is that of linearization of the equation f(x) = 0 atx = x,. In
other words, we replace f(x) for x near x,, by the linear approximation f(x) =~
fa(x) := f(xn) + (x — x») f’(x,) obtained by truncating the Taylor expansion of
f centered at x, after the linear term and then solve the resulting linear equation,
fa(x) = 0, caling the solution x,,+;. This again leads to (4.55). Viewed in this
manner, Newton’s method can be vastly generalized to nonlinear equations of all
kinds, not only single equationsasin (4.55), but also systems of nonlinear equations
(cf. Sect. 4.9.2) and even functional equations, in which case the derivative f” isto
be understood as a Fréchet derivative.

It is useful to begin with afew simple examples of single equationsto get a feel
for how Newton's method may behave.

Xn1 = Xp n=20,12,..., (4.55)
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Ay

Fig. 4.3 A cyclein Newton’s method

Example. Thesquareroot o = /a, a > 0. The equation hereis f(x) = 0 with
f(x) =x*—a. (4.56)

Equation (4.55) then immediately gives

1
xn+1=§(xn+i), n=012... (457)
n

(a method already used by the Babylonians long before Newton). Because of the
convexity of f itisclear that iteration (4.57) convergesto the positive square root
for each x, > 0 and ismonotonically decreasing (except for the first step in the case
0 < xo < «). We have here an elementary example of global convergence.

Example. f(x) = sinx, |x| < %n. There is exactly one root in this interval, the
trivial root « = 0. Newton’s method becomes

Xp+1 = X, —tanx,, n=0,1,2,.... (4.58)
It exhibits the following amusing phenomenon (cf. Fig. 4.3). If xo = x*, where
tanx™ = 2x*, (4.59)

then x; = —x*, x, = x™, that is, after two steps of Newton’s method we end up
where we started. Thisiscalled acycle.

For this starting value, Newton's method does not converge, let aloneto o = 0.
It does converge, however, for any starting value xy with |xo| < x™*, generating
a sequence of aternately increasing and decreasing approximations x,, converging
necessarily to @ = 0. The value of the critical number x* can itself be computed by
Newton's method applied to (4.59). Theresultisx* = 1.16556... . Inasense, we
have here an example of local convergence, since convergence cannot hold for all
xo € [-4 7, L 7]. (If xo = § 7, we even get thrown off to cc.)
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Example. f(x) = x*°—1,x > 0. Thishasexactly one positive (smple) rooto = 1.
Newton’s method yields the iteration

19 1
1= Xyt n=0.12,.... 4,60
B = 50 T 2oa0 (4.60)

which providesa good exampleto illustrate one of the dangersin Newton’s method:

unless one starts sufficiently close to the desired root, it may take a long while to
approach it. Thus, suppose we take x, = % then x; = 2’2—‘(;) = 2.62144 x 10*, ahuge
number. What is worsg, it is going to be a slow ride back to the vicinity of @ = 1,

sincefor x, very large, one has

19
-xn-H ~ %-xn, Xn >> 1

At each step the approximation is reduced only by a fraction ;—E’) = 0.95. It takes
about 200 steps to get back to near the desired root. But once we come close to
a = 1, theiteration speeds up dramatically and convergesto the root quadratically
(see Theorem4.6.1). Since /' is again convex, we actually have global convergence
on R, but, aswe have seen, thisis of little comfort.

Example. Let f € C?[a, b] be such that

f isconvex (or concave) on [a, b];

Sfla)f(b) <0; (4.61)

the tangents at the endpoints of [a, b] '
intersect the real line within [a, b].

In this case, it is clear on geometric grounds that Newton’s method converges
globally, that is, for any xo € [a, b]. Note that the tangent condition in (4.61) is
automatically satisfied at one of the endpoints.

The following is a (symbolic/variable-precision) Matlab routine implementing
Newton’'s method and returning not only an approximation x to the root, but also
the number n of iterations required to obtain it. The initial approximation is input
by a, and t ol isthe error tolerance. For reasons of safety, we limit the number of
iterations to nmax. Two function routines f , f d evauating f and f’ have to be
appended as subfunctions.

YSNEWION  Synbol i ¢ Newton’ s et hod

%

function [n, x] =snewt on(di g, a, tol, nmax)
n=0;

digits(dig);

a=vpa(a);

x0=a+l; x=a;
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whi | e subs(abs(x-x0))>=to
n=n+1;
i f n>nmax
fprintf(’n exceeds nmax’)
return
end
x0=x;
x=x0-f (x0)/fd(x0);
end

function y=f(x)
y=cos(x)*cosh(x)-1;

function y=fd(x)
y=-si n(x)*cosh(x) +cos(x)*si nh(x);

Our test equation (4.2) provides a good illustration for (4.61). The function
f(x) = cosx coshx — 1 isconvex on [% 7, 2] and the tangents at both endpoints
intersect thereal lineinside the interval [% 7, 27]. Thisisobvious, by convexity, for
the right endpoint, and for the left endpoint the tangent intersects the real line at
xe=3m+ W/Z) = 4.7303 ... < 2. Moreover, since the point of intersection

of the tangent at the right endpomt x, = ZmsmZrcosirtl — 52869... isto
the right of x, Newton's method converges faster |f started at the left endpoint and
yields o in 4, 5, and 6 iterations for the three tolerances 0.5 x 1077, 0.5 x 10713,
and 0.5 x 10733, respectively. Thisis slightly, but not much, faster than the secant
method. We see shortly, however, that the efficiency index is smaller for Newton's
method than for the secant method.

To study the error in Newton's iteration, subtract o — a presumed simple root of
the equation — from both sides of (4.55) to get

S ()
(o)

N
e —a ( ) - (a))
" X — ) /(o)

Xn+1 —0 = Xp —

- = —[’Ei;i‘;;‘;‘}‘ o2
Therefore, if x, — a, then
T A C) (4.63)

=00 (X —Ot)2 T 2/7@)
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that is, Newton's method converges quadratically if /" («) # 0. Sinceit requires at
each step one function evaluation and one derivative eval uation, the efficiency index
isv/2 = 1.41421 ..., which is less than the one for the secant method. Formula
(4.63) suggests writing the equation f(x) = 0 in alternative, but equivalent, ways
so asto reduce the asymptotic error constant on the right of (4.63).

The proof of local convergence of Newton’s method is virtually the same as the
one for the secant method (cf. Theorem4.5.1). We only state the result and refer to
Ex. 28 for a proof

Theorem 4.6.1. Let « be a simple root of the equation f(x) = Oandlet I, = {x €
R :|x —a| < e}. Assume that f € C?[I,]. Define

f7(s)
M(g) = max . 4.64
O e e
If ¢ is so small that
2eM(e) < 1, (4.65)

then for every x, € I.., Newton’s method is well defined and converges quadratically
to the only root « € I.. (The extrafactor 2 in (4.65) comes from the requirement
that f'(x) #0forx € I..)

An interesting variant of Newton’s method is Steffensen’s method
S (xn) _ SO+ f(x) = f(xn)

- ) g(xn) - b
g(xy) S ()

which shares with Newton’s method the property of second-order convergence but
does not require the derivative of f. Instead, it replaces f/(x,) in (4.55) by the
difference quotient g(x,) = [f(x, + hy) — f(x,)]/ ha, Wwhereh, = f(x,).

Xnt1 = Xp (4.66)

4.7 Fixed Point Iteration

Often, in applications, a nonlinear equation presents itself in the form of a fixed
point problem: find x such that
x = p(x). (4.67)

A number « satisfying this equation is called a fixed point of ¢. Any equation
f(x) = 0, infact, can (in many different ways) be written equivalently in the form
(4.67). For example, if f/(x) # 0 intheinterval of interest, we can take

Jf(x)
)

p(x) = x — (4.68)
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If xo is an initial approximation of a fixed point « of (4.67), the fixed point
iteration generates a sequence of approximants by

Xn+1 = @(xy), n=0,1,2,.... (4.69)

If it converges, it clearly converges to a fixed point of ¢ if ¢ is continuous. Note
that (4.69) is precisely Newton's method for solving f(x) = 0 if ¢ is defined by
(4.68). So Newton’s method can be viewed as a fixed point iteration, but not the
secant method (why not?).

For any iteration of the form (4.69), assuming that x, — « asn — oo, itis
straightforward to determine the order of convergence. Suppose, indeed, that at the
fixed point « we have

p'@)=g¢"(@)=-=9" @) =0, ¢ (a)#0. (4.70)

(We tacitly assume ¢ € C? near «.) This defines the integer p > 1. We then have
by Taylor’'stheorem

(xn - a)pil (p(p—l) (Ci)

(p—D!

o= e,

o(x,) = o) + (x, — a)(p'(a) 4+t

— P
+ G 06, = pta) +

where §, isbetween o and x,,. Since ¢(x,,) = x,+1 and ¢(«@) = «, we get

Xnt1— 1

= — oW»
ooy~ p1? 7).

As x, — «a, sSince &, is trapped between x,, and «, we conclude, by the continuity
of ¢ at «, that
. X — o
lim L
n—00 (xn — o{)P

= %(p(p) () # 0. (4.71)

This showsthat convergenceis exactly of the order p, and
L »
c=—¢"() (4.72)
p!

is the asymptotic error constant. Combining this with the usual local convergence
argument, we obtain the following result.

Theorem 4.7.1. Let « be afixed pointof ¢ and I, = {x € R: |x —a| < &}. Assume
¢ € CP[I,] satisfies (4.70). If

M(e) = max lo' ()| < 1, (4.73)
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then the fixed point iteration (4.69) converges to « for any xo € I.. The order of
convergence is p and the asymptotic error constant given by (4.72).

Applying the theorem to (4.68) recovers second-order convergence of Newton's
method. Indeed, with ¢ givenin (4.68), we have

Lf' P = f)f"(x) _ £x) J'(x)
[f' ()P Lf (o)

hence ¢’ (@) = 0 (if f'(«) # 0), and

¢'(x)=1-

.o £0) ) ey
=70 ([f’(X)P T

hence ¢” (a) = ’;/,/((;‘)) # 0, unless /() = 0. In the exceptional case /" () = 0,
Newton’s method converges cubically (at least).

4.8 Algebraic Equations

Thereare many iterative methods specifically designed to solve algebraic equations.
Here we only describe how Newton’s method applies in this context, essentialy
confining ourselves to a discussion of an efficient way to evaluate simultaneously
the value of a polynomial and its first derivative. In the special case where al zeros
of the polynomial are known to be real and simple, we describe an improved variant
of Newton’s method.

4.8.1 Newton'sMethod Applied to an Algebraic Equation

We consider an algebraic equation of degreed,
f() =0, fx)=x!+as1x""" +---+ao, (4.74)

where the leading coefficient is assumed (without restricting generality) to be 1 and
where we may also assume ay # 0 without loss of generality. For smplicity we
assume all coefficientsto bereal.

To apply Newton’s method to (4.74), one needs good methods for evaluating a
polynomial and its derivative. Underlying such methods are division algorithms for
polynomials. Let ¢ be some parameter and suppose we want to divide f(x) by x —r.
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We write
fx) = (x—)(x + by x4+ b)) + by (4.79)

and compare coefficients of powers of x on both sides. This leads immediately to
the equations

bs =1,
by =tbiy1+ar, k=d-1,d-2,...,0. (4.76)

The coefficients b, so determined of course depend on ¢; indeed, by isapolynomial
int of degree d — k. We now make three useful observations:

(8 From (4.75), we note that by = f(¢). Thus, in (4.76), we have an agorithm
to evaluate f(¢) for any given ¢. It is known as Horner’s scheme, athough
Newton aready knew it. It requires d multiplications and d additions, which
is more efficient than the naive way of computing /', which would be to first
form the successive powers of ¢ and then multiply them into their coefficients.
Thiswould require twice as many multiplies as Horner’s scheme, but the same
number of additions. It is an interesting question of complexity whether the
number of multiplications can be further reduced. (It is known by a theorem of
Ostrowski that the number d of additionsis optimal.) Thisindeed is possible,
and schemes using less than d multiplications have been developed by Pan
and others. Unfortunately, the reduction in complexity comes with a price of
increased numerical instability. Horner's scheme, therefore, is still the most
widely used technique for evaluating a polynomial.

(b) Supposet = a, wherea isazeroof f. Thenb, = 0, and (4.75) allowsdivision
by x — o without remainder:

xd-1 + bd_lxd—z 4+t by = %, 4.77)

Thisisthedeflated polynomial, in which the zero « hasbeen “removed” from f.
To compute its coefficients, therefore, all we need to do is apply Horner's
scheme with + = «. This comes in very handy in Newton’s method when
f is evaluated by Horner's scheme: once the method has converged to a root
«, the final evaluation of f at (or very near) o automatically provides us
with the coefficients of the deflated polynomial, and we are ready to reapply
Newton’'s method to this deflated polynomial to compute the remaining zeros
of f.
(c) By differentiating (4.75) with respect to x and then putting x = 7, we obtain

@) =t 4 by 19 4+ by (4.78)
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Thus, we can apply Horner's scheme again to this polynomial to evaluate
f’(r). Both applications of Horner’'s scheme are conveniently combined into the
following double Horner scheme:

bd = 1, Cqg = 1
be=thitacl oy g o o (4.79)
Ck = tCkt1 + by
Then
f&)y=bo, f'(t) =ci. (4.80)

Thelast step in (4.79) for ¢, is actually redundant, but it does not seem worth the
complication in programming to eliminate this extra step.

We now have a convenient way to compute f(x,) and f”(x,) in each Newton
step x,4+1 = Xy — )[/((VZ;)): apply the algorithm (4.79) with ¢t = x,, and use (4.80).
Once x,, has converged to «, the b generated in (4.79) give us the coefficients of
the deflated polynomial (4.77) and we are ready to reapply Newton’s method to the
deflated polynomial.

It is clear that any rea initial approximation x, generates a sequence of real
iterates x, and, therefore, can only be applied to compute real zeros of f (if any).
For complex zeros one must start with a complex x,, and the whole computation
proceeds in complex arithmetic. It is possible, however, to use division algorithms
with quadratic divisorsto compute quadratic factors of f entirely in real arithmetic
(Bairstow’s method). See Ex. 44 for detalls.

One word of caution is in order when one tries to compute al zeros of f
successively by Newton’s method. It is true that Newton’s method combined with
Horner’s scheme has a built-in mechanism of deflation, but this mechanismis valid
only if one assumes convergence to the exact roots. This of course is impossible,
partly because of rounding errors and partly because of the stopping criterion used
to terminate the iteration prematurely. Thus, there is a build-up of errors in the
successively deflated polynomials, which may well have a significant effect on
the accuracy of the respective roots (cf. Chap.1, Sect. 1.3.2(2)). It is therefore
imperative, once al roots have been computed, to “purify” them by applying
Newton’'s method one more time to the original polynomial f in (4.74), using the
computed roots asinitial approximations.

4.8.2 An Accelerated Newton Method for Equations
with Real Roots

If (4.74) has only real distinct roots,

flay) =0, oag<og—; <---<op <oy, (4.81)
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one can try to speed up Newton's method by approaching each root from the right
with double the Newton steps until it is overshot, at which time one switches back
to the ordinary Newton iteration to finish off the root.

Underlying this method is the following interesting theorem.

Theorem 4.8.1. Let f be a polynomial having only real zeros as in (4.81), and let
o be the largest zero of f”. Then for every z > «;, defining

, f(@ f@ f)
=7 , =7 , =y — , 4.82
PE ey YRR ey VS T gy U8
one has
ay <y, ar<y <7. (4.83)

The theorem suggests the following algorithm: start with some x, > «; and
apply

S )
2 )’

Then there are the following possibilities.

Xk+1 = Xk k=0,1,2,.... (4.84)

(i) Wehave xg > x; > x, > --- > oy and x; | oy ask — oo. Since we use
double Newton steps in (4.84), convergence in this case is faster than for the
ordinary Newton iteration. Note also that f'(x;) > 0 for all k.

(il) Thereexistsafirstindex k = ko such that

Sf(x0) f(xk) >0 for 0 <k <ko, [f(xo)f(xx,) <O.

Then y := xy, istotheleft of «; (we overshot) but, by (4.83), to theright of /.
Using now y asthe starting valuein the ordinary Newton iteration,

S )
Yo=Y, Yk+1 = Yk — , k=0,1,2...,
S k)

brings us back to the right of «; in the first step and then monotonically down
to ;.

In either case, having obtained «, we apply the same procedure to the deflated
polynomia fi(x) = % to compute the next smaller zero. As starting value
we can take a4, or better, if case (ii) has occurred, y = x,. The procedure can
obviously be continued until all roots have been computed.
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4.9 Systemsof Nonlinear Equations

Although most of the methods discussed earlier allow extensions to systems of
nonlinear equations,

f(x)=0 f: RY >R, (4.85)

we consider here only two such methods: the fixed point iteration and Newton's
method.

4.9.1 Contraction Mapping Principle

We write (4.85) in fixed point form, f (x) = x — ¢(x), and consider the fixed point
iteration

Xp+1 =0@((x,), n=0,12,.... (4.86)

We say that ¢ : R?Y — R¢ isacontraction map (or iscontractive) on aset D € R?
if there exists a constant y with 0 < y < 1 such that, in some appropriate vector
norm,

lox) —e(x™)| <yllx —x*| fordlx €D, x* €D. (4.87)

Theorem 4.9.1. (Contraction Mapping Principle). Let D < R? be a complete
subset of R? (i.e., either bounded and closed, or all of RY). If ¢ : RY — R? is
contractive in the sense of (4.87) and maps D into D, then

(i) iteration (4.86) is well defined for any xo € D and converges to a unique fixed
pointe € D,
lim x, = a; (4.88)

n—0o0
(it)y forn =1,2,3,... there holds

n

[lx1 — xoll (4.89)

lx, — el < 1

and
[, —all < y"llxo— el (4.90)

Proof. (i) Since ¢(D) < D, iteration (4.86) is well defined. We have, for
n=1,2,3,...,

[X5+1 —Xull = [l@(x,) —@(xp—D | < yllx, —x0-1]l.



4.9

(i)
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Repeated application of thisyields
[Xn+1 = X0 < ¥"[lx1 — 0,
and hence, since
Xntp—Xn = (Xptp = Xnpp1) + (Xntp1 = Xnpp2) + -+ (Xnt1 — Xn),

more generally,

14 14

Ity = Xull <D Mxnsk = Xnpamall < Dyl — xo]
k=1 k=1

n

I—y

o0
<y" Y Y —xol = ler —xof.  (491)
k=1

Since y" — 0, it followsthat {x,} isa Cauchy sequencein D, and hence, since
D is complete, convergesto somea € D,

lim x, — o.
n—>00

Thelimit & must be afixed point of ¢ since

lxn — @) = ll@n-1) —@@)]| < ylxs — el (4.92)

hencea = lim,_. x, = @(a). Moreover, there can be only one fixed point in
D,sincea = ¢(a), a* = g(a*),anda € D, a* € Dimply ||« —a*|| =
lo@)—@@®)| < ylle—a™|,thatis, (1-y)lle —a*|| < 0,andhencea = o,
sincel —y > 0.

Letting p — oo in (4.91) yields the first inequality in Theorem4.9.1(ii). The
second follows by arepeated application of (4.92), since ¢(a) = «. |

Inequality (4.90) shows that the fixed point iteration converges (at least) linearly,

with an error bound having asymptotic error constant equal to y .

4.9.2 Newton’'sMethod for Systems of Equations

As

we mentioned earlier, Newton's method can be easily adapted to deal with

systems of nonlinear equations, reducing the nonlinear problem to an infinite
sequence of linear problems, that is, systems of linear algebraic equations. The tool

isl

inearization at the current approximation.
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Thus, given the equation (4.85), written more explicitly as
i X2 o xh =0 i=12,...4d (4.93)
(where components are indexed by superscripts), and given an approximation x, to

asolution e € RY, the ith equation in (4.93) is linearized at x = x, by truncating
the Taylor expansion of f' at X, after the linear terms. This gives

d
F(xo) + Z ai Xo)(x/ —x])=0. i=12.....4d,

or, written in vector form,

S (x0) + E;—f(xo)(x —x0) =0, (4.94)

where
L= [ L )] - (4.99

isthe Jacobian matrix of f. Thisisthe natural generalization of the first derivative
of a single function to systems of functions. The solution x of (4.94) — a system
of linear algebraic equations — will be taken to be the next approximation. Thus, in
general, starting with an initial approximation x,, Newton’s method will generate a
sequence of approximationsx,, € RY by means of

W (xn)Ay = —f (x0).

Xp+1 = X, + A,

n=0,12,..., (4.96)

where we assume that the matrix (9 f'/dx)(x,) in the first equation is nonsingular
for each n. Thiswill bethe caseif (3 f /dx)(e) isnonsingular and x is sufficiently
close to «, in which case one can prove as in the one-dimensional case d = 1 that
Newton’s method convergesquadratically to e, that is, || x,+1 —a| = O(]|x, —e|?)
asn — o0.

Writing (4.96) in the form

-1
Xpt1 = Xy — [%(xn)} f(x,)), n=0,1,2,..., (4.97)

brings out the formal analogy with Newton’s method (4.55) for a single eguation.
However, it is not necessary to compute the inverse of the Jacobian at each step; it
is more efficient to solve the linear system directly asin (4.96).
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There are many ways to modify the initial stages of Newton’s method (for
systems of nonlinear equations) to force the iteration to make good progress toward
approaching a solution. These usually go under the name quasi-Newton methods
and they al share the idea of employing a suitable approximate inverse of the
Jacobian rather than the exact one. For these, and also for generalizations of the
secant method and the method of false position to systems of nonlinear equations,
we refer to specialized texts (cf. the Notesto Chap. 4).

4.10 Notesto Chapter 4

Texts dealing largely with single nonlinear equations are Traub [1964], House-
holder [1970], and Brent [2002]. Traub’s book provides a systematic treatment
of iterative methods, both old and new. Although it deals aso with questions of
convergence, the emphasis is on the derivation, classification, and cataloguing of
iterative methods. Householder’s book is strong on algebraic and analytic tools
(often rooted in nineteenth-century mathematics) underlying numerical methods
and less so on the methods themselves. Brent's book, although mainly devoted
to optimization, gives a detailed account, and a computer program, of an algo-
rithm essentially due to Dekker, combining the secant method with bisection.
Other well-tested algorithms available in software are, for example, the IMSL
routine zr eal , implementing Muller's method (Muller [1956]), and zpor ¢ for
(real) algebraic equations, implementing the Jenkins-Traub three-stage algorithm
(Jenkins and Traub [1970]). The routine zpl r ¢, based on Laguerre’s method
(cf., eg., Froberg [1985, Sect. 11.5]), also finds complex roots. The computation
of zeros of analytic functionsis treated in Kravanjaand Van Barel [2000].

For the solution of systems of nonlinear equations, the books by Ortega and
Rheinboldt [2000] and Rheinboldt [1998] give well-organized, and perhaps the
most comprehensive, descriptions and mathematical analyses of nonlinear iterative
methods. A less exhaustive, but mathematically penetrating, text, also dealing
with operator equations in Banach space, is Ostrowski [1973]. At a lower level
of mathematical sophistication, but richer in algorithmic details, is the book by
Dennis and Schnabel [1996], which gives equal treatment to nonlinear equations
and optimization. The books by Kelley [1995, 1999] dealing with iterative methods
for linear and nonlinear systems of equations and for optimization, as well as
Kelley [2003] specifically for Newton-type methods, provide e-mail and Web
site addresses for respective Matlab codes. Complexity issues are discussed in
Sikorski [2001] and iterative regularization methods for nonlinear inverse problems
in Kaltenbacher et a. [2008]. A useful guide on avail able software for problemsin
optimization (including nonlinear equations) is Moré and Wright [1993]. For older
precomputer literature, the two-volume treatise by Durand [1960, 1961] is still a
valuable source.
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Section 4.1. A sampling of typical systems of nonlinear equations occurring in
applied analysisis given in Ortega and Rheinbol dt [ 2000, Chap. 1]. Many nonlinear
equation problems arise from minimization problems, where one tries to find a
minimum of a function of several variables. If it occurs at an interior point, then
indeed the gradient of the function must vanish.

Section 4.1.2. For more on shooting methods, see Chap. 7, Sect. 7.2.

Section 4.1.3. Another, even simpler, way of approximating the solution y of (4.9)
by y, isto apply an n-point quadrature rule to the integral on the left, thus writing
ya(x) = a(x) + D p— Wk K(x, 1) f (1, ya (%)), 0 < x < 1, and determining
{n(t) =, by putting x = ;,i = 1,2,...,n, inthisequation. Again, we are led
to a system of nonlinear equations.

Section 4.1.4. Thisexampleistaken from Gautschi and Milovanovi¢[1997], where
one also finds a discussion on how to compute the Turan-type quadrature rule
associated with an s-orthogonal polynomia =,. This is the quadrature rule of
maximum degree of exactnessthat involvesafunction and its derivativesup to order
2s evaluated at the zeros of 7.

Section 4.2. More refined measures for the speed of convergence are defined in
Brent [2002, p. 21] and, especially, in Ortegaand Rheinboldt [2000, Chap. 9], where
the concepts of Q-order and R-order of convergence are introduced, the former
relating to quotients of errors, as in (4.23), the latter to nth roots e,'/ ", Also see
Potra [1989]. These are quantities that characterize the asymptotic behavior of the
error asn — oo; they say nothing about the initial behavior of the error. If one
wants to describe the overall behavior of the iteration, one needs a function, not a
number, to define the rate of convergence, for example, a function (if one exists)
that relates || x,+1 — xu || tO ||x, — x,—1] (cf. Ex. 25(b)). Thisis the approach taken
in Potra and Ptak [1984] to describe the convergence behavior of iterative processes
in complete metric spaces. For similar ideas in connection with the convergence
behavior of continued fractions, also see Gautschi [1983].

The efficiency index wasintroduced by Ostrowski [1973, Chap. 3, Sect. 11], who
also coined the word “horner” for a unit of work.

Aitken’s A2-process is a special case of a more general nonlinear acceleration
method, the Shanks transformation, or, in Wynn's recursive implementation, the
epsilon algorithm, see Brezinski and Redivo-Zaglia (1991, pp. 78-95).

Section4.3.2. For Sturm sequences and Sturm’s theorem see, for example,
Henrici [1988, p. 444ff], and for Gershgorin's theorem, Golub and Van Loan
[1996, p. 320]. The bisection method based on Sturm sequences, in the context
of eigenvalues of a symmetric tridiagonal matrix, is implemented in the Eispack
routine Bl SECT (Smith et al. [1976, p. 211]).

Section 4.4. Themethod of false positionisvery old, originatingin medieval Arabic
mathematics, and even earlier in fifth-century Indian texts (Plofker [1996, p. 254]).
Leonardo Pisano (better known as “Fibonacci”), in the thirteenth century, calls
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it “regula duarum falsarum positionum,” which, in the sixteenth and seventeenth
centuries, became abbreviated to “regula positionum” or also “regula falsi.” Peter
Bienewitz (1527), obviously having alinear equation in mind, explains the method
in these (old German) words: “Vnd heisst nit darum falsi dass sie falsch vnd unrecht
wehr, sunder, dass sie auss zweyen falschen vnd vnwahrhaftigen zalen, vnd zweyen
liigen die wahrhaftige vnd begehrte zal finden lernt.” (Cf. Maas[1985]).

In the form (4.42), the regula falsi can be thought of as a discretized Newton's
method, if in the latter, (4.55), one replaces the derivative f”(x,) by the difference
quotient ( f(x,) — f(b))/(x, — b). This suggests one (of many) possible extension
to systems of equations in R? (cf. Ortega and Rheinboldt [2000, p. 205]): define
vector difference quotients A,,; = (x! — b)) f (x,) — f(x, + (b" — x)e;)],
i =1,2,...,d,wheree; istheith coordinate vector, x| = [x!,... x| andb" =
[b',...,b?) afixed vector. (Note that the argumentsin the two f -vectors are the
same except for the ith one, whichis x! in thefirst, and 5’ in the second.) If we let
A, =[A,1,..., A, 4], a“difference quotient matrix” of order d, the regulafalsi
becomes x,+1 = x, — An“ f (x,). As in the one-dimensional case, the method
converges no faster than linearly, if at al (Ortegaand Rheinboldt [2000, p. 366]).

Section 4.5. The secant method is also rather old; it has been used, for example, in
fifteenth-century Indian texts to compute the sine function (Plofker [1996]).

The heuristic motivation of Theorem4.5.1 uses some simplefactsfrom the theory
of linear difference equations with constant coefficients. A reader not familiar with
these may wish to consult Henrici [1988, Sect. 7.4 and Notesto Sect. 7.4 on p. 663].

Like the method of false position, the secant method, too, can be extended to R?
in many different ways (see, e.g., Ortega and Rheinboldt [2000, Sect. 7.2], Dennis
and Schnabel [1996, Chap. 8]), one of which isto replace the vector b (in the Notes
to Sect. 4.4) by the vector x,,—;. Theorem4.5.2 then remains in force (Ortega and
Rheinboldt [2000, Sect. 11.2.9]).

Examples of combined methods mentioned at the end of this section are Dekker's
method (Dekker [1969]) and its modification by Brent (Brent [2002]). The latter is
implemented in the Matlab functionf zer o.

Section 4.6. The history of Newton’s method is somewhat shrouded in obscurity.
Newton’'s original ideas on the subject, around 1669, were considerably more
complicated and not even remotely similar to what is now conceived to be his
method. Raphson in approximately 1690 gave a simplified version of Newton's
algorithm, possibly without knowledge of Newton’s work. In the English literature,
the method is therefore often called the Newton—Raphson method. According to
Kollerstrom [1992] and Y pma[1995], Newton’'s and Raphson’s procedures are both
purely algebraic without mention of derivatives (or fluxions, asit were). They credit
Simpson with being the first to give a calculus description of Newton's method
in 1740, without referring either to Newton or to Raphson. As noted by Ypma
[loc.cit.], Simpson applied Newton’s method even to a 2 x 2 system of nonlinear
equations. The modern version of Newton'siteration seemsto appear first in a paper
by Fourier published posthumously in 1831. See also Alexander [1996] for further
historical comments.
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Global convergence results for Newton’s method analogous to the one in
Example 4.6.4 exist aso in higher dimension; see, for example, Ortega and
Rheinboldt [2000, Sects.13.3.4 and 13.3.7]. Loca convergence, including its
quadratic order, is now well established; see Ortega and Rheinboldt [2000, Sect.
12.6 and NR 12.6-1] for precise statements and for a brief but informative history.
Crucid in this development was the work of Kantorovich, who studied Newton’s
method not only in finite-dimensional, but aso in infinite-dimensional spaces. A
good reference for the latter is Kantorovich and Akilov [1982, Chap. 18]. For a
modification of Newton’s method which is cubically convergent but requires an
extraevaluation of f, see Ortegaand Rheinboldt [2000, p. 315].

Section 4.7. Ostrowski [1973,Chap. 4, Sect. 2] calls o a point of attraction for
iteration (4.69) if for any x, in a sufficiently close neighborhood of « one has
x, — a, and a point of repulsion otherwise. Theorem4.7.1 tells us that « is a
point of attraction if |¢’(x)| < 1; it isclearly a point of repulsion if |¢'(«)| > 1.
An analogous situation holdsin R? (Ostrowski [loc. cit., Chap. 22]): if the Jacobian
matrix de/dx at x = o has spectral radius < 1, then « is a point of attraction and
hencethefixed point iteration islocally convergent. If the spectral radiusis>1, then
« isapoint of repulsion.

Section 4.8. An unusually detailed treatment of algebraic equations and their
numerical solution, especially by older methods, is given in the French work by
Durand [1960]. More recent texts are McNamee [2007] and Kyurkchiev [1998], the
latter focusing more specifically on iterative methods for computing all roots of an
algebraic equation simultaneously and in particular studying “ critical” regionsinthe
complex planethat giveriseto divergenceif theinitial approximationsare contained
therein. Also focusing on simultaneous computation of al the roots is the book by
Petkovi¢ [2008]. Algebraic equations are special enough that detailed information
can be had about the location of their roots, and a number of methods can be
devised specifically tailored to them. Good accounts of localization theorems can
be found in Householder [1970, Chap. 2] and Marden [1966]. Among the classical
methods appropriate for algebraic equations, the best known is Graeffe’'s method,
which basically attempts to separate the moduli of the roots by successive squaring.
Another is Cauchy’s method — a quadratic extension of Newton’s method — which
requires second derivativesand isthusapplied morereadily to polynomial equations
than to general nonlinear egquations. Combined with the more recent method of
Muller [1956] — a quadratic extension of the secant method — it can be made
the basis of a reliable rootfinder (Young and Gregory [1988,Vol. 1, Sect. 5.4]).
Among contemporary methods, mention should be made of the Lehmer—Schur
method (Lehmer [1961], Henrici [1988, Sect. 6.10]), which constructs a sequence
of shrinking circular disksin the complex plane eventually capturing a root, and of
Rutishauser’s QD algorithm (Rutishauser [1957], Henrici [1988, Sect. 7.6]), which
under appropriate separation assumptions alows all zeros of a polynomia to be
computed simultaneously. The same globa character is shared by the Durand—
Kerner method, which is basically Newton's method applied to the system of
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equationsa; = ay—;(ay,...,aq),i = 0,1,...,d — 1, expressing the coefficients
of the polynomial in terms of the elementary symmetric functionsin the zeros. (The
same method, incidentally, was already used by Weierstrass [1891] to prove the
fundamental theorem of algebra) For other global methods, see Werner [1982].
Iterative methods carried out in complex interval arithmetic (based on circular disks
or rectangles) are studied in Petkovic [1989]. From aset of initial complex intervals,
each containing a zero of the polynomial, they generate a sequence of complex
intervals encapsulating the respective zeros ever more closely. The midpoints of
these intervals, taken to approximate the zeros, then come equipped with ready-
made error estimates.

Section 4.8.1 (a). For Ostrowski’stheorem, see Ostrowski [1954], and for literature
on the numerical properties of Horner's scheme and more efficient schemes,
Gautschi [1975a, Sect. 1.5.1(vi)].

The adverse accumulation of error in polynomia deflation can be mitigated
somewhat by a more careful deflation algorithm, which depends on the relative
magnitude of the zero being removed; see Peters and Wilkinson [1971] and
Cohen [1994].

Section 4.8.2. The accelerated Newton method is due independently to Kahan and
Maehly (cf. Wilkinson [1988, p. 480]). A proof of Theorem4.8.1 can be found in
Stoer and Bulirsch [2002, Sect. 5.5].

Section 4.9. Among the many other iterative methods for solving systems of
nonlinear equations, we mention the nonlinear anal oguesof thewell-knowniterative
methods for solving linear systems. Thus, for example, the nonlinear Gauss—
Seidel method consists of solving the d single equations f7(x,, .....x/7}.1,
xith o xd)=0,i =1,2,....d,forr andletting x| = 7. Thesolution of each
of these equations will in turn involve some one-dimensional iterative method, for
example, Newton's method, which would constitute “inner iterations’ in the “outer
iteration” defined by Gauss-Seidel. Evidently, any pair of iterative methods can be
so combined. Indeed, the roles can aso be reversed, for example, by combining
Newton’s method for systems of nonlinear equationswith the Gauss—Seidel method
for solving the linear systemsin Newton’s method. Newton’s method then becomes
the outer iteration and Gauss-Seidel the inner iteration. Still other methodsinvolve
homotopies (or continuation), embedding the given system of nonlinear equations
in a one-parameter family of eguations and approaching the desired solution
via a sequence of intermediate solutions corresponding to appropriately chosen
values of the parameter. Each of these intermediate solutions serves as an initial
approximation to the next solution. Although the basic idea of such methods is
simple, many implementational details must be worked out to make it successful;
for a discussion of these, see Allgower and Georg [2003]. The application of
continuation methods to polynomial systems arising in engineering and scientific
problems is considered in Morgan [1987]. Both texts contain computer programs.
Also see Watson et al. [1987] for a software implementation.
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Section 4.9.1. If one is interested in individual components, rather than just
in norms, one can refine the contraction property by defining a map ¢ to
be T'-contractive on D if there exists a nonnegative matrix I' e R?*¢  with
spectral radius < 1, such that |@(x) — ¢(x*)| < TI'|x — x*| (componentwise)
for al x,x* € D. The contraction mapping principle then extends naturally
to I'-contractive maps (cf.Ortega and Rheinboldt [2000,Chap.13]). Other
generalizations of the contraction mapping principle involve perturbations of the
map ¢ (Ortega and Rheinboldt [2000, Chap. 12, Sect. 2]).

Section 4.9.2. For quasi-Newton methods (also called modification, or update,
methods), see, for example, Ortega and Rheinboldt [2000, Chap. 7, Sect. 3], Dennis
and Schnabel [1996, Chap. 6]. As with any iterative method, the increment vector
(e.g., the modified Newton increment) may be multiplied at each step by an
appropriate scalar to ensure that || f (x,+1)| < |f(x,)|. This is particularly
advisable during theinitial stages of theiteration.

Exercises and Machine Assignmentsto Chapter 4

Exercises

1. Thefollowing sequencesall convergeto zero asn — oo:
— _ —n2 _ _2.n
Vp =n 10, w, = 10 n’ x, =10 " s Yn = n10'3 nv z, =10 32 .

Indicate the type of convergence by placing a check mark in the appropriate
position in the following table.

Type of Convergence % w X y z

Sublinear

Linear
Superlinear
Quadratic

Cubic

None of the above

2. Suppose a positive sequence {¢, } convergesto zero with order p > 0. Doesiit
then aso convergeto zero with order p’ forany 0 < p’ < p?

3. Thesequences, = €, n = 0,1,..., clearly convergesto 0O asn — oo.
What is the order of convergence?

4. Give an example of a positive sequence {¢, } converging to zero in such a way
that lim, .o 23 = 0 for some p > 1, but not converging (to zero) with any

n

order p’ > p.
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5.

10.

Suppose {x,} converges linearly to « in the sense that lim,_ % =
¢, 0<|c| < 1.

(a) Define x; = %(xn + x,—1), n = 1,2,3,.... Clearly, x; — «. Does
{xr} converge appreciably faster than {x,}? Explain by determining the
asymptotic error constant.

(o) Dothesamefor x; = /x,x,—1, assuming x, > 0 for al » and « > 0.

Let {x,} be a sequence converging to « linearly with asymptotic error con-
stant ¢,
Xn4+1 — O

lim 2= — ¢, el <1,
n—oo X —o

and assumethat x,, # o for al n.

() Derive Aitken's A2-process (4.21) by assuming two consecutive ratios in
the above limit relation (say, for n andn + 1) to be equal to c.

(b) Show that the sequence {x/} in Aitken's A2-processis well defined for n
sufficiently large.

(c) Prove(4.22).

Given an iterative method of order p and asymptotic error constant ¢ # 0,
define a new iterative method consisting of m consecutive steps of the given
method. Determine the order of this new iterative method and its asymptotic
error constant. Hence justify the definition of the efficiency index given near
the end of Sect. 4.2.

Consider the equation

Ly 2 % oo
x—1 x+43 x-5 o

(a) Discuss graphically the number of real roots and their approximate loca-
tion.
(b) Arethere any complex roots?

Consider the equation x tanx = 1.

(a) Discussthereal roots of this equation: their number, approximate location,
and symmetry properties. Use appropriate graphs.

(b) How many bisections would be required to find the smallest positive root
to within an error of % x 10782 (Indicate theinitial approximations.) Isyour
answer valid for all roots?

(c) Arethere any complex roots? Explain.

Consider the quadratic equation x> — p = 0, p > 0. Suppose its positive root
a = ,/p iscomputed by the method of false position starting with two numbers
a, b satisfying0 < a < a < b. Determine the asymptotic error constant ¢ asa
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13.

14.

15.

16.

17.
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function of b and «. What are the conditionson b for0 < ¢ < % tohold, that is,
for the method of false position to be (asymptotically) faster than the bisection
method?

The equation x> — a = 0 (for the square root @ = ./a) can be written
equivaently in the form

x = ¢(x)
in many different ways, for example,

a

1
p(x) = E(x—i—%), o(x) = e o(x) =2x—%.

Discuss the convergence (or nonconvergence) behavior of theiteration x, 1, =

o(x,),n = 0,1,2,..., for each of these three iteration functions. In case of

convergence, determine the order of convergence.

Under the assumptions of Theorem 4.5.1, show that the secant method cannot

converge faster than with order p = %(1 + /3) if the (smple) root o of

f(x) = 0 satisfies f”(«) # 0.

Let {x,} be a sequence converging to «. Suppose the errorse, = |x, — «|

satisfy e, 41 < Me,fen,l for some constant M > 0. What can be said about the

order of convergence?

Supposethe equation f(x) = 0 hasasimpleroot«, and f”(x) = 0, " (&) #

0. Provide heuristicsin the manner of thetext preceding Theorem 4.5.1 showing

that the secant method in this case converges quadratically.

(@ Consider the iteration x,4+; = xJ. Give a detailed discussion of the
behavior of the sequence {x, } in dependence of x;.

(b) Dothesameas(a), but for x,+; = x,i”, xo > 0.

Consider theiteration

Xnt1 = @(xn), @(x) =2+ x.

(a) Show that for any positive x, the iterates x, remain on the same side of
a = 2 as xy and converge monotonically to «.

(b) Show that the iteration converges globally, that is, for any xo > 0, and not
faster than linearly (unless x, = 2).

(c) If 0 < xo < 2, how many iteration steps are required to obtain o with an
error lessthan 107107

Consider the equation x = cosx.

() Show graphically that there exists a unique positive root «. Indicate,
approximately, whereit is located.
(b) Provelocal convergenceof theiteration x,,+; = COSx,,.
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(c) Fortheiterationin (b) prove: if x, € [0, 7], then

o+ m/2
|x,1+]—a|<(sm 2/ ) |x, — .

In particular, one has global convergenceon [0, 7.
(d) Show that Newton's method appliedto f(x) = 0, f(x) = x — cosx, aso
convergesglobally on [0, Z].

18. Consider the equation

X =€

(@) Show that there is a unique real root « and determine an interval
containing it.

(b) Show that thefixed pointiteration x,+; = € *,n =0,1,2,..., converges
locally to & and determine the asymptotic error constant.

(c) Ilustrate graphically that the iteration in (b) actually converges globally,
that is, for arbitrary x, > 0. Then proveit.

(d) Anequivaent equationis

x=Inl

Doestheiteration x,,+; = In XL aso convergelocally? Explain.

19. Consider the equation

tanx +Ax =0, 0<A<l.

(a) Show graphically, as simply as possible, that in theinterval [%n, 7] thereis
exactly one root «.

(b) Does Newton's method converge to the root o € [%n, 7] if the initial
approximation istaken to be x, = 7 ? Justify your answer.

20. Consider the equation

f(x)=0, fx) =Ilx—x—1, x>0.

() Graphical considerations suggest that there is exactly one positive root «,
andthat 0 < o < 1. Provethis.

(b) What isthe largest positive b < 1 such that Newton’s method, started with
xo = b, convergesto o?

21. Consider “Kepler's equation”
f(x)=0, f(x)=x—cesinx—n, 0<]|el <1, neR,

where ¢, n are parameters constrained as indicated.
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Show that for each ¢, n there is exactly one rea root « = «f(e,n).
Furthermore, n — |g| < a(e,n) < n+ |¢|.
Writing the equation in fixed point form

x=¢(x). ¢x)=esnx+n,

show that the fixed point iteration x,+; = ¢(x,) converges for arbitrary
starting value xo.

Let m be aninteger such that mz < n < (m + 1)7. Show that Newton’s
method with starting value

(m+ r if (=1)"e>0,

mm  otherwise

Xo =

is guaranteed to converge (monotonically) to a (e, n).
Estimate the asymptotic error constant ¢ of Newton’s method.

Devise an iterative scheme, using only addition and multiplication, for
computing thereciprocal 5 of some positive number a. {Hint: use Newton's
method. For a cubically convergent scheme, see Ex. 40.}

For what positive starting values x, does the algorithm in (a) converge?
What happensif xo < 0?

Since in (binary) floating-point arithmetic it suffices to find the reciprocal
of the mantissa, assume § < a < 1. Show, in this case, that the iterates x,
satisfy

2

1
, dln>0.

Xp+1—— | <
a

Xn — —
a

Using the result of (c), estimate how many iterations are required, at most,
to obtain 1/a with an error lessthan 2=, if one takes xo = 2

5.
If 4> 0,thena = /A isaroot of either equation

A
X*—A4=0, Z-1=0.
X

Explain why Newton’s method applied to the first equation converges for
arbitrary starting value xo > 0, whereas the same method applied to the
second equation produces positive iterates x, convergingto « only if xg is
insomeinterval 0 < xo < b. Determine b.

Do the same as (a), but for the cube root v/ A and the equations
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24. (@) Show that Newton'siteration

1 a
xn+1=§ Xp+—1], a>0,

for computing the square root o = +/a satisfies

Xn4+1 — & 1

(xn _a)2 B E

Hence, directly obtain the asymptotic error constant.
(b) What isthe analogous formulafor the cube root?

25. Consider Newton’s method
1 a
xn+1=§(xn+—), a>0,

for computing the squareroot o = +/a. Let d, = x,+1 — X,..
(@) Show that

a

dy+ Jd>+a

Xn =

(b) Use(a) to show that

d112—1 _
n=12,....

2\/‘13—1 +a

Discuss the significance of this result with regard to the overall behavior of
Newton’siteration.

|dn| =

26. (a) Derivetheiteration that results by applying Newton's method to f(x) :=
x* —a = 0 to compute the cube root & = ai ofa > 0.

(b) Consider the equivalent equation f3(x) = 0, where f;(x) = x>* —ax™*,
and determine A so that Newton’s method converges cubically. Write down
theresulting iteration in its simplest form.

27. Consider the two (eguivalent) equations

1
(A) xInx—1=0, (B) Inx——=0.
X

(@) Show that there is exactly one positive root and find a rough interval
containing it.
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(b) For both (A) and (B), determine the largest interval on which Newton's
method converges. {Hint: investigate the convexity of the functions in-
volved.}

(c) Which of the two Newton iterations converges asymptotically faster?

Prove Theorem 4.6.1.
Consider the equation

f(x) =0, where f(x) =tanx —cx, 0<c < 1.

(@) Show that the smallest positiveroot « isin theinterval (, %n).
(b) Show that Newton’s method started at x, = 7 is guaranteed to convergeto
a if ¢ issmall enough. Exactly how small does ¢ have to be?

We saw in Sect. 4.1.1 that the equation
cosxcoshx —1 =0

has exactly two roots,, < B, in eachinterval [-5 + 2nw, 5 + 2nn], n =
1,2,3.... Show that Newton's method applied to this equation converges to
o, when initilized by xo = —% + 2nx and to B, when initidized by x, =
7+ 2nm.

In the engineering of circular shafts the following equation is important for
determining critical angular velocities:

f(x) =0, f(x)=tanx +tanhx, x > 0.

(@) Show that there are infinitely many positive roots, exactly one, «;,,, in each
interval [(n — %)n,nn], n=1,2,3,....

(b) Determinelim, o (nm — o).

(c) Discuss the convergence of Newton’s method when started at xp = nx.

The equation
f(x):=xtanx —1=0,

if written astanx = 1/x and each side plotted separately, can be seen to have
infinitely many positive roots, one, «;,, in each interval [nr, (n + %)n], n =
0,1,2,....

(a) Show that the smallest positiveroot « can be obtained by Newton’smethod
started at xo = Z.

(b) Show that Newton's method started with xo = (n + 1)m converges
monotonically decreasingto o, if n > 1.

(c) Expanding o, (formally) in inverse powersof nn,

oy =mn +co+ () +er(mn) T+ es(mn) 4

determinecy, ¢y, ¢, . .., co. {Hint: use the Mapleser i es command.}
(d) UsetheMatlabfunctionf zer o to computew, forn = 1 : 10 and compare
the results with the approximation furnished by the expansionin (c).
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33.

34.

35.

36.

37.

Consider the equation

fx)=0, f(x)y=xsinx—1,0<x<m.

(@) Show graphically (assimply as possible) that there are exactly two rootsin
theinterva [0, 7] and determine their approximate locations.

(b) What happens with Newton's method when it is started with x, = %n?
Does it converge, and if so, to which root? Where do you need to start
Newton’'s method to get the other root?

(Gregory, 1672) For aninteger n > 1, consider the equation

f(x)=0, f(x)=x"""—b"x+ab", a>0,b>0.

(a) Provethat the equation has exactly two distinct positive rootsif and only if
n

a < ——
(I’l 4 1)1+;

{Hint: analyze the convexity of f.}

(b) Assuming that the condition in (a) holds, show that Newton's method
converges to the smaller positive root, when started at xo = «, and to the
larger one, when started at xyp = b.

Suppose the equation f(x) = 0 hasthe root « with exact multiplicity m > 2,

and Newton’'s method convergesto this root. Show that convergenceis linear,

and determine the asymptotic error constant.

(a) Let @ be adoubleroot of the equation f(x) = 0, where f is sufficiently
smooth near . Show that the “doubly relaxed” Newton's method

S (xn)

Sx)’
if it convergesto «, does so at least quadratically. Obtain the condition
under which the order of convergence is exactly 2, and determine the
asymptotic error constant ¢ in this case.

(b) What are the analogous statements in the case of an m-fold root?

Consider the equation x Inx = a.

Xpt1 = Xp —2

(@) Show that for eacha > 0 the equation hasaunique positiveroot, x = x(a).
(b) Provethat

a
x(a) ~— aa—> o0
Ina

(i.e, lim oo 1N — 1), {Hint: use the rule of Bernoulli—L’ Hospital.}
(c) Forlargea improvethe approximation given in (b) by applying one step of

Newton's method.
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40.

41.
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The equation x> — 2 = 0 can be written as a fixed point problem in different
ways, for example,

2 2
@x=2, Mr=x4x—2 (Qx=>12
X x+1

How does the fixed point iteration perform in each of these three cases? Be as
specific asyou can.
Show that

Xn(x2 + 3a)

Xppy = I TP 01,2, .,
! 3x2+a

isamethod for computinga = /a, a > 0, which convergescubically to « (for
suitable x(). Determine the asymptotic error constant. (Cf. also Ex. 43(e) with
A=2)

Consider the fixed point iteration

Xot1 = @(x,), n=0,1,2,...,

where
@(x) = Ax + Bx? 4+ Cx°.

(a) Given apositive number «, determine the constants A4, B, C such that the
iteration converges localy to 1/a with order p = 3. {This will give a
cubically convergent method for computing the reciprocal 1/« of a which
uses only addition, subtraction, and multiplication.}

(b) Determine the precise condition on the initial error ¢ = xo — é for the
iteration to converge.

Theequation f(x) := x> — 3x + 2 = 0 hastheroots 1 and 2. Written in fixed
point form x = i(x2 —(3—w)x +2),w # 0, it suggests theiteration

1
Xp41 = 5(x5—(3—a))xn +2), n=0,1,2,... (w#0).

(@) Identify aslargean w-interval aspossible such that for any w inthisinterval
the iteration convergesto 1 (when xy # 1 is suitably chosen).

(b) Do the same as (a), but for theroot 2 (and x¢ # 2).

(c) For what value(s) of w doesthe iteration converge quadratically to 1?

(d) Interpret the algorithm produced in (c) as a Newton iteration for some
equation F(x) = 0, and exhibit F. Hence discussfor what initial values x,
the method converges.

Let « be asimple zero of f and f € C? near o, where p > 3. Show: if
@) == fP V() =0, fP(a) # 0, then Newton's method applied
to f(x) = 0 converges to « locally with order p. Determine the asymptotic
error constant.
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43. Theiteration
f(xn)

Xn4+1 = Xp — s n=0,1,2,...,
F1om) = 317 Gen) F1225

for solving the equation f(x) = 0 isknown as Halley’s method.

(@) Interpret Halley's method geometrically as the intersection with the x-
axis of a hyperbola with asymptotes parallel to the x- and y-axes that is
osculatory tothecurve y = f(x) a x = x, (i.e., istangent to the curve at
this point and has the same curvature there).

(b) Show that the method can, alternatively, be interpreted as applying
Newton’'s method to the equation g(x) = 0, g(x) := f(x)/V f'(x).

(c) Assuming « isasimpleroot of the equation, and x, — o asn — oo, show
that convergenceis exactly cubic, unless the “ Schwarzian derivative”

(S =1 D3 (

S 2\ (%)

S"(x) )2
vanishesat x = «, in which case the order of convergenceislarger than 3.

(d) Is Halley’s method more efficient than Newton's method as measured in
terms of the efficiency index?

() How does Halley’s method look in the case f(x) = x* —a,a > 0?
(Compare with Ex. 39.)

44. Let f(x) = x? +ay—1x?7" +--- + ao be apolynomial of degreed > 2 with
real coefficientsa; .

(a) Inanalogy to (4.75), let
) = (% —tx =) (x4 bgorx7 4 b)) + bi(x — 1) + bo.

Derive a recursive algorithm for computing by—1,by—3, ..., b1, by in this
order.

(b) Suppose « is a complex zero of f. How can f be deflated to remove the
pair of zeros o, @?

(c) (Bairstow’s method) Devise a method based on the division algorithm of (a)
to compute a quadratic factor of f. Use Newton's method for a system of
two equationsin the two unknowns ¢ and s and exhibit recurrence formulae
for computing the elements of the 2 x 2 Jacobian matrix of the system.

45. Let p(¢) beamonic polynomial of degreen. Let x € C" and define

fH(x) =[x1,x2,...,x]p, v=12,...,n,
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to be the divided differences of p relative to the coordinates x,, of x. Consider
the system of equations

f@) =0, [f®] =[Ak). L&)..... filx)].

(@ Leta' = [o),a2,...,a,] be the zeros of p, assumed mutually distinct.
Show that « is, except for a permutation of the components, the unique
solution of f (x) = 0. {Hint: use Newton's formula of interpolation.}

(b) Describe the application of Newton's iterative method to the preceding
system of nonlinear equations, f (x) = 0. {Hint: use Chap. 2, Ex. 58.}

(c) Discussto what extent the procedurein (a) and (b) is valid for nonpolyno-
mial functions p.

For the equation f(x) = 0 define
YO x) = x,

1
1 -
O T

1 d _
y[m](_x) = m ay[m 1](x), m = 2,3’

Consider theiteration function

n

[m]
2 o,
m:

¢r(x) = ) (=1)"

m=0

(When r = 1 thisis the iteration function for Newton's method.) Show that
¢, (x) definesan iteration x,,+1 = ¢,(x,), n = 0,1,2, ..., converging locally
with exact order p = r + 1 toaroot o of the equation if y"+(«) £/ (a) # 0.

Machine Assignments

1.(a) Write a Matlab program that computes (in Matlab double precision) the

expanded form p(x) = x° — 5x* 4+ 10x3 — 10x? + 5x — 1 of the polynomial
(x —1)°. Runthe programto print p(x)/prec for 200 equally spaced x-values
in asmall neighborhood of x = 1 (say, 0.9986 < x < 1.0014), where prec =
eps is the Matlab (double-precision) machine precision. Prepare a piecewise
linear plot of the results. Explain what you observe. What is the “uncertainty
interval” for the numerical root corresponding to the mathematical root
x=17?
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(b) Do the same as (a), but for the polynomial p(x) = x> — 100x* 4 3995x3 —
79700x2+794004x —3160080, the expanded form of (x—18)(x—19)(x—20)
(x — 21)(x — 22). Do the computation in Matlab single precision and take
for prec the respective machine precision. Examine a small interval around
x =22 (say,21.675 < x <22.2).
2. Consider the equation

1 .
—x —Snx = 0.
2

(a) Show that the only positive root is located in the interval [%n, x].
(b) Computetheroot to 7, 15, and 33 decimal places

(b1) by the method of bisection, using the Matlab function sbi sec of
Sect. 4.3.1with starting valuesa = 17, b = ;

(b2) by the method of false position, using the Matlab function sf al sepos
of Sect. 4.4 with the same starting values asin (b1);

(b3) by the secant method, using the Matlab function ssecant of Sect.4.5
with the same starting values asin (bl);

(b4) by Newton’s method, using the Matlab function snewt on of Sect. 4.6
with an appropriate starting value a.

In all cases print the number of iterations required.

3. For aninteger n > 2, consider the equation

X 4+ x~!
xn _I_x—l‘l

1
=
(8) Write the equation equivalently as a polynomial equation, p,(x) = 0.

(b) Use Descartes' rule of sign* (applied to p,(x) = 0) to show that there are
exactly two positive roots, one in (0,1), the other in (1,00). How are they
related? Denote the larger of the two roots by «, (>1). It is known (you do
not have to provethis) that

l<op+1 <o, <3, n=2,3,4,....

(c) Write and run a program applying the bisection method to compute,,, n =
2,3,...,20,tosix correct decimal placesafter the decimal point, using [1, 3]
asinitial interval for «y, and [1, «,,] asinitial interval for o, +1 (n > 2). For
each n, count the number of iterations required. Similarly, apply Newton's
method (to the equation p,(x) = 0) to compute «, to the same accuracy,
using the initial value 3 for «, and the initial value «,, for a,4+1 (n > 2).

“Descartes’ rule of sign says that if areal polynomia has s sign changes in the sequence of its
nonzero coefficients, then it has s positive zeros or a (nonnegative) even number less.
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(Justify these choices.) Again, for each n, count the number of iterations
required. In both cases, print n, «,, and the number of iterations. Use ado
whi | e loop to program either method.

4. Consider the equation

@

(b)

(©

x=e€"

Implement the fixed-point iteration x,,+; = € *» on the computer, starting
with xo = 1 and stopping at the first n for which x,4; agrees with x,, to
within the machine precision. Print this value of n and the corresponding
Xn+1-

If the equation is multiplied by w (# 0 and # —1) and x is added on both
sides, one gets the equivalent equation

_a)e_x—i—x
14w

Under what condition on w does the fixed-point iteration for this equation
convergefaster (ultimately) than theiteration in (a)?{This conditioninvolves
the root « of the equation.}

What is the optimal choice of w? Verify it by a machine computation in a
manner analogousto (a).

5. Consider the boundary value problem

Yy 4+sny =0, 0<x

IA

y(0)=0, y (—n) =1,

which describes the angular motion of a pendulum.

@)

(b)

©

Usethe Matlab integrator ode45. mto compute and plot the solution u(x; s)
of the associated initial value problem

v +sinu=0, 0<x<-m,

u(0) =0, U(@© =s

fors = .2(.2)2.

Write and run a Matlab program that applies the method of bisection,
with tolerance 0.5e—12, to the equation f(s) = 0, f(s) = u(l;s) — 1.
Use the plots of (a) to choose starting values sg, s; such that f(so) < 0,
f(sy) > 0. Print the number of bisections and the value of s so ob-
tained. {Suggestion: use a nonsymbolic version bi sec. mof the program
sbi sec. mof Sect. 4.3.1.}

Plot the solution curve y(x) = u(x;s) of the boundary value problem, with
s asobtainedin (b).
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6. The boundary value problem
Y=gl yy), 0=x=<1,
y©) =yo, y()=n
may be discretized by replacing the first and second derivatives by centered

difference quotients relative to a grid of equally spaced points x; =
k=0,1,...,n,n + 1.

_k_
nF1

(a) Interpret the resulting equations as a fixed point problem in R” and formulate
the respective fixed point iteration.

(b) Write a Matlab program that applies the fixed point iteration of (a) to the
problem

4

yi—y=0, y0)=0, y()=1

(cf. the first Example of Chap.7, Sect.7.1.1). Run the program for n =
10, 100, 1000, 10000, stopping the iteration the first time two successive iter-
ates differ by less than .5e—14 in the co-norm. Print the number of iterations
required and the maximum error of the final iterate as an approximation to the
exact solution vector. Assuming this error is O(h?), determine numerically
the values of p and of the constant implied in the order term. {Suggestion: for
solving tridiagonal systems of equations, usethe Matlab routinet ri di ag. m
of Chap. 2, MA 8(a).}

(c) Apply the fixed point iteration of (@) to the boundary value problem of MA
5. Show that the iteration function is contractive. {Hint: use the fact that the
symmetric n x n tridiagonal matrix A with elements —2 on the diagonal and
1 on the two side diagonals has an inverse satisfying |4 ™" [|oo < (n + 1)?/8.}

7. (4) Solve the finite difference equations obtained in MA 6(c) by Newton's
method, using n = 10, 100, 1000, and an error tolerance of 0.5e—14. Print
the number of iterations in each case and plot the respective solution curves.
{Suggestion: same asin MA 6(b).}

(b) Dothesameasin (a) for the boundary value problem

y'i=yy', y0)=0, y(1) =1,

but withn = 10, 50, 100, and error tolerance 0.5e—6. How would you check
your program for correctness?

(c) Show that the fixed point iteration applied to the finite difference equations
for the boundary value problem of (b) does not converge. {Hint: usen?/8 <
A oo < (n + 1)%/8 for then x n tridiagonal matrix A of MA 6(c).}
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8. (8 The Littlewood-Salem—Izumi constant o, defined as the unique solution in
O<a<l1of

37/2
COst

/ _a dl = 0,
0 t

is of interest in the theory of positive trigonometric sums (cf., eg.,
Koumandos [2011, Theorem 2]). Use Newton’s method in conjunction
with Gaussian quadrature to compute «y. {Hint: you need the Matlab
routinegauss. maong with the routinesr _j acobi 01. mr _j acobi . m
r_j acl og. m and nml og. mto do the integrations required. All these
routines are available on the Web at ht t p: / / www. cs. pur due. edu/
ar chi ves/ 2002/ wxg/ codes/ SOPQ ht m .}
(b) Dothesameasin (a) for the constant «;, the uniquesolutionin0 < o < 1 of
5n/4
/ cos(t + /4) & =0
0

tOt

(cf. ibid, Theorem 4).

9. (&) Discuss how to simplify the system of nonlinear equations (4.17) for
the recurrence coefficients of the polynomials {m ,};_,, generating the
s-orthogona polynomials , = m,,, when the measure dA(r) = w(r)ds
is symmetric, i.e., the support of dA isan interval [—a,a], 0 < a < oo, and
w(—t) = w(z) for all t with0 < ¢t < a. {Hint: first show that the respective
monic s-orthogonal polynomia =, satisfies w,(—t) = (—=1)"m,(t), t €
[—a,a] and similarly 7y, (—t) = (=) ;. (¢).}

(b) Forn = 2,s = 1,and s = 2, explain how the recurrence coefficients 5,
1 can be obtained analytically in terms of the moments . = [ thdA (1),
k =0,1,2,..., of the measure. Provide numerical answers in the case of
the LegendremeasuredA(¢) = dt, t € [—1, 1].

(c) Write a Matlab program for solving the system of nonlinear equations in
(a), using the program f sol ve of the Matlab Optimization Toolbox. Run
the program for the Legendre measureand forn = 2 : 10 ands = 1 and
s = 2 for each n. Choose initial approximationsas deemed useful and apply
appropriate (s + 1)n-point Gaussian quadrature rules to do the necessary
integrations. Print By, 81, ..., B,—1 and the zeros of 7.

Selected Solutionsto Exercises

6.(a) From
Xpt1 —a = c(x, —a),

Xn42 — Q@ = C(xn-i-l - (X),
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solving the first equation for ¢ and substituting the result into the second
eguation gives

(xn - Ol)(xn-‘rZ - Ol) = (Xn-‘r] - a)z'

Solving for o, onefinds

2 2
o = XnXn4+2 — X, 19 - x (xn-i-l - xn)

= == Xp — .
Xn42 — 2Xp41 + Xp Xn42 = 2Xp41 + Xp

Raplacing o by x! yields Aitken’s A?-process.
(b) We need to show that A’x, # 0 for n sufficiently large. Let e, = x, — .
We have
Azxn _ Azgn — En+2 En+1 _9 En+1

+1—=(c—1)° asn— oo,
En En En+1 En En

from which the assertion follows.
(c) Lete), = x|, — . Subtracting « from both sides of

’ (Axn)z

X, = Xn —
" A%x,

and dividing by ¢,,, we get

& (Be)’ _1_(&)2 !

&n eaA%x, &n A%x, /&,

Thus, by assumption and the result of (b),

g 1
lim 2 =1—(c—1)?
n—o0o g, (e=1 (c—1)?

=0,

as claimed.

9. (a) Clearly, with «, also —« is aroot of the equation. It suffices, therefore,
to look at positive roots. Writing the equation in the formtan x = 1/x
and plotting both sides as functions of x for x > 0 (see figure on the next
page), one sees that there is exactly one root oy in each of the intervals
I = [k, (k + 7], k = 0,1,2,... . Moreover, ask — oo, the root o
approaches kr from theright. (Cf. also Ex. 32.)

(b) Let f(x) = xtanx — 1. Asinitia interval, we may take (for example)

the interval [0, 3], since f(0) = —1 and f(¥) = L tanZ — 1 =
1.8441... > 0. We then want n, the number of bisections, such that (cf.
(4.33))

3n - 1 105,

g§.2n =2
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that is,

3
z{&ﬂﬁiwzm
log 2

This holds for al roots, since f(kw) = —1 < 0 and f(kn + ) =
(km +3)tan3 —1> 0,k =1,2,3,....

1.0 1.5
(c) Wefirst apply the addition theorem for the tangent function to write

tanx +tan(iy)  tanx +itanhy

tan iy) = — = - )
(x +1y) I —tanxtan(iy) 1—itanxtanhy

or, using the definition of the trigonometric and hyperbolic tangents,

sinx coshy + i cosx sinh y
cosxcoshy —isinxsinhy’

tan(x +iy) =

Multiplying numerator and denominator by cosx coshy + isinxsinhy
gives

sin2x +isinh2y
2(cog? x cosh’ y + sin® x sinh? y) -

tan(x +iy) =
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32. (@

Use the identities 2 cos’ x = cos2x + 1, 2sinx = 1 — cos2x in the
denominator, along with cosh’* y — sinh’y = 1, cosh’ y + sinh’*y =
cosh2y, to obtain the pretty formula

tan(x + iy) sin2x +isinh2y
X = .
Y cos2x + cosh2y
Now suppose that
(x+iy)tan(x +iy)—1=0.

Then both the real and imaginary part must vanish, which gives the two
equations

xsin2x — ysinh2y —cos2x — cosh2y = 0,
xsinh2y + ysin2x = 0.
The second can be written as

(Sin2x Sinth)
xy + =0
X y

Since the function in parenthesesis aways positive, thisimplieseither x =
0 or y = 0. Thelatter yields real roots, and the former isimpossible, since
by the first equation above it would imply y sinh2y + 1 + cosh2y = 0,
whichis clearly impossible, the left-hand side being >2. Thus, there are no
complex roots.

We have

£'(x) = tanx + x(1 + ta’ x),
£ (x) = 2(1 + tar? x) + 2x tanx (1 + tan® x)

= 2(1 4 tan® x)(1 + x tanx).

On the interval [0, Z], the function f increases from —1 to +oco0 and is
convex. Furthermore, f(7) = % — 1 < 0. We thus need to show that
one step of Newton’s method with xo = 7 produces x; such that x; < 7.
Since, by convexity, x; > «g, fromthen on, Newton’s method will converge

monotonically decreasing to «. Now,

S(xo) w 71 1+ %

S flxo) 4 1427 141Z

X1 = Xo
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which isindeed lessthan 7, since
1+ 2 T (1 N T[)
8 2 2/

(b) Again, f increases from —1 to +oo0 on [nm, (n + %)n] and is convex.

Since
1 1
f((n+z)n)=(n+z)n—l>0 forn > 1,

Newton’s method started at (n + ]T)n converges monotonically decreasing
to .
(c) We have

o, tana, — 1 =0,

and therefore, inserting the expansion for «,, and noting that tan( - +n) =
tan(-),

(mn+co+c1(mn)™ +er(mn) 4 o)
xtan(co + ci(mn) ' + ca(mn) 2 +--)—1=0.
Evidently, ¢co = 0. Letting x = (rn)~! and multiplying through by x gives
(1 + 1 x? 4+ ox’ + o) tan(cr x +ex?4-)—x =0.
Using Maple'sser i es command, we can find the power series expansion
of the left-hand side up to terms of order x°. Maple produces the coeffi-

cientsexplicitly asfunctionsof ¢y, ¢, . . ., ¢9. Setting these functions equal
to zero and solving successively for the unknowns ¢y, ¢y, ..., c9 Yields,

after alittle bit of algebra, that c; = ¢4 = ¢ =--- = 0 and
_q 4 53
cp=1, = 3’ C5—15a
1226 13597
1 =——5z 0= (-
105 315
Thus,
4 53 1226
o, = n + (mrn)~' — g(nn)_3 + E(nn)_5 - W(zrn)_7
13597
+ ——@@n) + 0 ((wn)~").

315
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(d) PROGRAMVG

%EXI V_32D
%
fO0="9%.0f 949.15f %9.15f 940.2e\n’;

disp([’ n al pha_n ’
" al pha_n_appr ox error’'])
for n=1:10

a0=(n+1/4)*pi;
a=f zero(’ equ32’, a0);
x=1/ (pi *n);
an=1/ x+x- 4xx" 3/ 3+53xx" 5/ 15- 1226+«x" 7/ 105 ...
+13597+x" 9/ 315;
err=an-a;
fprintf(f0,n,a,an,err)
end

%EQU32 The equation of EXIV_32
%

function y=equ32(x)
y=x*tan(x)-1;

QUTPUT
>> EXIV_32D
n al pha_n al pha_n_appr ox error
1  3.425618459481728 3.426028729631524 4. 10e- 04
2 6.437298179171947 6.437298435880711 2.57e-07
3  9.529334405361963 9. 529334408494419 3. 13e-09
4 12.645287223856643 12.645287223991568 1. 35e-10
5 15.771284874815885 15.771284874827579 1.17e-11
6 18.902409956860023 18.902409956861607 1.58e-12
7 22.036496727938566 22.036496727938854 2.88e-13
8 25.172446326646664 25.172446326646728 6. 39e- 14
9 28.309642854452012 28.309642854452026 1.42e-14
10 31.447714637546234 31.447714637546238 3. 55e-15

>>

34.(3d) We have f(0) = ab", f(o0) = oo, and
flx)y=@m+Dx"=b", f"(x)=n(n+Hx"'>0 forx>0.

Thus, f’(0) < 0 and f is convex on [0, ], so that f has a unique
minimum, say at x = £. Then there are two distinct positive roots precisely
when f(£) < 0. Since

b

B (n+ 1)
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and
bn-H b
f) = — — " - +ab"
n+ 15 4t
" b
=p"{—[l—m+D]+a
(n+ Dt

=b"

—nb
—1 + a s
(n+ Dt
the condition amounts to

nb

a< ———.
(n+ 1)t

(b) Atthepointx = a, we have

f((l) — an+l —b"a +ab" — an+l - 0,

n

Fa)=m+Da"—b" <(n+1)—pr_p

(n 4+ 1+l
2[( " )n—l]b”<0,
n+1

where on the second line the condition in (&) has been used. Since by
assumption a < ;25§ < &, this means that @ must be to the left of the
smaller root, «;. By convexity of f, Newton's method started at x = a
therefore converges monotonically increasing to «;. Similarly,

fb) =" — "t L b = ab" >0,

f'b)y = m+ )" —b" =nb" >0,
andb = (n + 1)55 > &, implying that b > «,, where «, is the larger
root. By convexity of f, Newton's method started at x, = b then converges

monotonically decreasing to o, .
40.(a) Convergenceto é reguires that

that is,
a’?A+aB +C = o>
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Cubic convergencerequires, in addition, ¢'(1) = ¢”(1) = 0, that i,

o?A +2aB +3C =0,

2aB 4+ 6C = 0.

We thus have three linear equationsin the three unknowns A, B, C. Solving

them yields
A=3, B=-3a, C =d?,
giving
@(x) = 3x — 3ax? 4+ a’x>.
(b) Letting

1
En = Xp — —,
o

we have from the general theory of fixed point iterations (cf. (4.71)) that

(since ¢ is constant), that is,

2.3
gnp1 =0a’g,, n=0,12,....

An easy inductive argument shows that

1 n
En = —((180)3 .
o

Thus, we have convergence precisealy if a|eg| < 1.
43.(a) A hyperbola with the lines x = X, and y = Y, as asymptotes has the
equation

(x — Xo)(y — Yo) — 30> = 0.

It intersects the x-axis at
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The osculatory requirement of the hyperbola at the point (x,, f,) (where
fu = f(xn), €tc.) is expressed by the following three equations:

(50— Xo) (fy — Yo) — " =0,

fo—Yo+ (xn—Xo0)f, =0,
2f + (xn—Xo) f) =

The unknowns are X, Yy and a; thefirst is obtained immediately from the

last equation,
!
Xo=x,+2 ;//'
The second equation then gives
s
= Jon =2 fr
and thefirst
1 3
—a>=—4 f’j/z.
2 A
Therefore,
1,2 1 /3
5d 4
Xugp1 = Xo— 2— =x, +2 f +#
YO ” 2 f/z
, 2 I
= X + 2 Jn _ —"
fn// fn/ _1 n// f”’
2;7/ (f/__f”fn> +2 f”//
= xn — "
fn 2fn// Jn
fn
=Xn
fn/ 1 n// f”’

as claimed.
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(b) Newton’s method appliedto ¢ = 0 is (in obvious notations)

e 8 S
n+l — An — — 7 — An —
g /1! /fn/fn/_%fnﬁ o
A
- n
f;{z_%.f;l//f;l
- L fu”
fn/_ifn”ﬁ
(c) We have

/) ‘
f100 = 1100 F5

Xn+1 = @(xy),  Where g(x) = x —

Thus (dropping the argument x throughout),
2 1 " 72 1 " /

=51 Do =x(" =" N~ 11"

Differentiating with respect to x gives

Gr=grmr)es (=301
=Pl @f’f” A R AR
=31 4x (G077

Since p(a) = «, putting x = «, one sees that the first term on the left and
the last term on the far right cancel each other. What remains simplifies, in
view of f(a) =0, to

@ (@) =0,
hence, since f'(«) # 0,10 ¢’(a) = 0. Differentiating again, we get

(s 778 = 5191 Yo GF' 1= 17 10 + (17 = 5175 ) o

:_Zf///f+x(%f//2+f/fm_%f(4)f)_
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Again putting x = o and using ¢ (@) = a, ¢/ () = 0, f(a) = 0, we obtain
(G @P + 1@ @)+ 1 @Py'@
- (3@ + f@f @)

that is, [f'(@)]*¢" (@) = 0, hence ¢”(a) = 0. Thus, the order of
convergenceis at least p = 3. To obtain ¢”’(«), we must differentiate once
more and get, when x = «,

(4757 45595) _catlf@Pe"@
= (=rmr+3 f”z) (a4 3097)
hence
¢" () = — [f;w -3 (J]f,/:)z}x:a = —(8/)(@).

Thus, if (Sf)(«) # 0, the order of convergenceis exactly equal to 3.

(d) Yes, dlightly. Recall from Sect. 4.2 that the efficiency index is p'/™, where
p is the order of the method and m the number of “units of work.” For
Newton’s method thisis +/2 = 1.4142 ..., whereas for Halley’s method it
iS3% = 1.4422....

(e) Inthecase f(x) = x* —a, we get

x}—a

Axpi—t— 1A — Dxp2

Xn4+1 = Xp —

)U\A 1

)&x ——()L l)x)‘+;(/\—1)a—xﬁ~|—a
Axt = 1A= 1)(x} —a)

Xn

A =Dx}+ A+ Da
T O+ —Da "

45. (a) By Newton's interpolation formula with remainder term, interpolating the
nth-degree polynomial p by a polynomial of degreen — 1, we can write

n v—1 (n) n
p) =3 @ [T0 0+ 2 T v,

v=1 n=I ’ n=1
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(b)

Since p ismonic of degreen, we have p™(t) = n!, and so

n v—1 n
p@) =Y L) [T =%+ []¢—x.

v=1 pn=l1 n=1

Supposea” = [, s, ..., a,] isasolution of f(x) = 0. Then f,(a) =0
forv=1,2,...,n, hence

p@) =[] —aw.

n=l1

showing that «,, are the zeros of p, which are unique up to permutation.
Conversdly, let o™ = [o;, s, . .., a,] bethe zeros of p in some order. Then,
identically in ¢,

n v—1 n
p) =Y fi@ [T =)+ ] —a,
v=1 n=1 n=1

that is, since [T),_, (t — @) = p(1),

n v—1
0=> s []e-ea.
v=1 n=l1

Lettingt — o gives fi(«) = 0. Dividing the remaining equation by ¢ — «;
and letting t — o, gives f(e) = 0. Continuing in this manner yields
fi@) =0,..., fu(e) = 0inthisorder.

The Jacobian of f isalower triangular matrix, namely

[x1. x1]p 0 0
aa_f(x) _ [x1, X1, x2]p [x1,x2, X2]p 0
x ..
[x1,x1,x2,..., Xalp [x1.x2,%2,..., Xalp o0 X xa,.. Xps Xyl P

(cf. Ch. 2, Ex. 58). Given an approximation «l! to the root vector e,
Newton’s method requires the solution by forward substitution of the lower
triangular system

?}_ﬁ(a[i])A[i] — _f(“[i])

to get the next approximation vector

@l — glil 1 Al
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(c) The arguments in (a), (b) extend to functions p that are sufficiently
smooth, for example, p € C"[R]. Then, if f,(e) = 0 for some o’ =
[o1, 2, ... 0], the oy, s, ..., a, are zeros of p and vice versa. The first
statement is an immediate consequence of thefirst identity abovein (a). The
converse follows similarly as before by taking limits ¢ — «,, followed by
division of both sides of the identity by ¢ — «,,.

Selected Solutionsto Machine Assignments

6.(a) The discretization of the boundary value problem amounts to solving the
system of nonlinear equations

Ug+1 — Ug—1
Ugt1 — 2Ug + gy = h’g (Xk, U, T) ,
k=1,2,....n,
Uo = Yo, Un+1 = D)1,
whereh = 1/(n 4+ 1). With
[—2 1 0 ]
1 -2 1 Ui
uz
A= , U= ,
sl Uy
0 1 -2
[ g (1. ur, 252)
g (x2, up, 54
F(u) _ . 2h ’
L g (xn. Uy, H52=1)

this can be written as a fixed point problem

Au=h’Fu)—b or u=A""(h*F (u)—b),
where

b = yoe, + yie,, e, =[1,0,...,0]" e R", e, =[0,0,...,1]" e R".
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The corresponding fixed point iteration is

Aul ™ = R2FUiy b, i=0,1,2,...;

u” = initial approximation.
(b) PROGRAM

%Al V_6B
%
fOo="98. 0f %l.0f %42.4e %2.4e\n’;
di sp(’ n it err
eps0=. 5e- 14;
for n=[10 100 1000 10000]
h=1/ (n+1); h2=h"2;
a=- 2xones(n, 1); b=ones(n-1,1); c=b
en=eye(n); en=en(:,n);

319

order’)

x=li nspace(h, 1-h, n)’; y=sinh(x)/sinh(1);

it=0; uO=zeros(n,1l); ul=ones(n,1);
whi | e max(abs(ul-u0))>epsO
it=it+1;
uO=u1l;
ul=tridiag(n,a, b, c, h2xu0-en);
end
err=max(abs(ul-y)); ord=err/h2;
fprintf(f0,n, k,err,ord)
end

QUTPUT

>> VAIV_6B
n it err order

10 16 3.6185e-05 4.3784e-03
100 16 4. 3345e- 07 4.4217e-03
1000 16 4.4131e-09 4.4219e-03
10000 16 5.0103e-11 5.0113e-03

>>

Since the central difference approximations of the derivatives have errors
of O(h?), the same can be expected for the errors in the solution. This is
confirmed in the last column of the QUTPUT, suggesting also that the constant

involved isabout 5 x 1073,
(c) The system of nonlinear equationsis

/4

Au=—h*snu—e,, h= ————,
4n+1)
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8.(9)

4 Nonlinear Equations

wheresinu = [sinu;, Sinu,, ..., sinu,]". Theiteration function is
o) = —A"'(h*snu + e,).
We have, using the Mean Value Theorem applied to the sine function,
o) —o*) = —h*A~(sinu — sinu*) = —h* A~ "diag(cos(y))(u — u*),
where the elements of 5 are on the line segment between u and u*. Therefore,
o) — @)oo < M| A" ool — ™ [|oo-

Here we have, using the Hint,

2

|
A oo < 1P+ oln+ 1) = 1”78 = 077106... < 1.

so that ¢ is strongly contractive and we have rapid convergence of the fixed
point iteration (cf. Theorem 4.9.1).

Let
37/2 cost
f(a) = d, 0<a<l.
( | p

Clearly, f(0) = sin(3n/2) = —1 and f(1) = oo. A graph of the function
revealsthat 1 is monotonically increasing and convex, and thus has a unique
zeroin (0, 1); it islocated near 0.3. Any initial approximation to the right of
thiszero will guarantee convergence of Newton’s method, owing to convexity.
We choose 0.4 asinitial approximation.

To transform to a standard interval, we make the change of variablest =

2 x and have
fla) = (Z 1_a/lcos ) xed
o) = 2 A 2 X | X X .

Differentiating, we get
1—a 1
() = (3—N) %/ 005(3—n x) x“In(1/x)dx
2 0 2
1
—In3—ﬂ/ 005(3—ﬂx) x_“dx},
2 /o 2

[i
it = lil AC _) ,
/' (eli)

and Newton’s method becomes

i=0,1,2,...; o= 4
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Theintegral defining f, and the second integral in the formulafor f/, call for
Gauss-Jacobi quadrature with Jacobi parameters 0 and —«. Thefirst integral
in £’ requires Gauss quadrature relative to the weight function x = In(1/x)
on [0, 1]. The OPQ routines providing the recurrence coefficients for the
respective orthogonal polynomialsarer _j acobi 01. mand r j acl og. m
respectively, while the routine gauss. mgenerates the Gaussian quadrature
formulae from the recurrence coefficients. The program below also deter-
mines, and prints, the respective numbers n and n, of quadrature points
required for 14 decimal digit accuracy:

PROGRAM
%Al V_8A

%
nmax=50; eps0=. 5e- 14,

al=. 4; a=0;
whi | e abs(al-a)> epsO
a=al;

ab=r jacobi 01(nmax, 0, -a);
abO=r _j acl og(nmax, -a);
n=1; sgl=0; sg=1;
whi | e abs(sgl-sg)>epsO
n=n+1; sg=sgl;
Xxw=gauss(n, ab) ;
sgl=sum(xwW(:, 2).*cos(3*pi*xw(:,1)/2));
end
f=(3*pi/2)" (1-a)*sgl;
n0=1; sg01=0; sg0=1,
whi | e abs(sg01-sg0) >eps0
n0=n0+1;
sg0=sg01;
xw0=gauss( n0, ab0) ;
sg01=sun( xwWO(:, 2).*cos(3*pi *xwl(:,1)/2));

end
fd=(3+pi/2)"(1-a)*(sg01l-1og(3xpi/2)*sgl);
al=a-f/fd;
end
fprintf(’ n=%. 0f, n0=9%. Of,
al pha0=%7. 15f\ n’ , n, n0O, al)
OUTPUT
>> MAIV_8A

n=10, n0=10, al pha0=0. 308443779561986
>>
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A high-precision value of « (to 1, 120 digits) can befound in Arias de Reyna
and Van de Lune [2009, Sect. 5].
(b) Letting

t, O<a<l,

7/
o= [,

tl)[

asimilar calculation asin (a) yields

l—« 1
2(a) = (5_71) /‘ cos((5x + 1) /4) dr.
0

4 x¥
l—a 1
¢(a) = (ST”) { / cos((5x + 1)7r/4)x~* In(1/x)dx
0

nS_n/ICOS((5x+1)n/4) al
0

4 X%

PROGRAM
%VvAl V_8B
%
nmax=50; eps0=. 5e- 14,
al=.7; a=0;
whi | e abs(al-a)> epsO

a=al,

ab=r jacobi 01(nmex, 0, -a);
ab0=r j acl og(nnmax, -a);
n=1; sgl=0; sg=1,
whi | e abs(sgl-sg)>eps0
n=n+1; sg=sgl;
xw=gauss(n, ab) ;
sgl=sunm(xw(:, 2).*cos(pi*(5«xw:,1)+1)/4));
end
g=(5+pi/4)" (1-a)*sgl;
n0=1; sg01=0; sg0=1;
whi | e abs(sg01-sg0) >eps0
n0=n0+1;
sg0=sg01;
xw0=gauss( n0, ab0) ;
sg0l=sum xwWO(:, 2).*cos(pi *(5*xw0
(1, 1)+1)/4));
end
gd=(5*pi/4)" (1-a)*(sg01l-1 og(5+pi/4)*sgl);
al=a- g/ gd;
end
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fprintf(’ n=%. 0f, n0=%. Of,
al phal=%7. 15f\ n’ , n, n0, al)

QUTPUT
>> MAIV_8B

n=10, n0=10, al phal=0. 614433447526100
>>






Chapter 5
Initial Value Problemsfor ODEs:
One-Step Methods

Initial value problems for ordinary differential equations (ODES) occur in almost
all the sciences, notably in mechanics (including celestial mechanics), where the
motion of particles (resp., planets) is governed by Newton’s second law — a system
of second-order differential equations. It is no wonder, therefore, that astronomers
such as Adams, Moulton, and Cowell were instrumental in developing numerical
techniques for their integration.® Also in quantum mechanics — the analogue of
celestial mechanics in the realm of atomic dimensions — differential equations are
fundamental; this time it is Schrodinger’s equation that reigns, actually a linear
partial differential equation involving the Laplace operator. Still, when separated in
polar coordinates, it reduces to an ordinary second-order linear differential equation.
Such equations are at the heart of the theory of special functions of mathematical
physics. Coulomb wave functions, for example, are solutions of Schrédinger’s
equation when the potential is a Coulomb field.

Within mathematics, ordinary differential equations play an important role in the
calculus of variations, where optimal trajectories must satisfy the Euler equations, or
in optimal control problems, where they satisfy the Pontryagin maximum principle.
In both cases, one is led to boundary value problems for ordinary differential
equations. This type of problem is discussed in Chap.7. In the present and next
chapter, we concentrate on initial value problems.

We begin with some examples of ordinary differential equations as they arise in
the context of numerical analysis.

Ln fact, it was by means of computational methods that Le Verrier in 1846 predicted the existence
of the eighth planet Neptune, based on observed (and unaccounted for) irregularities in the orbit of
the next inner planet. Soon thereafter, the planet was indeed discovered at precisely the predicted
location. (Some calculations were done previously by Adams, then an undergraduate at Cambridge,
but were not published in time.)

W. Gautschi, Numerical Analysis, DOI 10.1007/978-0-8176-8259-0_5, 325
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5.1 Examples

Our first example is rather trivial: suppose we want to compute the integral
b
I = / f(2)de (5.1)
a

for some given function f on [a, b]. Letting y(x) = / f(¢)dt, we get immediately

d
==/, y@=0. (52)
X

This is an initial value problem for a first-order differential equation, but a very
special one in which y does not appear on the right-hand side. By solving (5.2) on
[a, b], one obtains I = y(b). This example, as elementary as it seems to be, is not
entirely without interest, because when we integrate (5.2) by modern techniques of
solving ODEs, we can take advantage of step control mechanisms, taking smaller
steps where f changes more rapidly, and larger ones elsewhere. This gives rise to
what may be called adaptive integration.

A more interesting extension of this idea is exemplified by the following
integral,

I = /0 Jo(tH)e 'dr, (5.3)

containing the Bessel function Jy(x?), one of the special functions of mathematical
physics. It satisfies the linear second-order differential equation

d? 1\d
dxyz + (2 B §) dﬁ +4x’y =0, x>0, G4
with initial conditions

y(0) =1, »'(0)=0. (5.5)

As is often the case with special functions arising in physics, the associated
differential equation has a singularity at the origin x = 0, even though the solution
y(x) = Jo(x?) is perfectly regular at x = 0. (The singular term in (5.4) has limit 0
at x = 0.) Here, we let

yix) = /O Jo@?)e™'dr,  ya(x) = Jo(x?),  y3(x) = yi(x)  (5.6)
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and obtain

d —x

% =e "y, y1(0) =0,
X

d

% = 3, »(0) =1,
X

d 1

o=- (2 - —) s —4x’yy. y3(0) =0, (5.7)
X X

an initial value problem for a system of three (linear) first-order differential equa-
tions. We need to integrate this on (0, co) to find I = y;(c0). An advantage of this
approach is that the Bessel function need not be calculated explicitly; it is calculated
implicitly (as component y,) through the integration of the differential equation
that it satisfies. Another advantage over straightforward numerical integration is
again the possibility of automatic error control through appropriate step change
techniques. We could equally well get rid of the exponential e in (5.7) by calling
it y4 and adding the differential equation dy,/dx = —y, and initial condition
v4(0) = 1. (The difficulty with the singularity at x = 0 can be handled, e.g., by
introducing initially, say, for 0 < x < % a new dependent variable js, setting
¥3 = (2— 1)y, = (2= 1)ys. Then y53(0) = 0, and the second and third equations
in (5.7) can be replaced by

dyz_ X

dx  1—2x%

dy 4(1 —x) .

dis _ A= 5 ue =20,
dx 1—-2x

Here, the coefficients are now well-behaved functions near x = 0. Once x =
has been reached, one can switch back to (5.7), using for ys the initial conditio

1y s 1
)’3(3) = —y3(§).)

Another example is the method of lines in partial differential equations, where
one discretizes partial derivatives with respect to all variables but one, thereby
obtaining a system of ordinary differential equations. This may be illustrated by
the heat equation on a rectangular domain,

5 wie

ou  9%u
—=_—, 0<x<1, 0<t<T 5.8
o ax2 - = PEi=h 8)

where the temperature u = u(x, ¢) is to satisfy the initial condition
ux,0) =px), 0=<x=1I, (5.9)
and the boundary conditions

u,t) = A(), u(l,t)=p@k), 0<t<T. (5.10)
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Here, ¢ is a given function of x, and A, p given functions of 7. We discretize in the
x-variable by placing a grid {x, }) ' with x, = nh, h = ', on the interval 0 <

x < 1 and approximating the second derivative by the second divided difference
(cf. Chap. 2, (2.117) for n = 2, putting £ ~ x,),

aZu Upt1 — 2un + Up—1
szx”% hz . }’l=1,2,...,N, (511)
where
U, = U,() :=u(x,,t), n=0,1,...,N + 1. (5.12)

Writing down (5.8) for x = x,, n = 1,2,..., N, and using (5.11), we get
approximately

,
dt
U, (0) = @(xx),

i
= — (U, _2un + Uy—1),
e N (5.13)

an initial value problem for a system of N differential equations in the N unknown
functions uy, U,, ..., uy. The boundary functions A(z), p(z) enter into (5.13) when
reference is made to U, or uy 1 on the right-hand side of the differential equation.
By making the grid finer and finer, hence i smaller, one expects to obtain better and
better approximations for u(x,, ). Unfortunately, this comes at a price: the system
(5.13) becomes more and more “stiff” as & decreases, calling for special methods
designed especially for stiff equations (cf. Sect. 5.9; Chap. 6, Sect. 6.5).

5.2 Typesof Differential Equations

The standard initial value problem involves a system of first-order differential
equations

—— = fl,y Ay, i=1,2,....d, (5.14)
which is to be solved on an interval [a, b], given the initial values

yi@) =y i=12,....4d. (5.15)
Here, the component functions are indexed by superscripts, and subscripts are

reserved to indicate step numbers, the initial step having index 0. We use vector
notation throughout by letting

yi =Ny T Y v = e v 8]
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and writing (5.14), (5.15) in the form

d
é = f(x,y), a<x<b; y(a)=yp. (5.16)

We are thus seeking a vector-valued function y (x) € C![a, b] that satisfies (5.16)
identically on [a, b] and has the starting value yo at x = a. About f(x, y), we
assume that it is defined for x € [a,b] and all y € R?.2

We note some important special cases of (5.16).

1. d =1,y = f(x,y): asingle first-order differential equation.

2.d > 1,uD = g(x,u,u,...,u“"D): asingle dth-order differential equation.
The initial conditions here take the form u)(a) = u,i = 0,1,...,d — 1. This
problem is easily brought into the form (5.16) by defining

yo=ulh =12 .d.

Then
dy1
E:yz’ yl(a):ug’
dy?
a_y:”’ yz(a):u(l)’
dyd—l B
= yi N a) = u§ 7,
dyd 1.2 d d d—1
W=g(x,yﬁy,---,y), yi(a)=uy ", (5.17)

which has the form (5.16) with very special (linear) functions !, f2,..., f471,
and f7(x, y) = g(x, ).

Although this is the canonical way of transforming a single equation of order d
into a system of first-order equations, there are other ways of doing this, which are
sometimes more natural. Consider, for example, the Sturm-Liouville equation

d

— (p(x)d—u) +gx)u=0, a<x<bh, (5.18)
dx dx

2That is, each component function f7(x, y) is defined on [a, b] x R?. In some problems, f (x, y)
is defined only on [a, b] x D, where D C R? is a compact domain. In such cases, the solution
y(x) must be required to remain in D as x varies in [a, b]. This causes complications, which we
avoid by assuming D = R¢.
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where p(x) # 0on [a, b]. Here, the substitution
du
yi=uo =g (5.19)
X

is more appropriate (and also physically more meaningful), leading to the system

o1,

dx p(x)”

d 2

= =gy (5.20)

Mathematically, (5.20) has the advantage over (5.18) of not requiring that p be
differentiable on [a, b].

3. dy/dx = f(y), y € R?: an autonomous system of differential equations. Here,
f does not depend explicitly on x. This can always be trivially achieved by
introducing, if necessary, y°(x) = x and writing (5.16) as

dly]_[f0%» |y _ [
L[ e fo-[] e

Many ODE software packages indeed assume that the system is autonomous.
4. Second-order system

vt . , dut du?

—_— = u, U —, ., —), i=1,2,....,d. 5.22

a2 ¢ (x dx dx) ' (5.22)
Newton’s law in mechanics is of this form, with d = 3. The canonical

transformation here introduces

du! dud
1 1 d d. . d+1 2d
y :u,...’y :u’y = —\ ..., = —
dx dx

and yields a system of 24 first-order equations,

d_yl_ d+1

dx ’

!

dx ’

dyd+1

g =gyt oy YTy,
dyzd

=gyl oyt Ly, (5.23)
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5. Implicit system of first-order differential equations:

. d
Fi (x,u,d—”)zo, i=1,2,. .. ducRk’ (5.24)
X

Here, F' = F'(x,u, V) are given functions of 24 + 1 variables, which again we
combine into a vector F = [F']. We denote by F, the partial derivative of F
with respect to x, and by F,, F, the Jacobian matrices

oF! oF!
Fu(x,ll,V) = I:W] N FV()C,II,V) = I:BT] .

Assuming that these Jacobians exist and that F, is nonsingular on [a, J]xR? xR¢,
the implicit system (5.24) may be dealt with by differentiating it totally with
respect to x. This yields (in vector notation)

du d’u
Fx+Fua+FvW20, (5.25)
where the arguments in F., Fy, F, are x, u, u’ = du/dx. By assumption, this
can be solved for the second derivative,

d? d
L F'(x,u,u'){—F (x,u,u’) — Fu(x,u,u')—u , (5.26)
dx? dx

yielding an (explicit) system of second-order differential equations (cf. (iv)). If
we are to solve the initial value problem for (5.24) on [a, b], with u(a) = uy
prescribed, we need for (5.26) the additional initial data (du/dx)(a) = u;. This
must be obtained by solving F (a,uo,uy) = 0 for uy, which in general is a
nonlinear system of equations (unless F (x, u, v) depends linearly on v). But from
then on, when integrating (5.26) (or the equivalent first-order system), only linear
systems (5.25) need to be solved at each step to compute d?z/dx? for given
x,u,u’, since the numerical method automatically updates x, u, u’ from step to
step.

5.3 Existence and Uniqueness

We recall from the theory of differential equations the following basic existence and
uniqueness theorem.

Theorem 5.3.1. Assume that f (x, y) is continuous in the first variable for x €
[a, b] and with respect to the second satisfies a uniform Lipschitz condition

If . y)— £y < Llly —y*|l. x €la.bly, y* eR?, (5.27)
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where || - || is some vector norm. Then the initial value problem (5.16) has a unique
solution y(x), a < x < b, for arbitrary yo € R?. Moreover, y(x) depends
continuously on xo and yy.

The Lipschitz condition (5.27) certainly holds if all functions %(x,y),
i,j =1,2,....d, are continuous in the y-variables and bounded on [a, b] x R?.
This is the case for linear systems of differential equations, where

d
fley) =Y ayx)y/ +bi(x), i=12.....4d, (5.28)

J=1

and a;; (x), b;(x) are continuous functions on [a, b]. In nonlinear problems, it is
rarely the case, however, that a Lipschitz condition is valid uniformly in all of R?;
it more often holds in some compact and convex domain D C R?. In this case, one
can assert the existence of a unique solution only in some neighborhood of x, in
which y(x) remains in D. To avoid this complication, we assume in this chapter
that D is so large that y (x) exists on the whole interval [a, b] and that all numerical
approximations are also contained in D. Bounds on partial derivatives of f (x, y)
are assumed to hold uniformly in [a, b] x D , if notin [a, ] x R?, and it is tacitly
understood that the bounds may depend on D but not on x and y.

5.4 Numerical Methods

One can distinguish between analytic approximation methods and discrete-variable
methods. In the former, one tries to find approximations y,(x) ~ y(x) to the
exact solution, valid for all x € [a, b]. These usually take the form of a truncated
series expansion, either in powers of x, in Chebyshev polynomials, or in some
other system of basis functions. In discrete-variable methods, on the other hand,
one attempts to find approximations u,, € R? of y(x,) only at discrete points x,, €
[a, b]. The abscissas x,, may be predetermined (e.g., equally spaced on [a, b]) or,
more likely, are generated dynamically as part of the integration process. If desired,
one can from these discrete approximations {u,} again obtain an approximation
ya(x) defined for all x € [a,b] either by interpolation or, more naturally, by
a continuation mechanism built into the approximation method itself. We are
concerned here only with discrete-variable methods.

Depending on how the discrete approximations are generated, one distinguishes
between one-step methods and multistep methods. In the former, u, 1, is determined
solely from a knowledge of x,,, u,, and the step / to proceed from x,, to x,+1 = x, +
h. In a k-step method (k > 1), knowledge of &k — 1 additional points (x,—, #,—),
k =1,2,...,k — 1, is required to advance the solution. This chapter is devoted to
one-step methods; multistep methods are discussed in Chap. 6.
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When describing a single step of a one-step method, it suffices to show how
one proceeds from a generic point (x, y), x € [a,b], y € R?, to the “next” point
(x + h, ynext). We refer to this as the local description of the one-step method. This
also includes a discussion of the local accuracy, that is, how closely ynex: agrees at
x+h with the solution (passing through the point (x, y)) of the differential equation.
A one-step method for solving the initial value problem (5.16) effectively generates
a grid function {u,}, u, € RY,onagrida = xo < x; < X3 < -+ < Xy <
xy = b covering the interval [a, b], whereby u, is intended to approximate the
exact solution y(x) at x = x,. The point (x,+1, u,+1) is obtained from the point
(x.,u,) by applying a one-step method with an appropriate step z, = x,+1 — X,.
This is referred to as the global description of a one-step method. Questions of
interest here are the behavior of the global error u,, — y(x,), in particular stability
and convergence, and the choice of £, to proceed from one grid point x,, to the next,
Xn+1 = X, + h,. Finally, we address special difficulties arising from the stiffness of
the given differential equation problem.

5.5 Local Description of One-Step Methods

Given a generic point x € [a,b], y € R, we define a single step of the one-step
method by

Yrext =y +h®(x,y;h), h>0. (5.29)

The function ®: [a,b] x R? x Ry — R¢ may be thought of as the approximate
increment per unit step, or the approximate difference quotient, and it defines the
method. Along with (5.29), we consider the solution u(¢) of the differential equation
(5.16) passing through the point (x, y), that is, the local initial value problem

z—;l:f(l,u),xflfx—i-h; u(x)=y. (5.30)

We call u(z) the reference solution. The vector ypex in (5.29) is intended to
approximate u(x + h). How successfully this is done is measured by the truncation
error defined as follows.

Definition 5.5.1. The truncation error of the method & at the point (x, y) is
defined by

T(x,y;h) = % [Ynext — u(x + h)]. (5.31)

The truncation error thus is a vector-valued function of d + 2 variables. Using
(5.29) and (5.30), we can write for it, alternatively,

T (e yih) = ®(e, yih) = [+ h) — u()], (5.32)
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showing that T is the difference between the approximate and exact increment per
unit step.

An increasingly finer description of local accuracy is provided by the following
definitions, all based on the concept of truncation error.

Definition 5.5.2. The method @ is called consistent if
T(x,y;h) —>0ash —0, (5.33)

uniformly for (x, y) € [a,b] x R? .2
By (5.32) and (5.30) we have consistency if and only if

®(x,y:0) = f(x.y). xe€la.b]. yeR’ (5.34)

Definition 5.5.3. The method @ is said to have order p if, for some vector norm
-l
IT (x, y;h)|l < Ch”, (5.35)

uniformly on [a, b] x R?, with a constant C not depending on x, y and 4.*

We express this property briefly as
T(x,y;h) =0(h"), h—DO0. (5.36)
Note that p > 0 implies consistency. Usually, p is an integer > 1. Itis called the

exact order, if (5.35) does not hold for any larger p.
Definition 5.5.4. A function z: [a, ] x R? — R that satisfies z (x, y) # 0 and

T(x.y:h) =t(x,y)h? + O(h"*"), h—0, (5.37)

is called the principal error function.

The principal error function determines the leading term in the truncation error.
The number p in (5.37) is the exact order of the method since ¢ = 0.

All the preceding definitions are made with the idea in mind that 2 > 0 is a small
number. Then the larger p, the more accurate the method. This can (and should)
always be arranged by a proper scaling of the independent variable x; we tacitly
assume that such a scaling has already been made.

3More realistically, one should require uniformity on [a, b] x D, where D C R is a sufficiently
large compact domain; cf. Sect. 5.3.

4If uniformity of (5.35) is required only on [a, b] X D, D C R¢ compact, then C may depend on
D; cf. Sect. 5.3.
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5.6 Examplesof One-Step Methods

Some of the oldest methods are motivated by simple geometric considerations based
on the slope field defined by the right-hand side of the differential equation. These
include the Euler and modified Euler methods. More accurate and sophisticated
methods are based on Taylor expansion.

5.6.1 Euler'sMethod

Euler proposed his method in 1768, in the early days of calculus. It consists
of simply following the slope at the generic point (x, y) over an interval of
length A:

Yt =Y +hf(x,y). (5.38)

Thus, ®(x,y;h) = f(x,y) does not depend on A, and by (5.34) the method is
evidently consistent. For the truncation error, we have by (5.32)

1
T(x.y:h)=f(x.y)— 7 [w(x + h) —u(x)], (5.39)

where u(t) is the reference solution defined in (5.30). Since «'(x) = f(x,u(x)) =
f (x,y), we can write, using Taylor’s theorem,

T (e yih) = ')~ ¢ [ + h) — u()
=u'(x)— }ll |:u(x) + hu' (x) + %h2u”($) - u(x):|
- —% ht'(E), x<§<x+h, (5.40)

assuming u € C?[x, x + h]. This is certainly true if f € C! on [a,b] x R¢, as we
assume. Note the slight abuse of notation in the last two equations, where £ is to be
understood to differ from component to component but to be always in the interval
shown. We freely use this notation later on without further comment.

Now differentiating (5.30) totally with respect to ¢ and then setting ¢+ = £
yields

T(eyih) = =3 hfe+ £y f)E (@), (.41)
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where f is the partial derivative of f with respect to x and f, the Jacobian of f
with respect to the y-variables. If, in the spirit of Theorem 5.3.1, we assume that f
and all its first partial derivatives are uniformly bounded in [a, b] x R?, there exists
a constant C independent of x, y, and % such that

IT(x,y; )| <C-h. (5.42)
Thus, Euler’s method has order p = 1. If we make the same assumption about
all second-order partial derivatives of f, we have u”(§) = u”(x) + O(h) and,
therefore, from (5.40),
T(x,y1h) = —3h[fc+ fy flx,p) + OR?), h—0, (5.43)
showing that the principal error function is given by

T, y) = =5 [fx + £ f1(x, p). (5.44)

Unless f. + f, f = 0, the order of Euler’s method is exactly p = 1.

5.6.2 Method of Taylor Expansion

We have seen that Euler’s method basically amounts to truncating the Taylor
expansion of the reference solution after its second term. It is a natural idea, already
proposed by Euler, to use more terms of the Taylor expansion. This requires the
computation of successive “total derivatives” of f,

Gy = f.
Sy = Yy + Gy feey), k=0,12,..., (545)

which determine (see EX. 2) the successive derivatives of the reference solution u(t)
of (5.30) by virtue of

u @)y = W@ u@), k=01,2,.... (5.46)
These, for ¢ = x, become

ubtx) = fW(x,y), k=0,1,2,..., (5.47)
and are used to form the Taylor series approximation according to

1 1
ynext=y+h[f[°](x,y)+Ehf“](x,y)Jr---Jr?hp Lyl 1](x,y)]:
(5.48)
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that is,

1 Loy e
S yih) = fOG )+ N y) 4o AT y). (549)

For the truncation error, assuming f € C? on [a,b] x R? and using (5.47) and
(5.49), we obtain from Taylor’s theorem

1
T(x.y:h) = ®(x.y:h) — o [ulx + h) —u(x)]

p—1

(k+1) Ny
= @(x,yih) - Zu (“w+n' p(9@+w
_ —u(”+1)(§) T 1)!7 X < 5 <x4h,
so that
1T (x, y: )|l < T 1),h’”, (5.50)

where C, is a bound on the pth total derivative of . Thus, the method has exact
order p (unless £17)(x, y) = 0), and the principal error function is

P ). (5.51)

T(x, =

(x,y) T 1),

The necessity of computing many partial derivatives in (5.45) was a discouraging

factor in the past, when this had to be done by hand. But nowadays, this labor

can be delegated to computers, so that the method has become again a viable
option.

5.6.3 Improved Euler Methods

There is too much inertia in Euler’s method: one should not follow the same initial
slope over the whole interval of length £, since along this line segment the slope
defined by the slope field of the differential equation changes. This suggests several
alternatives. For example, we may wish to reevaluate the slope halfway through the
line segment — retake the pulse of the differential equation, as it were — and then
follow this revised slope over the whole interval (cf. Fig. 5.1). In formula,

1 1
Ve =y +hf (x + Eh’y + Ehf(x»)’))a (5.52)
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)
g

yIlCX[
Yy
x x+h
Fig. 5.1 Modified Euler method
or | |
<I>(x,y;h)=f(x—l—zh,y—f-zhf(x,y)). (5.53)

Note the characteristic “nesting” of f that is required here. For programming
purposes, it may be desirable to undo the nesting and write

ki(x,y) = f(x,y),
1 1
Ynext = y + hko. (5.54)

In other words, we are taking two trial slopes, k; and k5, one at the initial point and
the other nearby, and then taking the latter as the final slope.

We could equally well take the second trial slope at (x + &, y + h f (x, y)), but
then, having waited too long before reevaluating the slope, take now as the final
slope the average of the two slopes:

kl(xvy) = f(X,y),
ka(x,y;h) = f(x+h,y+ hky),

1
Ynext =y + Eh(kl + k). (5.55)

This is sometimes referred to as Heun’s method or the trapezoidal rule.
The effect of both modifications is to raise the order by 1, as is shown in the next
section.
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5.6.4 Second-Order Two-Stage Methods

We may take a more systematic approach toward modifying Euler’s method, by
letting

®(x,y:h) = k| + azks, (5.56)
where
ki(x,y) = f(x,y),
ky(x,y:h) = f(x+ ph,y + phky). (5.57)

We have now three parameters, «;, «y, and w, at our disposal, and we can try to
choose them so as to maximize the order p. A systematic way of determining the
maximum order p is to expand both ® (x, y; ) and 2~ [u(x + h) —u(x)] in powers
of /2 and to match as many terms as we can.

To expand @, we need Taylor’s expansion for (vector-valued) functions of several
variables,

SOt Axy+AY) = + fobx+ fyAy + 3 [fu(Ax) +2fiy AvAy
ANy (By)] + (5.58)

where f), denotes the Jacobian of f and f,, = [fy"y] the vector of Hessian
matrices of f. In (5.58), all functions and partial derivatives are understood to be
evaluated at (x, y). Letting Ax = uh, Ay = uh f then gives
1
kz(x,y;h) = f + ﬂh(fv + fyf) + Euzhz(.ﬁvx + 2fxyf + foyyf)
+0(). (5.59)

Similarly (cf. (5.47)),

) ()] = () + 5 () ¢ () + O0F), (5.60)

where
w'(x)=f.
W'(x)=fU=fi+ fif,
W)= fB =M+ N f
=fot fof +fifc+ Foy+ U H0DS
= fo+2fuf + T o] + [+ £ )
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and where in the last equation we have used (see Ex. 3)

S f =F"fosf + 11

Now,
1
T(x,y:h) =0k, + ks — 7 [(x + h) —u(x)],

wherein we substitute the expansions (5.59) and (5.60). We find

T0xyit) = @t on = 0 + (o3 )+ o)+ 5 (o = 5)
2o f 4 I L )= LU+ 10+ 0
(5.61)

We can see now that, however we choose the parameters oy, o, 1, We cannot
make the coefficient of 4> equal to zero unless severe restrictions are placed on f
(cf. Ex.6(c)). Thus, the maximum possible order is p = 2, and we achieve it by
satisfying

ap oy =1,
1

ap = 7 (5.62)

This has a one-parameter family of solutions,

o =1—ay,
1 (ap # O arbitrary). (5.63)

We recognize the improved Euler method contained therein with o, = 1, and
Heun’s method with a; = % There are other natural choices; one such would be to
look at the principal error function

1 1 1 1
w0 = 5| (i = 3) U 4 20 f + S L d) =S 04 £
(0%) 3 3
(5.64)
and to note that it consists of a linear combination of two aggregates of partial
derivatives. We may wish to minimize some norm of the coefficients, say, the sum of

their absolute values. In (5.64), this gives trivially (40;) ™' — 3 = 0, that is, o = 2,
and hence suggests a method with

Loy =3, =3 (5.65)
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5.6.5 RungeKutta Methods

Runge—Kutta methods are a straightforward extension of two-stage methods to r-
stage methods:

Q(x,y;h) = Z%ks,
s=1

ki(x,y)= f(x,y),
s—1

ki(x.y:ih) = f|x+uhy+h> Ak |. s=23...r. (5.66)
j=1

It is natural in (5.66) to impose the conditions (cf. Ex. 10 for the first)

s—1 r
us:Z/\Sj,s:2,3,...,r; Zaszl, (5.67)
j=I s=1

where the last one is nothing but the consistency condition (cf. (5.34)). We call
(5.66) an explicit r-stage Runge—Kutta method; it requires r evaluations of the right-
hand side f of the differential equation. More generally, we can consider implicit
r-stage Runge—Kutta methods

(x.yih) =) aky(x.y:h).

s=1

k= f|x+umhy+hY Ajk; | s=12....r (5.68)

J=1

in which the last  equations form a system of (in general nonlinear) equations in the
unknowns k, k», . .., k,. Since each of these is a vector in R?, we have a system of
rd equations in rd unknowns that must be solved before we can form the approx-
imate increment ®. Less work is required in semi-implicit Runge—Kutta methods,
where the summation in the formula for k; extends from j = 1to j = s only. This
yields r systems of equations, each having only d unknowns, the components of k.
The considerable computational expense involved in implicit and semi-implicit
methods can only be justified in special circumstances, for example, stiff problems.
The reason is that implicit methods not only can be made to have higher order than
explicit methods, but also have better stability properties (cf. Sect. 5.9).

Already in the case of explicit Runge—Kutta methods, and even more so in
implicit methods, we have at our disposal a large number of parameters which we
can choose to achieve the maximum possible order for all sufficiently smooth f.
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The approach is analogous to the one taken in Sect. 5.2.4, only technically much
more involved, as the partial-derivative aggregates that are going to appear in the
principal error function are becoming much more complicated and numerous as r
increases. In fact, a satisfactory solution of this problem has become possible only
through the employment of graph-theoretical tools, specifically, the theory of rooted
trees. This was systematically developed by J.C. Butcher, the principal researcher
in this area. A description of these techniques is beyond the scope of this book. We
briefly summarize, however, some of the results that can be obtained.

Denote by p*(r) the maximum attainable order (for arbitrary sufficiently smooth
f) of an explicit r-stage Runge—Kutta method. Then Kutta® has already shown in
1901 that

pr(r)y=r for 1=<r<4, (5.69)

and has derived many concrete examples of methods having these orders. Butcher,
in the 1960s, established that

p*ry=r—1 for 5<r<7,
p*(ry=r—-2 for 8<r <9,
p*(r)<r—-2 for r=>10. (5.70)

Specific examples of higher-order Runge—Kutta formulae are used later in con-
nection with error monitoring procedures. Here, we mention only the classical
Runge-Kutta formula® of order p = 4:

1
®(x,y:h) = g(kl + 2ko + 2k3 + k4),
k](X,y) = f(xv)’),

1 1
kz(x,y;h) = f (X‘f‘zh,y +§hk1),

1 1
ki(x,y;h)=f (x+§h,y +§hkz),

ky(x,y:h)= f(x+h,y + hks). (5.71)

SWilhelm Martin Kutta (1867—1944) was a German applied mathematician, active at the Technical
University of Stuttgart from 1911 until his retirement. In addition to his work on the numerical
solution of ODEs, he did important work on the application of conformal mapping to hydro- and
aerodynamical problems. Best known is his formula for the lift exerted on an airfoil, now known
as the Kutta—Joukowski formula. For Runge, see footnote 7 in Chap. 2, Sect. 2.2.3

6Runge’s idea, in 1895, was to generalize Simpson’s quadrature formula (cf. Chap. 3, Sect. 3.2.1)
to ordinary differential equations. He succeeded only partially in that the generalization he gave
had stage number r = 4 but only order p = 3. The method (5.71) of order p = 4 was discovered
in 1901 by Kutta through a systematic search.
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When £ does not depend on y, and thus we are in the case of a numerical quadrature
problem (cf. (5.2)), then (5.71) reduces to Simpson’s formula.

5.7 Global Description of One-Step Methods

We now turn to the numerical solution of the initial value problem (5.16) with the
help of one-step formulae such as those developed in Sect.5.6. The description of
such one-step methods is best done in terms of grids and grid functions. A grid on
the interval [a, b] is a set of points {x, }'_, such that

a=XxX)<X] <Xp<-+<Xy—1 <Xxy=b, (5.72)
with grid lengths 4, defined by
hy = Xp41—Xn, n=0,1,...,N—1. (5.73)
The fineness of the grid is measured by

= n- 74
= o 7%

We often use the letter & to designate the collection of lengths » = {h,}. If
hy = hy, =---=hy_; = (b—a)/N, we call (5.72) a uniform grid, otherwise
a nonuniform grid. For uniform grids, we use the letter # also to designate the
common grid length 2 = (b — a)/ N . A vector-valued function v = {v,}, v, € R?,
defined on the grid (5.72) is called a grid function. Thus, v, is the value of v at
the gridpoint x,,. Every function v(x) defined on [a, b] induces a grid function by
restriction. We denote the set of grid functions on [a, b] by I';[a, b], and for each
grid function v = {v,,} define its norm by

IVloo = max ||V,|l, Ve Tya,b]. (5.75)
0<n=<N

A one-step method — indeed, any discrete-variable method — is a method
producing a grid function u = {u,} such that u ~ y, where y = {y,} is the
grid function induced by the exact solution y (x) of the initial value problem (5.16).
The grid (5.72) may be predetermined, for example, a uniform grid, or, as is more
often the case in practice, be produced dynamically as part of the method (cf.
Sect. 5.8.3). The most general scheme involving one-step formulae is a variable-
method variable-step method. Given a sequence {®,} of one-step formulae, the
method proceeds as follows,

Xn4+1 = X, +h s
' L n=0,1,....N -1, (5.76)
Up+1 = Uy + hn(I)n(xna un;hn)v
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where xo = a, uy = yo. For simplicity, we only consider single-method schemes
involving a single method @, although the extension to variable-method schemes
would not cause any essential difficulties (just more writing).

To bring out the analogy between (5.16) and (5.76), we introduce operators R and
Ry, acting on C'[a, b] and I [a, b], respectively. These are the residual operators

(RV)(x) :=V(x) — f(x,v(x)), veCla,b] (5.77)
(th)n = hi (Vn+1 _Vn) - (I>(xnvvn;hn)vn =0,1,....,.N—-1;
vV = {V,} € T}a,b]. (5.78)

(The grid function {(R.V),} is not defined for n = N, but we may arbitrarily set
(RinV)y = (RpV)n—1.) Then the problem (5.16) and its discrete analogue (5.76) can
be written transparently as

Ry =0 onla,b], y(a)= yo, (5.79)
Ryu =0 onla,b], uyp = yo. (5.80)

Note that the discrete residual operator (5.78) is closely related to the truncation
error (5.32) when we apply the operator at a point (x,,, y (x,)) on the exact solution
trajectory. Then indeed the reference solution u(¢) coincides with the solution y (¢),
and

1
(Rpy)n = h_ [ (xn1) =y ()] — @ (X, ¥ (x0): 1) = =T (X0, y (X0): 1)
! (5.81)

57.1 Stability

Stability is a property of the numerical scheme (5.76) alone and a priori has
nothing to do with its approximation power. It characterizes the robustness of the
scheme with respect to small perturbations. Nevertheless, stability combined with
consistency yields convergence of the numerical solution to the true solution.

We define stability in terms of the discrete residual operators R;, in (5.78). As
usual, we assume ® (x, y; i) to be defined on [a, b] x R? x [0, ko], where hy > 0 is
some suitable positive number.

Definition 5.7.1. The method (5.76) is called stable on [a, b] if there exists a
constant K > 0 not depending on % such that for an arbitrary grid 4 on [a, b],
and for arbitrary two grid functions v, w € I';[a, b], there holds

[V—Wloo < K(|[Vo —Wol| + [[ RV — RiWlloo), V.W € I'[a, b], (5.82)
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for all & with || sufficiently small. In (5.82), the infinity norm for grid functions is
the norm defined in (5.75).

We refer to (5.82) as the stability inequality. The motivation for it is as follows.
Suppose we have two grid functions u, w satisfying

Ryu =0, uy=yo (5.83)

Ryw=2¢, Wy=yo+ 1, (5.84)

where e = {e,} € I'4[a,b] is a grid function with small ||e, |, and | .| is also

small. We may interpretu € I'[a, b] as the result of applying the numerical scheme

(5.76) in infinite precision, whereas w € I';[a, b] could be the solution of (5.76) in
floating-point arithmetic. Then if stability holds, we have

llu —Wlleo = K([Imoll + ll€loo): (5.85)

that is, the global change in u is of the same order of magnitude as the local
residual errors {e,} and initial error »,. It should be appreciated, however, that the
first equation in (5.84) says Wy4+1 — W, — h, ®(x,, Wy; h,) = h,&,, meaning that
“rounding errors” must go to zero as |i| — 0.

Interestingly enough, a Lipschitz condition on @ is all that is required for
stability.

Theorem 5.7.1. If ®(x, y;h) satisfies a Lipschitz condition with respect to the
y-variables,

1@, yih) =@, y* ;)| < My — y*|| on[a,b] xR? x [0,ho],  (5.86)
then the method (5.76) is stable.

We precede the proof with the following useful lemma.

Lemma5.7.1. Let {e,} be a sequence of numbers ¢, € R satisfying
en+l§anen+bn» n=01....,N—1, (587)
where a, > 0 and b, € R. Then
n—1 n—1 n—1
e, <E, E, = (Hak> eo + Z( 1_[ aﬁ) by, n=0,1,...,N. (5.88)
k=0 k=0 \t=k+1

We adopt here the usual convention that an empty product has the value 1, and
an empty sum the value 0.

Proof of Lemma 5.7.1. It is readily verified that

E,y1=a,E,+b,, n=0,1,...,.N -1, Ey=ey.
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Subtracting this from the inequality in (5.87), we get
eny1— Eny1 <ay(e,— E,), n=0,1,...,N—1.

Now, eg — Ey = 0, s0 thate; — E; < 0. Therefore, e; — E; < a;(e; — E), implying
ey — E; < 0since a; > 0. In the same way, by induction, e, — E,, < 0. O

Proof of Theorem 5.7.1. Let i = {h,} be an arbitrary grid on [a, b], and v,w €
['y[a, b] two arbitrary (vector-valued) grid functions. By definition of R, we can
write

Vi+1 =V + hnq’(xn, Vn;hn) + hn(RhV)na n = O, 17 ey N — 17
and similarly for w,, 4. Subtraction then gives

Vg1 — Wyg1 =V — Wy, + hn[q)(xnvvn;hn) - @(X,,,Wn;]’ln)]

+ hn[(RhV)n - (RhW)n], n = 0, 1, ey N —1. (589)
Now define

en = [Vu =Wull. dn = [(RRV)n — (RpW), ||, § = maxd,. (5.90)

Then using the triangle inequality in (5.89) and the Lipschitz condition (5.86) for
@, we obtain

ens1 < (1+hyM)ey +hy8, n=0,1,....N—1. (5.91)

Thisisinequality (5.87)witha, = 14+h, M, b, = h,§. Sincefork =0,1,...,n—1
andn < N, we have

n—1 N—1 N—1 N—1
[T a=[Jac=TC+he) = [T
{=k+1 £=0 (=0 (=0

= glhothit=thy-—)M _ e(b—ll)M7

where 1 + x < e* has been used in the second inequality, we obtain from
Lemmab.7.1 that

n—1
e, < e(b—u)MeO + e(b—a)M Z 8
k=0

<elt=Mey 4 (b—a)8), n=0,1,...,N—1.
Taking the maximum over n and recalling the definition of ¢, and 3, we get
IV =Wl < €=M ([[vo —Woll + (b — @) || RaV — RiW]|oo),

which is (5.82) with K = e®=9M™ max{1,b —a}. O
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We have actually proved stability for all |z| < hy, not only for || sufficiently
small. The proof is virtually the same for a variable-method algorithm involving a
family of one-step formulae {®,}, if we assume a Lipschitz condition for each @,
with a constant M independent of n.

All one-step methods used in practice satisfy a Lipschitz condition if f* does,
and the constant M for @ can be expressed in terms of the Lipschitz constant L
for f. This is obvious for Euler’s method, and not difficult to prove for others (see
Ex. 13). It is useful to note that ® need not be continuous in x; piecewise continuity
suffices, as long as (5.86) holds for all x € [a, b], taking one-sided limits at points
of discontinuity.

For later use, we state another application of Lemmab5.7.1, relative to a grid
function v € T'y[a, b] satisfying

Vot1 =V + hy(ApV, +b,), n=0,1,...,N —1, (5.92)

where 4, € R¥*¢ b, e RY, and h = {h,} is an arbitrary grid on [a, b].
Lemma5.7.2. Suppose in (5.92) that

[A.l <M, ||b,]| <8, n=0,1,....N—1, (5.93)

where the constants M, § do not depend on 4. Then there exists a constant K > 0
independent of %, but depending on ||vo ||, such that

IVl = K. (5.94)
Proof. The lemma follows at once by observing that
Va1l = (X + A M) V|l + hn8, n=0,1,...,N —1,
which is precisely the inequality (5.91) in the proof of Theorem5.7.1, hence

vl < e@=OM{Ivoll + (b — )8} (5.95)
O

5.7.2 Convergence

Stability is a rather powerful concept; it implies almost immediately convergence,
and is also instrumental in deriving asymptotic global error estimates. \We begin by
defining precisely what we mean by convergence.

Definition 5.7.2. Leta = xo < x; < x, < --+- < xy = b beagrid on [a, b] with
grid length || = lmaxN(xn — Xp—1). Let u = {u,} be the grid function defined by
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applying the method (5.76) (with ®, = ®) on [a, b],and y = {y,} the grid function
induced by the exact solution of the initial value problem (5.16). The method (5.76)
is said to converge on [a, b] if there holds

lu—yllc — 0 as|i| — 0. (5.96)

Theorem 5.7.2. If the method (5.76) is consistent and stable on [a, ], then it
converges. Moreover, if ® has order p, then

lu = ylleo = O(IAI") as |h] — 0. (5.97)

Proof. By the stability inequality (5.82) applied to the grid functions v = u and
w = y of Definition5.7.2, we have, for || sufficiently small,

e = ylloo = K(lluo — y(xo)|| + [|Rntt — Riylloo)
= K[ Rpy lloo- (5.98)

since uy = y(xo) and R,u = 0 by (5.76). But, by (5.81),
[Rhylloo = 1T (-, y:h)lloo- (5.99)
where T is the truncation error of the method ®. By definition of consistency,
IT(-.y:M)llc > 0 as|a[— 0,

which proves the first part of the theorem. The second part follows immediately
from (5.98) and (5.99), since order p means, by definition, that

ITC.y:M)lee = O(h]") as[h] — 0. (5.100)

O

Since, as we already observed, practically all one-step methods are stable and of

order p > 1 (under reasonable smoothness assumptions on f), it follows that they
are all convergent as well.

5.7.3 Asymptotics of Global Error

Just as the principal error function describes the leading contribution to the local
truncation error, it is of interest to identify the leading term in the global error u,, —
y(x,). To simplify matters, we assume a constant grid length £, although it would
not be difficult to deal with variable grid lengths of the form 4, = ¥ (x,)h, where
¥ (x) is piecewise continuousand 0 < 9 (x) < © fora < x < b. Thus, we consider
our one-step method to have the form



5.7 Global Description of One-Step Methods 349

Xn+1 = Xp + h,
Uyt =ty +h®(x,,u,;h), n=0,1,...,N —1,
Xo =a, uy= Yy, (5.101)

defining a grid function u = {u,} on a uniform grid over [a, b]. We are interested in
the asymptotic behavior of u, — y(x,) as h — 0, where y(x) is the exact solution
of the initial value problem

Y ey asx by = (5.102)
X

Theorem 5.7.3. Assume that

(1) ®(x,y:h) e C*onla,b] x RY x [0, h];

(2) @ is amethod of order p > 1 admitting a principal error function t(x, y) € C
on [a, b] x RY;

(3) e(x) is the solution of the linear initial value problem

g_i = fy(x.y(x)e +7(x,y(x)), a=x<=b,
¢@)=0. (5.103)

Then,forn =0,1,..., N,
u, — y(x,) = e(x,)h? + O(h**') as h — 0. (5.104)

Before we prove the theorem, we make the following remarks.

1. The precise meaning of (5.104) is
lu—y —h’e|oo = O(h**') as h — 0, (5.105)

where u, y, e are the grid functionsu = {u,}, y = {y(x,)}, e = {e(x,)} and
| - |loo is the norm defined in (5.75).

2. Since by consistency @ (x, y:0) = f (x.y), assumption (1) implies f € C? on
[a, b] xR?, which is more than enough to guarantee the existence and uniqueness
of the solution e (x) of (5.103) on the whole interval [a, b].

3. The fact that some, but not all, components of = (x, y) may vanish identically
does not imply that the corresponding components of e(x) also vanish, since
(5.103) is a coupled system of differential equations.

Proof of Theorem 5.7.3. We begin with an auxiliary computation, an estimate for

q’(xn’ un;h) - (I)(xn» y(xn);/’l). (5106)
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By Taylor’s theorem (for functions of several variables), applied to the ith compo-
nent of (5.106), we have

d
P’ (Xn, uns h) — P’ (Xn, y(xn); h) = Z CD;/- (X, y (xn); h)[u,{ - yj (xn)]

j=1
1 d i — j j k k
5 D0 Py T ] =y o)l — )], (5.107)
jk=1

where u,, is on the line segment connecting u,, and y (x,). Using Taylor’s theorem
once more, in the variable %, we can write

q)fvj (xn’y(xn);h) = cb;j (xn,y(x,,);O) + hq);jh(xmy(xn);ﬁ),

where 0 < i < h. Since by consistency ® (x, y:0) = f(x,y) on [a,b] x R?, we
have

@ (x,y:0) = f);(x, ), x€la,b], y eR’,
and assumption (1) allows us to write

@) (n, y (xa)sh) = £ (ns y () + O(h). 7 — 0. (5.108)

Now observing that u, — y(x,) = O(h?) by virtue of Theorem5.7.2, and using
(5.108) in (5.107), we get, again by assumption (1),

ol (X, uys h) — ol (X0, y(x,); h)

d
=Y fGa y)lu] — ¥ ()]l + O+ + 0(h*7).
j=1

But O(h??) is also of order O(h?*1), since p > 1. Thus, in vector notation,

D (xp, upsh) — ®(xn, y(x0); h) = fy(xn, y (cu)) [y — y (xn)] + O(hp+1)-
(5.109)

Now, to highlight the leading term in the global error, we define the grid function
r = {rn} by
r=h"’u-—y). (5.110)
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Then

1 1
E (rn-i-l - rn) = E [h_p(un-‘rl - y(xn—i-l)) - h_p(un - y(xn))]

=h7 [% (Wps1 —uy) — % (¥ (xn+1) — y(xﬂ))i|
= h—P[q)(xn’ Uy, h) - {q>(xnv y(xn); h) - T(Xn, y(x"); h)}]’

where we have used (5.101) and the relation (5.81) for the truncation error T.
Therefore, expressing T in terms of the principal error function z, we get

%(rnﬂ —r) = [ (st ) — B (s y (50): )

+ 7 (X, Y ()A? + O,

For the first two terms in brackets, we use (5.109) and the definition of r in (5.110)
to obtain

1
Z (Fnt1 —rn) = fy(n, y(e))ry + (X, y(x0)) + O(h),
n=01,...,N—1,
ro=0. (5.111)
Now letting

g(x,y) = fy(x,y(x)y + z(x, y(x)), (5.112)

we can interpret (5.111) by writing

(R}Ifuler,gr) =¢e, n=0,1,...,N—1), &, =0(h),

where R™""# is the discrete residual operator (5.78) that goes with Euler’s method
appliedto e’ = g(x,e), e(a) = 0. Since Euler’s method is stable on [a, ] and g
(being linear in y) certainly satisfies a uniform Lipschitz condition, we have by the
stability inequality (5.82)

[r —ellc = O(h).
and hence, by (5.110),

lu—y —hPello = O™,

as was to be shown. O
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5.8 Error Monitoring and Step Control

Most production codes currently available for solving ODEs monitor local
truncation errors and control the step length on the basis of estimates for these
errors. Here, we attempt to monitor the global error, at least asymptotically,
by implementing the asymptotic result of Theoremb5.7.3. This necessitates the
evaluation of the Jacobian matrix f) (x, y) along or near the solution trajectory;
but this is only natural, since f,, in a first approximation, governs the effect
of perturbations via the variational differential equation (5.103). This equation is
driven by the principal error function evaluated along the trajectory, so that estimates
of local truncation errors (more precisely, of the principal error function) are needed
also in this approach. For simplicity, we again assume constant grid length.

5.8.1 Estimation of Global Error

The idea of our estimation is to integrate the “variational equation” (5.103) along
with the main equation (5.102). Since we need e(x,) in (5.104) only to within an
accuracy of O(h) (any O(h) error term in e (x,), multiplied by /47, being absorbed
by the O(h?*!) term), we can use Euler’s method for that purpose, which will
provide the desired approximation v, ~ e (x,).

Theorem 5.8.1. Assume that

(1) ®(x,y:h) € C*onla,b] x RY x [0, h;

(2) @ isamethod of order p > 1 admitting a principal error function z(x, y) € C!
on [a, b] x R?;

(3) anestimate r(x, y;h) is available for the principal error function that satisfies

r(x,y:h) =t(x,y)+ O(h), h—0, (5.113)

uniformly on [a, b] x RY;
(4) along with the grid function © = {u,} we generate the grid functionv = {v,}
in the following manner,

Xn+1 = Xp + ha

Upt] = Uy + hq’(-xna Uy, h)a

Vitl =V + h[fy (xna un)vn + r(xn,u,,;h)],

X0 =a,up = yo,Vo = 0. (5114)
Then,forn =0,1,.... N,

u, — y(x,) = Vuh? + O(h**"y as h — 0. (5.115)
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Proof. The proof consists of establishing the following estimates,

fy (xXp, u,) = fy (xn, y(xn)) + O(h), (5.116)
r(xn,unh) = t(x,, y(x,) + O(h). (5.117)

Once this has been done, we can argue as follows. Let (cf. (5.114))
gx.y) = fy(x.y(x))y + 7(x, y(x)). (5.118)
The equation for v, in (5.114) has the form
Vi1 = Vi + h(AnVy + by),

where A,, are bounded matrices and b,, bounded vectors. By Lemma5.7.2, we have
boundedness of v,,,

Ve = 0(1), h— 0. (5.119)

Substituting (5.116) and (5.117) into the equation for v, 1, and noting (5.119), we
obtain

Vae1 = Vi LSy (o y ()Y + T (e 9 (50) + O(B)]
=V, + hg(xu, V) + O(h?).
Thus, in the notation used in the proof of Theorem5.7.3,
(RF""8v), = O(h), Vo = 0.
Since Euler’s method is stable, we conclude
Vp —e(x,) = O(h),

where e(x) is, as before, the solution of ¢’ = g(x,e), e(a) = 0. Therefore, by
(5.104),

Un — y('x”) = e(X”)hp + O(hp+l) = Vnhp + O(hp—H),

as was to be shown.

It remains to prove (5.116) and (5.117). From assumption (1) we note, first of all,
that £ (x,y) € C?on [a,b] x R?, since by consistency f (x,y) = ®(x, y;0). By
virtue of u,, = y(x,) + O(h?) (cf. Theorem5.7.2), we therefore have

fy (xXp,u,) = fy (xn, ¥ (xn)) + O(h?),

which implies (5.116), since p > 1.
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Next, since 7 (x, y) € C! by assumption (2), we have

T (X, ttn) = T(Xn, ¥ (Xn)) + Ty (X ) Uy — y(Xn))
= T (xn, y(xn)) + O(h?),
so that by assumption (3),
r(xXp, uyih) = t(x0, u,) + O(h) = (x4, y(x)) + O(h?) + O(h),

from which (5.117) follows at once. This completes the proof of Theorem5.8.1. O

5.8.2 Truncation Error Estimates

In order to apply Theorem 5.8.1, we need estimates r (x, y; k) of the principal error
function z(x, y) which are O(h) accurate. A number of them, in increasing order
of efficiency, are now described.

1. Local Richardson extrapolation to zero: This works for any one-step method @,
but is usually considered to be too expensive. If ® has order p, the procedure is
as follows.

yh=y+h®(x, y:h),

1 1
Yh/z=)’+§h‘1’ (X,J/;Eh),

1 1 1
x = _hq) _h’ 7_h 5
Y = Ynj2 + > (x + > Yi/2 > )

rx.yih) = vn— ¥ (5.120)

—2-p hptl
Note that y,* is the result of applying ® over two consecutive steps of length %h
each, whereas y, is the result of one application over the whole step of length /.

We now verify that r(x, y; &) in (5.120) is an acceptable estimator. To do this,
we need to assume that =(x,y) € C! on [a,b] x R?. In terms of the reference
solution u(¢) through (x, y), we have (cf. (5.32) and (5.37))

1
D(x,y;h) = ; [w(x + h) —u(x)] + t(x, y)h? + O(h"T). (5.121)
Furthermore,
1 b1 1 1 1
E(yh_yh) = E(y_yh/2)+¢(x7Y§h)_ E(b X+ Eh,yh/z;zh

1 1 1 1 1
occyib) =30 (xyigh) =@ (4 3homai3h).
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Applying (5.121) to each of the three terms on the right, we find

= 3) = 3 [ )~ ()] + 2 )P+ O
- L : AR
a3 o] gren () on
%[u(x—i—h)—u(x—i—%h)}

1 1 1\’

+ OhPtYy = 7(x, y)(1 = 27P)h? + O(hPT).

=

N = l\)l

Consequently,

11
T2 On— yi) = t(x, y)h? + O(h?*") (5.122)

as required.
Subtracting (5.122) from (5.121) shows, incidentally, that

1
— (v —=yr) (5.123)

. 1
7 (x,yih) = (x, yih) - —— &

defines a one-step method of order p + 1.

The procedure in (5.120) is rather expensive. For a fourth-order Runge—-Kutta
process, it requires a total of 11 evaluations of f per step, almost three times
the effort for a single Runge—Kutta step. Therefore, Richardson extrapolation is
normally used only after every two steps of ®; that is, one proceeds according to

yh=y +h®(x,y;h),
Y = Yn +h®(x + h, yp;h),
Yo =y +2h®(x, y:2h). (5.124)

Then (5.122) gives

1 1
227 = 1) Wt (Y2 — y3p) = T(x.y) + O(h), (5.125)
so that the expression on the left is an acceptable estimator r (x, y;4). If the two
steps in (5.124) yield acceptable accuracy (cf. Sect. 5.8.3), then, again for a fourth-
order Runge—Kutta process, the procedure requires only three additional evaluations
of £, since y;, and y;, would have to be computed anyhow. We show, however, that
there are still more efficient schemes.
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2. Embedded methods: The basic idea of this approach is very simple: if the given
method & has order p, take any one-step method ®* of order p* = p + 1 and
define

P yih) = o [B (e yih) — @7 (x, yi )] (5.126)
This is indeed an acceptable estimator, as follows by subtracting the two relations
@(x,yih) — 1 lulx + ) ()] = T, )? + O,
@ (v, yih) — o [u(x + h) —u()] = O

and dividing the result by /7.

The tricky part is making this procedure efficient. Following an idea of Fehlberg,
one can try to do this by embedding one Runge—Kutta process (of order p) into
another (of order p + 1). Specifically, let ® be some explicit r-stage Runge—Kutta
method,

k](X,y) = f(xiy)v

=1

s—1
ki(x,y;:h)=f (x—}—//ﬂh,y +h Z )&Sjkj) s =2,3,...,1,

@(x.y:h) =) ak,.
s=1

Then for @* choose a similar r*-stage process, with »* > r, in such a way that
Hy = s, )L;"j =Ay fors=2,3,....r.

The estimate (5.126) then costs only r* — r extra evaluations of f. If r* = r + 1,
one might even attempt to save the additional evaluation by selecting (if possible)

e =LA j =a; forj=12,....r"=1 (*=r+1). (5.127)

Then indeed, &, will be identical with k; for the next step.

Pairs of such embedded (p, p + 1) Runge—Kutta formulae have been developed
in the late 1960s by E. Fehlberg. There is a considerable degree of freedom in
choosing the parameters. Fehlberg’s choices were guided by an attempt to reduce
the magnitude of the coefficients of all the partial derivative aggregates that enter
into the principal error function =(x, y) of & (cf. the end of Sect.5.6.4 for an
elementary example of this technique). He succeeded in obtaining pairs with the
following values of parameters p, r, r* (Table 5.1).
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Table 5.1 Embedded
Runge—Kutta formulae

D r r
3 4 5
4 5 6
5 6 8
6 8 10
7 11 13
8 15 17

For the third-order process (and only for that one), one can also arrange for (5.127)
to hold (cf. Ex. 15 for a second-order process).

5.8.3 Step Control

Any estimate r (x, y; k) of the principal error function 7 (x, y) implies an estimate
hPr(x,y:h) =T (x,y:h) + OhPTh (5.128)

for the truncation error, which can be used to monitor the local truncation error
during the integration process. However, one has to keep in mind that the local
truncation error is quite different from the global error, the error that one really
wants to control. To get more insight into the relationship between these two errors,
we recall the following theorem, which quantifies the continuity of the solution of
an initial value problem with respect to initial values.

Theorem 5.8.2. Let f(x,y) be continuous in x for a < x < b and satisfy a
Lipschitz condition uniformly on [a, ] x R¢ with Lipschitz constant L (cf. (5.27)).
Then the initial value problem

W _ sy, a<x<bh
dx
y(c) = ye, (5.129)

has a unique solution on [a, b] for any ¢ with a < ¢ < b and for any y. € R¢.
Let y(x;s) and y(x;s™) be the solutions of (5.129) corresponding to y. = s and
y. = s*, respectively. Then, for any vector norm || - ||,

[y (x;s) — y(x;s™)| < eEFl s —s*). (5.130)

Solving the given initial value problem (5.102) numerically by a one-step method
(not necessarily with constant step) in reality means that one follows a sequence of
“solution tracks,” whereby at each grid point x,, one jumps from one track to the
next by an amount determined by the truncation error at x,, (cf. Fig. 5.2). This is
so by the very definition of truncation error, the reference solution being one of the
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a=x, X Xy X3

Fig. 5.2 Error accumulation in a one-step method

solution tracks. Specifically, the nth track, » = 0,1, ..., N, is given by the solution
of the initial value problem
dv,
A = f(xvvn)v xn S-x Sb,
dx
v, (x,) = uy, (5.131)
and
pr1 =V (Xpt1) + 0T (X5, 403 hy), n=0,1,....,N—1 (5.132)

Since by (5.131) we have u,+1 = V,+1(x,+1), We can apply Theorem5.8.2 to the
solutions v, +1 and v, letting ¢ = x,41, 8 = wyt1, 8* = uy41 — hy T (X, w3 hy)
(by (5.132)), and thus obtain

V1) = Va )| < Bt | T (s ) llon = 0,1, N — 1. (5.133)

Now

N—1
2 i1 () = ()] = v (6) = Vo(x) = vy (x) = y (). (5.134)
n=0

and since vy (xy) = uy, letting x = xu, we get from (5.133) and (5.134) that

N—1

ey =y )l < Y Va1 (xn) = Vi n) |

n=0

A

N—1

Z hneL\xN—anrll 1T (st 1)

n=0

IA
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Therefore, if we make sure that

T (xn,un; )| <er, n=0,1,2,...,N — 1, (5.135)
then
N—1
luy = yen)ll < &7 Y (a1 — xy)et v ol
n=0

Interpreting the sum on the right as a Riemann sum for a definite integral, we finally
obtain, approximately,

b
—x Er —a
luy —yxen)ll < 8T/ el=dx = T (et —1).

a

Thus, knowing an estimate for L would allow us to set an appropriate &7,
namely,

Er = eL(b—+)_1 &, (5136)
to guarantee an error |juy —y (xy)|| < &. What holds for the whole grid on [a, 5], of
course, holds for any grid on a subinterval [a, x], a < x < b. So, in principle, given
the desired accuracy ¢ for the solution y(x), we can determine a “local tolerance
level” e7 by (5.136) and achieve the desired accuracy by keeping the local truncation
error below g7 (cf. (5.135)). Note that as L — 0 we have er — ¢/(b — a). This
limit value of ¢7 would be appropriate for a quadrature problem but definitely not
for a true differential equation problem, where ¢7, in general, has to be chosen
considerably smaller than the target error tolerance ¢.

Considerations such as these motivate the following step control mechanism:
each integration step (from x,, to x,+; = x,, + h,) consists of these parts:

1. Estimate #,,.

2. Compute u, 1 = u, + h, ®(x,,u,;h,) and r(x,,u,: h,).

3. Test hl||r (x,.u,: hy)|| < er (cf. (5.128) and (5.135)). If the test passes, proceed
with the next step; if not, repeat the step with a smaller #,,, say, half as large, until
the test passes.

To estimate %, assume first that » > 1, so that the estimator from the previous
step, ¥ (x,—1, u,—1; h,—) (or at least its norm), is available. Then, neglecting terms
of O(h),

”r(xn—lvun—l)” ~ ”r(xn—]sun—l;hn—l)nv

and since T (x,, u,) ~ t(x,—1, u,—1), likewise

||T()Cn, un)” ~ ”r(xn—lvun—l;hn—l)”'
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What we want is

T Cxn. wn)llh) ~ Oer,
where 6 is “safety factor,” say, 6 = 0.8. Eliminating = (x,, u,), we find

Oer 1/p

h, ~
! ”r(xn—lsun—l;hn—l)“

Note that from the previous step we have h?_ ¥ (x,—_1, ty—1: hy—1)|| < &7, S0 that

n—1
hn > el/phn—l,

and the tendency is toward increasing the step.
If n = 0, we proceed similarly, using some initial guess h(()o) of Ko and associated
r (X0, yo; h(()o)) to obtain

1/
1) 987" !
hy' = — .
[ (x0. yo: g )l

The process may be repeated once or twice to get the final estimate of 4, and
|7 (xo0, yos holl.

5.9 Stiff Problems

Although there is no generally accepted definition of stiffness’ of differential
equations, a characteristic feature of stiffness is the presence of rapidly changing
transients. This manifests itself mathematically in the Jacobian matrix f), having
eigenvalues with very large negative real parts along with others of normal
magnitude. Standard (in particular explicit) numerical ODE methods are unable
to cope with such solutions unless they use unrealistically small step lengths.
What is called for are methods enjoying a special stability property called A-
stability. We introduce this concept in the context of linear homogeneous systems
of differential equations with constant coefficient matrix. Padé approximants to the
exponential function turn out to be instrumental in constructing A-stable one-step
methods.

"The word “stiffness” comes from the differential equation governing the oscillation of a “stiff”
spring, that is, a spring with a large spring constant.
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5.9.1 A-Stability

A model problem exhibiting stiffness is the linear initial value problem

d
d_y = Ay, 0 < x <o0; y(a) = yo, (5.137)
X

where A € R¥*? is a constant matrix of order 4 having all its eigenvalues in the
left half-plane,

Red;(A) <0,i=1,2,...,d. (5.138)
It is well known that all solutions of the differential system in (5.137) then decay
exponentially as x — oo. Those corresponding to eigenvalues with very large

negative parts do so particularly fast, giving rise to the phenomenon of stiffness.
In particular, for the solution y (x) of (5.137), we have

y(x) —>0 asx — oo. (5.139)

How does a one-step method @ behave when applied to (5.137)? First of all, a
generic step of the one-step method will now have the form

Yext =y + h®(x,y;h) = @(hA)y, (5.140)

where ¢ is some function, called the stability function of the method. In what follows
we assume that the matrix function ¢(hA) is well defined; minimally, we require
that ¢: C — C is analytic in a neighborhood of the origin. Since the reference
solution through the point (x, y) is given by u(r) = e4¢=)y, we have for the
truncation error of @ at (x, y) (cf. (5.31))

T(x,y;h)= % [Vhext —u(x + h)] = % [p(hA) —e"]y. (5.141)

In particular, the method @ in this case has order p if and only if
el =@+ 0@, z-—0. (5.142)
This shows the relevance of approximations to the exponential function in the
context of one-step methods applied to the model problem (5.137).
The approximate solution u# = {u,} to the initial value problem (5.137),
assuming for simplicity a constant grid length 4, is given by

w1 =¢@hAu,, n=0,1,2,...; up = yo;
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hence
u, = [phA)]"yo, n =0,1,2,.... (5.143)

This will simulate the behavior (5.139) of the exact solution if and only if

lim [p(hA)]" = 0. (5.144)

A necessary and sufficient condition for (5.144) to hold is that all eigenvalues of the
matrix ¢(hA) be strictly within the unit circle. This in turn is equivalent to

lp(hA;(A))] < 1fori =1,2,....d, (5.145)

where A;(A) are the eigenvalues of A. In view of (5.138), this gives rise to the
following definition.

Definition 5.9.1. A one-step method @ is called A-stable if the function ¢ associ-
ated with @ according to (5.140) is defined in the left half of the complex plane and
satisfies

lo(z)] <1 forall zwith Rez < 0. (5.146)

We are led to the problem of constructing a function ¢ (and with it, a one-
step method @), which is analytic in the left-half plane, approximates well the
exponential function near the origin (cf. (5.142)), and satisfies (5.146). An important
tool for this is Padé approximation to the exponential function.

5.9.2 Padé® Approximation

For any function g(z) analytic in a neighborhood of z = 0, one defines its Padé
approximants as follows.

Definition 5.9.2. The Padé approximant R[n,m](z) to the function g(z) is the
rational function

R[n,m](2) = % PelP,, QclP,, (5.147)
satisfying
g@0@ - P = 0@"""*") as z—0. (5.148)

8Henri Eugéne Padé (1863-1953), a French mathematician, was educated partly in Germany and
partly in France, where he wrote his thesis under Hermite’s supervision. Although much of his
time was consumed by high administrative duties, he managed to write many papers on continued
fractions and rational approximation. His thesis and related papers became widely known after
Borel referred to them in his 1901 book on divergent series.
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Thus, when expanding the left-hand side of (5.148) in powers of z, all initial
terms should drop out up to (and including) the one with power 2+, It is known
that the rational function R[n,m] is uniquely determined by this definition, even
though in exceptional cases P and Q may have common factors. If this is not the
case, thatis, P and Q are irreducible over the complex numbers, we assume without
loss of generality that Q (0) = 1.

Our interest here is in the function g(z) = €. In this case, P = P[n,m] and
Q = Q[n,m]in (5.147) and (5.148) can be explicitly determined.

Theorem 5.9.1. The Padé approximant R[n, m] to the exponential function g(z) =
e’ is given by

o mln+m—k) 2
Pln.ml@) _kzz;) m —k)l(n +m)! kI’ (5.149)

)k nl(n +m-—k)! z

oln, m](z)—Z(— Ol

(5.150)

Moreover,
7 Pln,m](z) _ .
Q[n,m](2) "

nbmtl

)

where
nlm!
Com = (—1) . 5.151
=D nm+m)!n+m-+1)! ( )

Proof. Let
v(t) :=t"(1—1)".

By Leibniz’s rule, one finds

SOEDY (k) RICEN D

k=0

_ . r R n—k m _ _ pm—r+k_1\yr—k.
_kzz(:)(k)<k)k!r (r_k)(r k)1 = 1) TR (=1)"

hence, in particular,

m

v(0) = (—l)r_"( )r! ifr >n; v (0) =0 ifr <n;

v<'>(1)=(—1)'"< " )r! if r >m; v0(1) =0 ifr <m. (5.152)
r—m
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Given any integer ¢ > 0, repeated integration by parts yields

1 a (1 a Q1)
/0 efv(nde = ¢ Z(_l)r Vzril) - Z(_l)r Vz’—El)
r=0

r=0

—_1eatt pl
( zq)+1 / eVt (1)dr. (5.153)
0

Putting here ¢ = n + m, so that v¢*D(z) = 0, and multiplying by (—1)7z¢+!
gives

q q
(=D7et Y (=DM = (=D Y (=102

r=0 r=0

_’_O(Zn-i-m-i-l)’ z— 0,

where the O-term comes from multiplying the integral on the left of (5.153) (which
is O(1) as z — 0) by z¢T! = z'+tm+1_|n the first sum it suffices, by (5.152), to
sum over r > m, and in the second, to sum over r > n. Using the new variable of
summation k defined by ¢ — r = k, we find

n m
e’ Z(_l)kv(n+m—k)(1)zk _ Z(_l)kv(n+m—k)(0)zk — O(Zn+m+1),
k=0 k=0

which clearly is (5.148) for g(z) = €”. It now suffices to substitute the values (5.152)
for the derivatives of v at 0 and 1 to obtain (5.149) and (5.150), after multiplication
of numerator and denominator by (—1)™ /(n+m)! Tracing the constants, one readily
checks (5.151). O

The Padé approximants to the exponential function have some very useful and
important properties. Here are those of interest in connection with A-stability:

1. Pln,m](z) = Q][m,n](—z): The numerator polynomial is the denominator
polynomial with indices interchanged and z replaced by —z. This reflects the
property 1/e* = e~* of the exponential function. The proof follows immediately
from (5.149) and (5.150).

2. Foreachn = 0,1,2,..., all zeros of Q[n,n] have positive real parts (hence,
by (1), all zeros of P[n,n] have negative real parts). A proof can be given by
applying the Routh—Hurwitz criterion® for stable polynomials.

9The Routh—Hurwitz criterion states that a real polynomial agx” + a;x"~' + -+ + a,, ag > 0,
has all its zeros in the left half of the complex plane if and only if all leading principal minors
of the nth-order Hurwitz matrix H are positive. Here the elements in the ith row of H are
Ay—i,da—jy ..., Ayp—i (Where a, =0ifk <0ork > }’l)
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3. Forrealt e R,andn =0,1,2,..., there holds

Pln,n](it)
Qln.n](ir)

Indeed, by property (1), one has P[n,n](it) = Q[n,n](it).
4. There holds

1, n)(it
M <lforteR t#0,n=0,12,....

P
‘Q n+ 1,n](it)

The proof follows from the basic property (5.148) of the Padé approximant:

e"Q[n + 1,n](it) — P[n + 1,n](it) = O(|t|"*?), t — 0.
Taking absolute values, and using the triangle inequality, gives

[1Q[n + Lnlin)| = [Pn + L.ulG0)] | < |7 Qn + 1.n](i1)
= Pln+ Ln]in] = O(jt]"*2);

that is,
|Q[n + L.n)it)| — [Pln + La)(it)] = O(|t|*"+2).

Multiply this by |Q[n + 1,n](it)| + | P[n + 1,n](it)] to obtain
|O[n + 1,n](it)|> — |P[n + 1,n](i0))* = O(|t]*"+?), t — 0, (5.154)

where the order term is unaffected since both Q and P have the value 1 at
t = 0 (cf. (5.149) and (5.150)). But |P[n + 1,n](it)|*> = Pn + 1,n](i1) -
Pln + 1,n](—it) is a polynomial of degree n in 2, and similarly,
|Q[n + 1,n](it)|> a polynomial of degree n + 1 in 2. Thus, (5.154) can hold
only if
|Q[n + 1,n](it)|* — |Pn + 1,n](it)|* = at™*2,

where at?"*2 is the leading term in |Q[n + 1,1](it)|?, hence a > 0. From this,
the assertion follows immediately.

5. Foreachn = 0,1,2,..., all zeros of Q[n + 1, n] have positive real parts. We
sketch the proof. From (5.149) and (5.150), one notes that

Qln+ 1,n](2) + Pn + 1,n](-2) =20[n + 1,n + 1](2).

We now use Rouché’s theorem to show that Q[n + 1,n] and Q[n + 1,n + 1]
have the same number of zeros with negative real part (namely, none according to
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R
Cr
[

Fig. 5.3 The contour Cr

property (2)). For this, one must show that on the contour Cg: {z = it, |t| < R,
t # 0} U{|z] = R, Rez < 0} (see Fig. 5.3) one has, when R is sufficiently
large,

|Pln+ 1,n](=2)| < [Qln+ 1.n](2)],  Q[n +1,n](0) # 0.

For z = it, since P[n + 1,n](—it) = P[n + 1,n](it), the inequality follows
from property (4). For |z = R, the inequality holds for R — oo, since deg
Pln + 1,n] <deg Q[n + 1,n]. Finally Q[n + 1,n](0) = 1.

Note also from (4) that Q [n + 1, n] cannot have purely imaginary zeros, since
|O[n + 1,n](it)| > |P[n + 1,n](it)| = 0 fort # 0.

6. A rational function R satisfies |R(z)| < 1 for Rez < 0 if and only if R is analytic

inRez < 0and|R(z)| < 1forRez=0.

Necessity. If |[R(z)] < 1 in Rez < 0, there can be no pole in Rez < 0 or at
Z = oo. By continuity, therefore, |R(z)| < 1onRez = 0.

Sufficiency. R must be analytic in Rez < 0 and at z = oo. Clearly,
ZI_|>ngo |R(z)] < 1and |R(z)] < 1 on the imaginary axis. Then, by the maximum

principle, |R(z)| < 1 forRez < 0.
7. As a corollary of property (6), we state the following important properties.
Foreachn =0,1,2,..., there holds

Pn,n](2)
Ql[n.n](2)
Pln+ 1,n](2)
Q[n + 1,n](2)

< 1forRez <0, (5.155)

<1forRez<0,z#0. (5.156)

The first of these inequalities follows from properties (1) through (3), the second
from properties (4) and (5).
Property (7) immediately yields the following theorem.
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Theorem 5.9.2. If the function ¢ associated with the one-step method & according
to (5.140) is either the Padé approximant ¢(z) = R[n,n](z) of €, or the Padé
approximant ¢(z) = R[n + 1,n](z) of 2,n = 0,1,2,..., then the method @ is
A-stable.

5.9.3 Examplesof A-Stable One-Step Methods

1. Implicit Euler method: Also called the backward Euler method, this is the one-
step method defined by

Upy1 =ty + hf (Xng1, upt1). (5.157)

It requires, at each step, the solution of a system of (in general) nonlinear
equations for u, 1 € R?. In the case of the model problem (5.137), this becomes
U,y = u,+hAu, and can be solved explicitly: u, ;1 = (I—hA) 'u,. Thus,
the associated function ¢ here is

1
¢(Z)=ﬁ=1+z+zz..., (5.158)

the Padé approximant R[1,0](z) of 2. Since ¢(z) —e? = O(z%) asz — 0, the
method has order p = 1 (cf. (5.142)), and by Theorem5.9.2 is A-stable. (This
could easily be confirmed directly.)

2. Trapezoidal rule: Here

1
Upt1 = Uy + Eh [f (xn,wn) + f (ng1, wn11)], (5.159)
again a nonlinear equation in wu,y;. For the model problem (5.137),
this becomes w,4; = (I+3hA)u, + YhAu,41, hence u,y =

(I-1hA)"" (I +1hA)u,, and

1+ 3z
1_

1 1
=l+z4+-224+-2+---. (5.160)

(@) = z 2 4

1

2
This is the Padé approximant ¢(z) = R[1, 1](z) of &? and ¢(z) — &? = O(Z*), so
that again the method is A-stable, but now of order p = 2.

3. Implicit Runge—Kutta formulae: As mentioned in Sect. 5.6.5, an r-stage implicit
Runge—Kutta formula has the form (cf. (5.68))

(x.yih) =Y ask,(x,y:h),
s=1

Jj=1

ks=f(X+/Lsh,y+h2/\sjkj),s=1,2,...,r. (5161)
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It is possible to show (cf. Notes to Sect. 5.6.5) that (5.161) is a method of order
p,r<p<2rif f € C?onla,b] xR? and

k+1
ZA”“/‘kH k=01,....r—1:s=1,2,....r, (5.162)
Za%_— k=0,1,....p—1. (5.163)

k+1

For any set of distinct u;, and for each s = 1,2,...,r, the equations (5.162)
represent a system of linear equations for {A; };zl, whose coefficient matrix is
a Vandermonde matrix, hence nonsingular. It thus can be solved uniquely for the
{As; }. Both conditions (5.162) and (5.163) can be viewed more naturally in terms
of quadrature formulae. Indeed, (5.162) is equivalent to

s r
| p0s =Y s pup). all p e (5.164)
0

Jj=1

whereas (5.163) means

1 r
/ q(n)dt =) " aeq(uy), allg € Py (5.165)
0 s=1

We know from Chap. 3, Sect.3.2.2, that in (5.165) we can indeed have r <
p < 2r, the extreme values corresponding to Newton—Cotes formulae (with
prescribed ;) and to the Gauss—Legendre formula on [0,1], where the u, are
the zeros of the (shifted) Legendre polynomial of degree r. In the latter case, we
obtain a unique r-stage Runge—Kutta formula of order p = 2r. We now show
that this Runge—Kutta method of maximum order 2r is also A-stable.
Instead of the system (5.137), we may as well consider a scalar equation
d—y = Ay, (5.166)
dx
to which (5.137) can be reduced by spectral decomposition (i.e., A represents
one of the eigenvalues of A). Applied to (5.166), the k, corresponding to (5.161)
must satisfy the linear system

ke =2y +h) Ak |;

J=1

that is (with z = Ah),

ke—2) Ak =Xy, s=12....r

j=1
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Let
1 -2z —ZA 1 —ZAq,
dr (Z) _ _ZAQ] 1-— Zkzz vee —Zkzr ,
—ZA 1 —ZA2 1—2A,,
1— Z/X“ 1 —Z)Llr
dhs(z) - _ZAZI 1 _Zkzr ’ s = 15 25 £ r7
—ZA R R 5

where the column of ones is the sth column of the determinant. Clearly, d, and
d, are polynomials of degree » and r — 1, respectively. By Cramer’s rule,

rS(Z)

ks_d(z) v, s=12,...,r,

so that

J’next—y+hzask =

1+ZZ d(z)}

Thus, the function ¢ associated with the method ® corresponding to (5.161) is

dr (@) +2) oyd(2)

9(2) = ds?zl) . (5.167)

We see that ¢ is a rational function of type [r, ] and, the method ® having order
p = 2r, we have (cf. (5.142))

e =9+ 0, z-0.
It follows that ¢ in (5.167) is the Padé approximant R[r, r] to the exponential
function, and hence ® is A-stable by Theorem5.9.2.
4. Ehle’s method This is a method involving total derivatives of f (cf. (5.45)),

®(x,y;h) =k(x,y;h),

k=Y o £, p) = B S + b,y + hK)). (5.168)

s=1
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It is also implicit, as it requires the solution of the second equation in (5.168) for
the vector k € R?. A little computation (see Ex. 21) will show that the function
@ associated with @ in (5.168) is given by

o) = —1 . (5.169)

By choosing this ¢ to be a Padé approximant to €?, either R[r,r] or R[r,r — 1]
(by letting @, = 0), we again obtain two A-stable methods. The latter has the
additional property of being strongly A-stable (or L-stable), in the sense that

¢(z) > 0asRez —» —cc. (5.170)

This means, in view of (5.143), that convergence u, — 0 as n — oo is faster
for components corresponding to eigenvalues further to the left in the complex
plane.

5.9.4 Regionsof Absolute Stability

For methods @ that are not A-stable, it is important to know the region of absolute
stability,

Dy=1zeC: |p@)| < 1}. (5.171)

If the method @ applied to the model problem (5.137) is to produce an approximate
solution u = {u,} with I|m u, =0, it is necessary that hA;(4) € D4 for all

eigenvalues A;(A) of 4. If some of these have very large negative real parts, then
this condition imposes a severe restriction on the step length /, unless D4 contains a
large portion of the left-hand plane. For many classical methods, unfortunately, this
is not the case. For Euler’s method:, for example, we have ¢(z) = 1 + z, hence

Dy={eC: |1+1zH <1} (Euler), (5.172)
and the region of absolute stability is the unit disk in C centered at —1. More

generally, for the Taylor expansion method of order p > 1, and also for any p-
stage explicit Runge—Kutta method of order p, 1 < p < 4, one has (see Ex. 18)

1 1 1
0@ =14+ —2+ =22+ + —2". (5.173)
2! p!
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Fig. 5.4 Regions of absolute stability for pth-order methods with ¢ as in (5.173),
p=1.2..21

To compute the contour line |¢(z)| = 1, which delineates the region D, one can
find a differential equation for this line and use a one-step method to solve it (see
MA 4). That is, we can use a method @ to analyze its own stability region — a case
of self-analysis, as it were. The results for ¢ in (5.173)and p = 1,2,...,21 are
plotted in Fig. 5.41°. Because of symmetry, only the parts of the regions in the upper
half-plane are shown.

5.10 Notesto Chapter 5

The classic text on the numerical solution of nonstiff ordinary differential equations
is Henrici [1962]. It owes much to the pioneering work of Dahlquist [1956] a
few years earlier. Numerous texts have since been written with varying areas of
emphasis, but all paying attention to stiff problems. We mention only a few of
the more recent ones: the balanced exposition in Lambert [1991], the two-volume
work of Hairer et al. [1993] and Hairer and Wanner [2010], which is especially

OFigure 5.4 is reproduced, with permission, from W. Gautschi and J. Waldvogel, Contour plots of
analytic functions, in Solving problems in scientific computing using Maple and MATLAB, Walter
Gander and Jifi Hfebiek, eds., 4th ed., Springer, Berlin, 2004.
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rich in historical references, interesting examples, and numerical experimentation,
Shampine [1994] emphasizing software issues, Iserles [2009] including also topics
in numerical partial differential equations, Ascher and Petzold [1998] treating also
differential algebraic equations, Bellen and Zennaro [2003] focusing on delay
differential equations, Shampine et al. [2003] using Matlab as a problem solving
environment, Butcher [2008], and Atkinson et al. [2009], which also provides access
to Matlab codes.

An authoritative work on Runge—Kutta methods is Butcher [1987]. Error and sta-
bility analyses of Runge—Kutta methods in the context of stiff nonlinear differential
equations are the subject of the monograph by Dekker and Verwer [1984].

Section 5.1. The example (5.3) is from Klopfenstein [1965]. The technique de-
scribed therein is widely used in codes calculating trajectories of space vehicles.
For a detailed presentation of the method of lines, including Fortran programs, see
Schiesser [1991].

Section 5.2. There are still other important types of differential equations, for
example, singularly perturbed equations and related differential algebraic equations
(DAES), and differential equations with delayed arguments. For the former, we refer
to Griepentrog and Marz [1986], Brenan et al. [1996], Hairer et al. [1989], and
Hairer and Wanner [2010, Chaps. 6-7], for the latter to Pinney [1958], Bellman and
Cooke [1963], Cryer [1972], Driver [1977], and Kuang [1993].

Section 5.3. For a proof of the existence and uniqueness part of Theorem5.3.1, see
Henrici [1962, Sect. 1.2]. The proof is given for a scalar initial value problem, but
it extends readily to systems. Continuity with respect to initial data is proved, for
example, in Coddington and Levinson [1955, Chap. 1, Sect. 7]. Also see Butcher
[1987, Sect. 112].

A strengthened version of Theoremb5.3.1 involves a one-sided Lipschitz
condition,

[f . y)— fy) (v —y") <Ay —y*II*, allx = a, all y, y* e R,

where A is some constant — the one-sided Lipschitz constant. If this holds, and f is
continuous in x, then the initial value problem (5.16) has a unique solution on any
interval [a, b], b > a (cf. Butcher [1987, Sect. 112]).

Section 5.4. The numerical solution of differential equations can sometimes benefit
from a preliminary transformation of variables. Many examples are given in Daniel
and Moore [1970,Part 3]; an important example used in celestial mechanics to
regularize and linearize the Newtonian equations of motion are the transformations
of Levi—Civita, and of Kustaanheimo and Stiefel, for which we refer to Stiefel and
Scheifele [1971] for an extensive treatment. The reader may wish to also consult
Zwillinger [1992b] for a large number of other analytical tools that may be helpful
in the numerical solution of differential equations.
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The distinction between one-step and multistep methods may be artificial, as
there are theories that allow treating them both in a unified manner; see, for example,
Stetter [1973, Chap. 5], Butcher [1987, Chap. 4], or Hairer et al. [1993, Chap. 3,
Sect. 8]. We chose, however, to cover them separately for didactical reasons.

There are many numerical methods in use that are not discussed in our text.
Among the more important ones are the extrapolation methods of Gragg and of
Gragg, Bulirsch, and Stoer, which extend the ideas in Chap.3, Sect. 3.2.7, to
differential equations. For these, we refer to Stetter [1973, Sect. 6.3] and Hairer
et al. [1993,Chap. 2, Sects. 8, 9]. (Extrapolation methods for stiff problems are
discussed in Hairer and Wanner [2010, Chap. 4, Sect. 9].) Both these texts also
contain accounts of multistep methods involving derivatives, and of Nordsieck-
type methods, which carry along not only function values but also derivative values
from one step to the next. There are also methods tailored to higher-order systems
of differential equations; for second-order systems, for example, see Hairer et al.
[1993, Chap. 2, Sect. 14]. Very recently, so-called symplectic methods have created
a great deal of interest, especially in connection with Hamiltonian systems. These
are numerical methods that preserve invariants of the given differential system; cf.
Sanz-Serna and Calvo [1994], Hairer et al. [2006].

Section 5.5. A nonstiff initial value problem (5.16) on [a, b], where b is very large,
is likely one that also has a very small Lipschitz constant. The problem, in this case,
is not properly scaled, and one should transform the independent variable x, for
example by letting x = (1 — t)a + tb, to get an initial value problem on [0, 1],
namely, dz/df = g(¢,2),0 <t < 1, z2(0) = yo, where z(t) = y ((1 —t)a + tb) and
g(t,2):=b—-a)f((1—1t)a+1tb,2).If f hasa (very small) Lipschitz constant L,
then g has the Lipschitz constant (b — @) L, which may well be of more reasonable
size.

Section 5.6.1. In the spirit of Laplace’s exhortation “Lisez Euler, lisez Euler, c’est
notre maitre a tous!,” the reader is encouraged to look at Euler’s original account of
his method in Euler [1768, Sect. 650]. Even though it is written in Latin, Euler’s use
of this language is plain and simple.

Section 5.6.2. The method of Taylor expansion was also proposed by Euler [op.cit.,
Sect. 656]. It has long been perceived as being too cumbersome in practice, but
recent advances in automatic differentiation helped to revive interest in this method.
Codes have been written that carry out the necessary differentiations systematically
by recursion (Gibbons [1960] and Barton et al. [1971]). Combining these techniques
with interval arithmetic, as in Moore [1979, Sect. 3.4], also provides rigorous error
bounds.

Section5.6.5. For the results in (5.70), see Butcher [1965]. Actually, p*(10) = 7,
as was shown more recently in Butcher [1985]. The highest orders of an explicit
Runge—Kutta method ever constructed are p = 12 with 17 stages, and p = 14 with
35 stages (Feagin [2011]).
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It has become customary to associate with the general r-stage Runge—Kutta
method (5.68) the array

1251 A A oo Ap
Mo | Ao Am o0 Ay - - | 4
: : : : in matrix form: ,
. . . . O[T
Mr krl A'r2 tte krr
al a2 oo ar

called the Butcher array. For an explicit method, ;1 = 0 and A is lower triangular
with zeros on the diagonal. With the first » rows of the Butcher array, we may
associate the quadrature rules [, u(r)ds ~ > i Asjuuy), s = 1,2,...,r, and
with the last row the rule fol u(r)de ~ ', azu(py). I the respective degrees of
exactnessare dy, = g, — 1,1 <s <r+1(dy, = oo if uy = 0and all A;; = 0), then
by the Peano representation of error functionals (cf. Chap. 3, (3.79)) the remainder
terms involve derivatives of u of order ¢;, and hence, setting u(z) = y’(x + th),
one gets

y(x + psh) — y(x)
h

=Y Ay (x4 pih) = O(h®), s=1.2,....r
j=1

and

y(x +h)—y(x)

i =D + ) = O ).
s=1

The quantity ¢ = min(qi,¢qa, ..., q,) is called the stage order of the Runge—Kutta
formula, and ¢, 4+ the quadrature order.

High-order r-stage implicit Runge—Kutta methods have the property that, when
f(x,y) = f(x), they reduce to r-point Gauss-type quadrature formulae, either
the Gauss formula proper, or the Gauss—Radau (u; = 0 or u, = 1) or Gauss—
Lobatto («; = 0 and w, = 1) formula; see, for example, Dekker and Verwer [1984,
Sect. 3.3], Butcher [1987, Sect. 34], Lambert [1991, Sect.5.11], and Hairer and
Wanner [2010, Chap. 4, Sect. 5]. They can be constructed to have order 2r, and (in a
variety of ways) orders 2r—1 and 2r —2, respectively; cf. also Sect. 5.9.3(3). Another
interesting way ofconstructing implicit Runge—Kutta methods is by collocation:
define p € P, to be such that p(x) = y, p'(x + ush) = f(x + ush, p(x + push)),
s = 1,2,...,r (cf. Chap. 2,Ex.66), and let ynext = p(x + k). It has been shown
by Wright [1970] (also cf. Butcher [1987, Sect. 346]) that this indeed is an implicit
r-stage method — a collocation method, as it is called. For such methods, the
stage orders are at least r. This property characterizes collocation methods of
orders > r (with distinct u,); see Hairer et al. [1993, Theorem 7.8, p. 212]. The
order of the method is p = r + k, k > 0, if the quadrature order is p (cf.
[loc.cit., Chap. 2, Theorem 7.9] and Chap. 3, Theorem 3.2.1). Some (but not all)
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of the Gauss-type methods previously mentioned are collocation methods. If the
polynomial p(x + th) is determined explicitly (not just p(x + h)), it provides a
means of computing intermediate approximations for arbitrary r with 0 < ¢ < 1,
giving rise to a “continuous” implicit Runge—Kutta method.

Semi-implicit Runge—Kutta methods with all diagonal elements of A in the
Butcher array being the same nonzero real number are called DIRK methods
(Diagonally Implicit Runge-Kutta); see Ngarsett [1974], Crouzeix [1976], and
Alexander [1977]. SIRK methods (Singly-Implicit Runge-Kutta) are fully implicit
methods which share with DIRK methods the property that the matrix A (though not
triangular) has one single real eigenvalue of multiplicity r. These were derived by
Ngrsett [1976] and Burrage [1978a], [1978b], [1982]. DIRK methods with r stages
have maximum order r + 1, but these are difficult to derive for large r, in contrast
to SIRK methods (see Dekker and Verwer [1984, Sects. 3.5 and 3.6]).

The best source for Butcher’s theory of Runge-Kutta methods and their at-
tainable orders is Butcher [1987, Chap. 3, Sects. 30-34]. A simplified version of
this theory can be found in Lambert [1991, Chap. 5] and an alternative approach
in Albrecht [1987, 1996]. It may be worth noting that the order conditions for a
system of differential equations are not necessarily identical with those for a single
differential equation. Indeed, a Runge—Kutta method for a scalar equation may
have order p > 4, whereas the same method applied to a system has order < p.
(For p < 4 this phenomenon does not occur.) Examples of explicit Runge—Kutta
formulae of orders 5-8 are given in Butcher [1987, Sect. 33].

An informative cross-section of contemporary work on the Runge—Kutta method,
as well as historical essays, celebrating the centenary of Runge’s 1895 paper, can be
found in Butcher [1996].

Section 5.7.1. The concept of stability as defined in this section is from Keller
[1992, Sect. 1.3]. Itis also known as zero-stability (relating to 2 — 0) to distinguish
it from other stability concepts used in the context of stiff differential equations; for
the latter, see the Notes to Sect.5.9.1.

Section 5.7.2. Theorem 5.7.2 admits a converse if one assumes ® continuous and
satisfying a Lipschitz condition (5.86); that is, consistency is then also necessary for
convergence (cf. Henrici [1962, Theorem 3.2]).

Section5.7.3. Theorem 5.7.3 is due independently to Henrici [1962, Theorem 3.4]
and Tihonov and Gorbunov [1963, 1964]. Henrici deals also with variable steps in
the form alluded to at the beginning of this section, whereas Tihonov and Gorbunov
[1964] deal with arbitrary nonuniform grids.

Section5.8.1. Although the idea of getting global error estimates by integrating
the variational equation along with the main differential equation has already been
expressed by Henrici [1962, p.81], its precise implementation as in Theorem5.8.1
is carried out in Gautschi [1975b].

Section 5.8.2(2). Fehlberg’s embedded 4(5) method with »* = 6 (cf. Fehlberg
[1969, 1970]) appears to be a popular method. (It is one of two options provided in
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Matlab, the other being a 2(3) pair.) A similar method due to England [1969/1970]
has the advantage of possessing coefficients a5 = ag = 0, which makes occasional
error monitoring more efficient. All of Fehlberg’s methods of orders p > 5 have the
(somewhat disturbing) peculiarity of yielding zero error estimates in cases, where
Jf does not depend on y. High-order pairs of methods not suffering from this defect
have been derived in Verner [1978]. Variable-method codes developed, for example,
in Shampine and Wisniewski [1978], use pairs ranging from 3(4)-7(8). Instead of
optimizing the truncation error in the lower-order method of a pair, as was done
by Fehlberg, one can do the same with the higher-order method and use the other
only for step control. This is the approach taken by Dormand and Prince [1980] and
Prince and Dormand [1981]. Their 4(5) and 7(8) pairs appear to be among current
state-of-the-art choices (cf. Hairer et al. [1993, Chap. 2, Sect. 10] and the appendix
of this reference for codes).

Section 5.8.3. For a proof of Theorem5.8.2, see, for example, Butcher [1987,
Theorem 112]].

Section 5.9. The major text on stiff problems is Hairer and Wanner [2010]. For
Runge—Kutta methods, also see Dekker and Verwer [1984].

Section 5.9.1. The function ¢(z) for a general Runge-Kutta method can be
expressed in terms of the associated Butcher array as ¢(z) = 1 + za'(I —
zA)"'e, where e = [I,1,....,1] or, alternatively, as det(I — zA + zea')/
det(I — zA); see, for example, Dekker and \erwer [1984, Sect.3.4],
Lambert [1991, Sect. 5.12], and Hairer and Wanner [2010, Chap. 4, Sect. 3]. Thus, ¢
is a rational function if the method is (semi-) implicit, and a polynomial otherwise.

The concept of A-stability, which was introduced by Dahlquist [1963], can be
relaxed by requiring |¢(z)| < 1 to hold only in an unbounded subregion S of the
left half-plane. Widlund [1967], in the context of multistep methods (cf. Chap. 6,
Sect. 6.5.2), for example, takes for S an angular region |arg(—z)| < o, where
a < %n, and speaks of A(x)-stability, whereas Gear [1971a, Sect. 11.1] takes the
union of some half-plane Rez < p < 0 and arectangle p < Rez <0, |Imz| < o,
and speaks of stiff stability. Other stability concepts relate to more general test
problems, some linear and some nonlinear. Of particular interest among the latter
are initial value problems (5.16) with f satisfying a one-sided Lipschitz condition
with constant A = 0. These systems are dissipative in the sense that ||y (x) — z(x)||
is nonincreasing for x > a for any two solutions y, z of the differential equation.
Requiring the same to hold for any two numerical solutions u, v generated by the
one-step method, that is, requiring that ||u,+1 — Vu+1]| < ||u, — Vu| forall n > 0,
gives rise to the concept of B-stability (or BN-stability with the “N” standing for
“nonautonomous”). The implicit r-stage Runge—Kutta method of order p = 2r (cf.
Sect. 5.9.3(3)), for example, is B-stable,and so are some of the other Gauss-type
Runge—Kutta methods; see Dekker and Verwer [1984, Sect. 4.1], Butcher [1987,
Sect. 356], and Hairer and Wanner [2010, Chap.4, Sects. 12 and 13]. Another
family of Runge-Kutta methods that are B-stable are the so-called algebraically
stable methods, that is, methods which satisfy D = diag(«;, a3, ...,«,) > 0 and
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DA + ATD — aa” nonnegative definite (Dekker and Verwer [1984, Sect. 4.2],
Butcher [1987, Sect. 356], and Hairer and Wanner [2010, Chap.4, Sects. 12
and 13]). Similar stability concepts can also be associated with test equations
satisfying one-sided Lipschitz conditions with constants A # 0 (Dekker and
Verwer [1984, Sect.5.11], Butcher [1987, Sect. 357], and Hairer and Wanner
[2010, Chap. 4, pp. 193ff]).

Section 5.9.2. Standard texts on Padé approximation are Baker [1975] and Baker
and Graves-Morris [1996]. The proof of Theorem5.9.1 follows Perron [1957, Sect.
42], who in turn took it from Padé. For a derivation of the Routh—Hurwitz criterion
mentioned in (2), see, for example, Marden [1966, Corollary 40,2], and for Rouché’s
theorem, Henrici [1988, p.280]. The elegant argument used in the proof of Property
(4) is due to Axelsson [1969].

Section 5.9.3. For the study of A-stability, it is easier to work with the “relative
stability function” ¢(z)e~? than with ¢(z) directly. This gives rise to the “order star”
theory of Wanner et al. [1978], which, among other things, made it possible to prove
that the only Padé approximants to e’ that yield A-stable methods are ¢(z) = R[n +
k,n](z),n = 0,1,2,...,with0 < k < 2. All Gauss-type Runge—Kutta methods
in current use have stability functions given by such Padé approximants and are
thus A-stable (Dekker and Verwer [1984, Sect. 3.4]). Also, see Iserles and Narsett
[1991], and Hairer and Wanner [2010, Chap. 4, Sect. 4 for further applications of
order stars.

In addition to the implicit Gauss-type Runge—Kutta methods mentioned in (3),
there are also A-stable DIRK and SIRK methods; for their construction, see Butcher
[1987, Sect. 353] and Hairer and Wanner [2010, Chap. 4, Sect. 6]. Another class
of methods that are A-stable, or nearly so, are basically explicit Runge-Kutta
methods that make use of the Jacobian matrix and inverse matrices involving it.
They are collectively called Runge—Kutta—Rosenbrock methods; see, for example,
Dekker and Verwer [1984, Chap. 9] and Hairer and Wanner [2010, Chap. 4, Sect. 7].
A criterion for A-stability of methods belonging to the function ¢ in (5.169) can be
found in Crouzeix and Ruamps (1977).

In all the results previously described, it was tacitly assumed that the nonlinear
systems of equations to be solved in an implicit Runge—Kutta method have a unique
solution. This is not necessarily the case, not even for linear differential equations
with constant coefficient matrix. Such questions of existence and uniqueness are
considered in Dekker and Verwer [1984, Chap. 5], where one also finds a discussion
of, and references to, the efficient implementation of implicit Runge—Kutta methods.
Also see Hairer and Wanner [2010, Chap. 4, Sects. 14, 8].

The theory of consistency and convergence developed in Sect.5.7 for nonstiff
problems must be modified when dealing with stiff sytems of nonlinear differential
equations. One-sided Lipschitz conditions are then the natural vehicles, and B-
consistency and B-convergence the relevant concepts; see Dekker and Verwer
[1984, Chap. 7] and Hairer and Wanner [2010, Chap. 4, Sect. 15].
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Section 5.9.4. Regions of absolute stability for the embedded Runge—Kutta pairs
4(5) and the 7(8) pairs of Dormand and Prince (cf. Notes to Sect. 5.8.2(2)), and
for the Gragg, Bulirsch, and Stoer extrapolation method (cf. Notes to Sect. 5.4),
are displayed in Hairer and Wanner [2010, Chap. 4, Sect. 2]. Attempts to construct
explicit Runge-Kutta formulae whose regions of absolute stability, along the
negative real axis, extend to the left as far as possible lead to interesting applications
of Chebyshev polynomials; see Hairer and Wanner [2010, pp. 31-36].

Exercises and Machine Assignmentsto Chapter 5
Exercises

1. Consider the initial value problem

d
d_yZK(y+y3),OSXS1; y(0) = s,
X

where k > 0 (in fact, « > 1) and s > 0. Under what conditions on s does
the solution y(x) = y(x;s) exist on the whole interval [0, 1]? {Hint: find y
explicitly.}

2. Prove (5.46).

3. Prove
S =F"foyf + 1
4, Let
flx,y)
2
Foy) = f ():c,y)
fx.y)

be a C' map from [a, b] x R? to R¢. Assume that

‘3fi(xfy)

s | = My onfa,.b] xR, i, j =1,2,....d,
y

where M;; are constants independent of x and y, and let M = [M;;] € R%*.
Determine a Lipschitz constant L of f:

(a) inthe £, vector norm;
(b) in the £, vector norm;
(c) inthe £, vector norm.

Express L, if possible, in terms of a matrix norm of M .
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5.(a) Write the system of differential equations

"

u” = x2uu” —uv,

vV = xw 44U

as a first-order system of differential equations, y’ = f (x, y).
(b) Determine the Jacobian matrix f), (x, y) for the system in (a).
(c) Determine a Lipschitz constant L for £ on [0, 1]x D, where D = {y € R? :
lyll1 < 13}, using, respectively, the £, £,, and £, norm (cf. Ex. 4).
6. For the (scalar) differential equation

d_y =y* 1>0,

dx

(a) determine the principal error function of the general explicit two-stage
Runge—-Kutta method (5.56), (5.57);

(b) compare the local accuracy of the modified Euler method with that of
Heun’s method,;

(c) determine a A-interval such that for each A in this interval, there is a two-
stage explicit Runge—Kutta method of order p = 3 having parameters
O<a;<1,0<a<l,and0 < p < 1.

7. For the implicit Euler method

Ynext =y + hf(x + h,,)’next)»

(a) state a condition under which ynex is uniquely defined,;
(b) determine the order and principal error function.

8. Show that any explicit two-stage Runge-Kutta method of order p = 2
integrates the special scalar differential equation dy/dx = f(x), f € Py,
exactly.

9. The (scalar) second-order differential equation

d*z
a2 = g(x,2),

in which g does not depend on dz/dx, can be written as a first-order system

d yl _ y2
dx | 2 _[g(x,y‘)}
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10.

11.

12.

13.

5 Initial Value Problems for ODEs: One-Step Methods

by letting, as usual, y' = z, y> = dz/dx. For this system, consider a one-step
method u,, | = u,, + h® (x,, u,; h) with

y2 4 shk(x, y:h)

2 yik) =[ K(x, v h)

1
] k= g(x+puh, y' +phy?), y = Bz]

(Note that this method requires only one evaluation of g per step.)

(a) Can the method be made to have order p = 2, and if so, for what value(s)
of u?
(b) Determine the principal error function of any method obtained in (a).

Show that the first condition in (5.67) is equivalent to the condition that
ky(x,y:h) = u'(x + psh) + O(h%), s =2,

where u(?) is the reference solution through the point (x, y).
Suppose that

x+h v
/ 2(n)dt = h ZwkZ(x + Och) + ch* 120 (&)
* k=1

is a quadrature formulawith wy. € R, ¥ € [0, 1], ¢ # 0,and § € (x, x +h), for
z sufficiently smooth. Given increment functions @ (x, y; ) defining methods
of order p,, k = 1,2, ..., v, show that the one-step method defined by

®(x,yih) =Y Wi f (x + Och,y + Dch®p(x., y: Och))
k=1

has order p at least equal to min(w, p + 1), where p = minp,.
Let g(x,y) = (fx + fy f)(x,y). Show that the one-step method defined by
the increment function

®(x,y:h) = f(x.y)+3hg(x + 1h.y + thf(x,y))

has order p = 3. Express the principal error function in terms of g and its
derivatives.
Let f(x, y) satisfy a Lipschitz condition in y on [a, b] x R, with Lipschitz
constant L.

(a) Show that the increment function ® of the second-order Runge—Kutta
method

kl = f(xvy)’
kr, = f(x+h,y+hk1),

1
®(x,y;h) = E(kl + k»)
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14.

15.

16.

17.

also satisfies a Lipschitz condition whenever x + & € [a, b], and determine
a respective Lipschitz constant M.

(b) What would the result be for the classical Runge—Kutta method?

(c) What would it be for the general implicit Runge—Kutta method?

Describe the application of Newton’s method to implement the implicit Runge—
Kutta method.

Consider the following scheme of constructing an estimator r (x, y; k) for the
principal error function = (x, y) of Heun’s method:

ki= f(x,y),
k2:f(x+h’y +hkl)’

1
yhn=y+ Eh(kl + k»),

k3 = f(x +h»Yh),
ky= f(x+h+ ph,y, + phks),

r(x,y;h) = h 2(Biky + Boko + B3ks + Paka).

(Note that this scheme requires one additional function evaluation, &, beyond
what would be required anyhow to carry out Heun’s method.) Obtain the
conditions on the parameters i, 1, B2, B3, B4 in order that

r(x,y;h) =t(x,y) + O(h).

Show, in particular, that there is a unique set of gs for any p with pu(u+1) # 0.
What is a good choice of the parameters, and why?
Apply the asymptotic error formula (5.104) to the (scalar) initial value problem
dy/dx = Ay, y(0) = 1, on [0, 1], when solved by the classical fourth-order
Runge—Kutta method. In particular, determine

. —y(

lim p—4 2y — ) ¥( ),

h—0 y(1)
where uy is the Runge-Kutta approximation to y(1) obtained with step
h=1/N.
Consider y* = Ay on [0, c0) for complex A with ReA < 0. Let {u,} be
the approximations to {y(x,)} obtained by the classical fourth-order Runge-
Kutta method with the step % held fixed. (That is, x, = nh, h > 0, and
n=0,1,2,....)

(@) Show that y(x) — 0as x — oo, for any initial value yy.

(b) Under what condition on / can we assert that u, — 0 asn — o0? In
particular, what is the condition if A is real (negative)?

(c) What is the analogous result for Euler’s method?
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18.

19.

20.

21.
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(d) Generalize to systems y’ = Ay, where A is a constant matrix all of whose
eigenvalues have negative real parts.

Show that any one-step method of order p, which, when applied to the model
problem y’ = Ay, yields

Ynext = @(hA)y, ¢ apolynomial of degree ¢ > p,

must have

1 1
®(2) =1+Z+522+...+?Zl7+zp+lx(z)’

where y is identically 0 if ¢ = p, and a polynomial of degree ¢ — p — 1
otherwise. In particular, show that y = 0 for a p-stage explicit Runge-Kutta
method of order p, 1 < p < 4, and for the Taylor expansion method of order
p=L

Consider the linear homogeneous system

(*) y'=Ay, yeR

with constant coefficient matrix A € R?*4,

(a) For Euler’s method applied to (*), determine ¢(z) (cf. (5.140)) and the
principal error function.
(b) Do the same for the classical fourth-order Runge—Kutta method.

Consider the model equation

d_y =ax)[y —b(x)], 0<x < o0,

dx
where a(x), b(x) are continuous and bounded on R, and a(x) negative with
la(x)] large, say,

a<la(x)]<AonRy,a> 1.
For the explicit and implicit Euler methods, derive a condition (if any) on the
step length & that ensures boundedness of the respective approximations u,, as
x, = nh — oo for h > 0 fixed. (Assume, in the case of the explicit Euler

method, that « is so large that ak > 1.)
Consider the implicit one-step method

®(x,y;h) =k(x,y:h),

where k : [a,b] x R? x (0, hg] — R? is implicitly defined, in terms of total
derivatives of f, by

k=3 h e £ ) = BTG+ By + K,

s=1

with suitable constants «; and 8, (Ehle’s method; cf. Sect. 5.9.3(4)).
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(@)

(b)

(©)

(d)

(€)
®

Show how the method works on the model problem dy/dx = Ay. What
is the maximum possible order in this case? Is the resulting method (of
maximal order) A-stable?

We may associate with the one-step method the quadrature rule

x+h r
/ g0dr = 3 W lagg V(0 — Bog " (x + W] + E(g).

s=1

Givenany p withr < p < 2r, show that «;, B, can be chosen so as to have
E(g) = O(h?™")when g(¢) = e'*.

With ay, Bs chosen as in (b), prove that E(g) = O(h?*!) for any
g € C? (not just for g(r) = e ). {Hint: expand E(g) in powers of h
through A? inclusive; then specialize to g(r) = ¢~ and draw appropriate
conclusions.}

With oy, s chosen as in (b), show that the implicit one-step method has
order p if f e C?. {Hint: use the definition of truncation error and
Lipschitz conditions on the total derivatives f 1.}

Work out the optimal one-step method with » = 2 and order p = 4.

How can you make the method L-stable (cf. (5.170)) and have maximum
possible order? Illustrate with r = 2.

Machine Assignments

1. (a)

(b)

Write Matlab routines implementing the basic step (x, y) — (x + &, Ynext)
in the case of Euler’s method and the classical fourth-order Runge—Kutta
method, entering the function f of the differential equation y’ = f(x, y)
as an input function.

Consider the initial value problem

Yy =4y, 0<x <1, y(0) =1,

where
AM+Ay Az—A1 A=A 1
A== A3—XA A1 +A A=A |, 1=]1
A=Az A=Az A1+ A 1

The exact solution is

1 yl — _e/hx + ekzx + e/\}X’
y(x) — 2 , 2 — Alx e)»zx + e/\_},\”
3 _

y e
3 y e

~ e =

A1x + e/lzx _ e/\_gx-
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Integrate the initial value problem with constant step length 4 = 1/N by

(i) Euler’s method (order p = 1);
(ii) the classical Runge—Kutta method (order p = 4),

using the programs written in (a). In each case, along with the approxi-
mation vectors u, € R n = 1,2,..., N, generate vectors v, € R,
n = 1,2,...,N, that approximate the solution of the variational equation
according to Theorem 5.8.1. (For the estimate r(x, y; &) of the principal
error function take the true value r (x, y; h) = 7 (x, y) according to Ex. 19.)
In this way obtain estimates ¢, = h”v, (p = order of the method) of the
global errors e, = u, — y(x,). Use N = 5,10,20, 40, 80, and print x,,
llenlloo, @nd ||€, |loo fOr x,, = .2 : .21 1.
Suggested A-values are

(I) A]:_I,AZZO,)\S:l;
(II) A =01, = —1,A3 = —10;
i) Ay = 0,4, = —1, A3 = —40;
(IV) /\1 =0,Az=—1,k3 = —160.

Summarize what you learn from these examples and from others that you
may wish to run.

2. Consider the initial value problem

(a)
(b)

(©)
(d)

y" =cos(xy), y(0) =1, y'(0)=0,0<x <1.

Does the solution y(x) exist on the whole interval 0 < x < 1? Explain.

Use a computer algebra system, for example Maple, to determine the
Maclaurin expansion of the solution y(x) up to, and including, the term with
x°°. Evaluate the expansion to 15 decimal digits for x = 0.25:0.25: 1.0.
Describe in detail the generic step of the classical fourth-order Runge—Kutta
method applied to this problem.

Use the fourth-order Runge—Kutta routine RK4. mof MA1(a), in conjunction
with a function f MAV_2. m appropriate for this assignment, to produce
approximations u, ~ y(x,) at x, = n/N, n = 0,1,2,..., N, for
N = [4,16,64,256]. Print the results y(x,), y'(x,) to 12 decimal places
for x, = .25 : .25 : 1.0, including the errors e, = |u! — y(x,)|. (Use the
Taylor expansion of (b) to compute y(x,).) Plot the solution y, y’ obtained
with N = 256.

3. On the interval [2,/q,2,/q + 1], ¢ > 0 an integer, consider the initial value
problem (Fehlberg, 1968)

d’c - s
— = X — T —,
dXZ /62+S2
d%s c
— = —ﬂ2x2s+n

dx2 /c? F 2
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with initial conditions at x = 2, /g given by

c=1,:—C:O,s—O 3—s=2nﬂ.

X 7 dx
(a) Show that the exact solution is

c(x) = cos (%xz) , s(x) =sin (%x2> .

(b) Write the problem as an initial value problem for a system of first-order
differential equations.
(c) Consider the Runge-Kutta—Fehlberg (3, 4) pair ®, ®* given by

ki = f(x,y),

2 2
k2 = f (X + ah,y + §hk1),

7 77 343
k= f (x + Eh,y + —hk, + —hkz),

900 900
35 805 77175 97125
ks = —h, ——hky — hk hks ),
4 f(x+38 Y@M T sen et sasm )
79 2175 2166
®(x,y;h) = —k ,
(v yih) = 750kt + 3536k + Gogs k4
respectively
ki,ky, ks, k4 as previously,
ks= f(x+hy+h®(x, y;h)),
229 1125 13718 1
®*(x,y;h) = k k ko + —k-.
(v yih) = Tkt + g3k T gisss ke T ks

Solve the initial value problem in (b) for ¢ = 0(1)3 by the method @, using
constant step length 2 = 0.2. Repeat the integration with half the step length,
and keep repeating (and halving the step) until max, ||u, — y ()]l <
.5 x 107°, where u,, y(x,) are the approximate resp. exact solution vectors
at x, = 2,/q + nh. For each run print

g ho maxfu, =yl  max|e; + sy — 1],

where ¢,, s, are the approximate values obtained for ¢(x,) resp. s(x,), and
the maxima are taken overn = 1,2, ..., N with N such that Nh = 1.
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(d)

©

4. (a)

(b)

(©
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For the same values of ¢ asin (c) and 2 = 0.2, 0.1, 0.05, 0.025, 0.0125, print
the global and (estimated) local errors,

g, 1 [ wns1 — Yy (Xnt ) lloos RI® (X, tns h) — @ (X, s h) || oo,

for x, = 0(.2).8.

Implement Theorem 5.8.1 on global error estimation, using the Runge—
Kutta—Fehlberg (3, 4) method ®, ®* of (c) and the estimator r (x, y;h) =
h=3[®(x,y;h) — ®*(x, y; h)] of the principal error function of ®. For the
same values of ¢ as in (d), and for & = 0.05,0.025,0.0125, print the exact
and estimated global errors,

g ho N =y sl BNatilleo for x, =0:.2:.8.

Let f(2) = 1+ 1;2+ 52"+ -+ ;2. For p = 1(1)4 write a Matlab program,
using the cont our command, to plot the lines along which | f(z)| = r,
r = 0.1(0.1)1 (level lines of f) and the lines along which arg f(z) = 6,
6 = 0(3m)2m — g7 (phase lines of f).

For any analytic function f, derive differential equations for the level and
phase lines of f. {Hint: write f(z) = r exp(if) and use 0 as the independent
variable for the level lines, and r as the independent variable for the phase
lines. In each case, introduce arc length as the final independent variable.}
Use the Matlab function ode45 to compute from the differential equation of
(b) the level lines | f(z)| = 1 of the function £ given in (a), for p = 1(1)21;
these determine the regions of absolute stability of the Taylor expansion
method (cf. Ex. 18). {Hint: use initial conditions at the origin. Produce only
those parts of the curves that lie in the upper half-plane (why?). To do so in
Matlab, let ode45 run sufficiently long, interpolate between the first pair of
points lying on opposite sides of the real axis to get a point on the axis, and
then delete the rest of the data before plotting.}

5. Newton’s equations for the motion of a particle on a planar orbit (with eccentric-
itye,0 <e < 1)are

"= x(0) = 1—-¢ X'(0) =0,
.
t >0,
y l+e
y//:__3’ y(O):Ov y/(O): ’

r 1—¢

where
r?=x*+ yz.

(a) Verify that the solution can be written in the form x(z) = cosu — ¢,

y(t) = /1 —¢%sinu, where u = u(z) is the solution of Kepler’s equation
u—esinu—t¢ =0.
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(b) Reformulate the problem as an initial value problem for a system of first-
order differential equations.

(c) Write a Matlab program for solving the initial value problem in (b) on the in-
terval [0, 20] by the classical Runge—Kutta method, for ¢ = 0.3,0.5,and 0.7.
Use step lengths h = 1/N, N = [40, 80, 120] and, along with the approx-
imate solution u(z; &), v(¢; k), compute and plot the approximate principal
error functions r(¢: h) = h=*[u(t; h) — x(t)], s(t:h) = h=*[v(t: h) — y(1)]
when N = 120 (i.e., h = .008333...). Compute the exact solution
from the formula given in (a), using Newton’s method to solve Kepler’s
equation.

Selected Solutionsto Exercises

15. We know from (5.64) (where o; = 1/2) that

W) =3 [t 2 + LTI D)= 36U 1,0

and from (5.59) (where u = 1) that

1
ky=f+h(fi+ fyf)+ 5h2(fxx +2f o f + [T oy f)+ OW).

For k3 and k4, one finds similarly that

ks = 4Bt fof) + 5P+ 2f o f 4 £ o f
+ £y (fe + £y )]+ O,

ky= f 4+ (u+Dh(fe+ fy )+ %hz[(u + D> (fox + 2y [+ F foy )
+Cu+ D+ Sy )]+ OGP,

For h=2(B1ky + Bako + Bsks + Bak,) to approximate 7 (x, y) to within O(h),
that is,

2B+ Ba+ B3+ B S + 1 [Ba+ B3 + (1 + DB + £ f)
£ LBt Byt Gk B fa 4 2fes £+ 17 fis )

+ (B3 + Qu+ DB Sy (fx + £y ]+ O() = T(x, y) + O(h),
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requires that
B+ B2+ B3+ Bs =0,
Bo+ B3+ (n+1)fs =0,

m+m+w+ﬁm=é

B+ Gt s = 3.

The determinant of this system is

111 1 111 1
01 1 pu+l 01 1 p+1

= 1),
01 1 (u+12] 10 0 0 pr+1 wp+1)
00 1 2u+1 00 1 2u+1

so that the condition u(pe+1) # 0 ensuresa unique solution. A good solution is
the one corresponding to u = 1, since then no extra evaluation of f is needed,
k3 and k, being the evaluations needed anyhow to execute the second step of
Heun’s method. In this case, we get

1 5 7 1

:1, = —, = —, = ——, = —.
2 Bi B B2 B B3 B Ba B

(For literature, see L.F. Shampine and H.A. Watts, Computing error estimates
for Runge—Kutta methods, Math. Comp. 25 (1971), 445-455.)
21. (a) Ify’ = Ay, then f(x,y) = Ay, fE=U(x,y) =15y, and

k=Y "hak'y — BAS(y + hk)]

s=1
1 ! : ,
=3 2 = BIARY'y = 3 B, (ARYk.
s=1 s=1
Thus,

(1 + Zﬁx(/\h)s) k= % D (o= B)(Ah)'y.
s=1

s=1

Letting z = Ah, we get

K(e.yih) = 2= (@s — B9z

ho 1435, Bz Y
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(b)

There follows

Z;=1(as - Bs)Z*

= hk(x,y;h) =41
o =Y IRC ) = L S

_ Y e
R Y X

that is,

The method has order p if and only if

o 1+ a2
1 + Z:=1 ﬂszs

The maximum possible order is p = 2r and is obtained by choosing the o
and B, so that ¢ is the Padé approximant R[r, r] to the exponential function.
The resulting method is A-stable by Theorem 5.9.2.

For g(¢) = &', we have g~V (¢) = e/, so that the quadrature formula
becomes

+ 0@, z—0.

x+h r
/ e dr =" — 1= 3 h'(a, — B€") + E(9).

s=1

Therefore,

E(g)=¢"—1- tashs + e Xr:ﬁsh‘

s=1 s=1

= (1 + Xr:ﬂshs) el — <1 + Xr:ashs)
s=1 s=1

: 1+ >0_ ah’
=11 e h_ s=1"S )
( +;“){e 1+Z§=lﬁshS}

Given any p with r < p < 2r, we can always choose nonnegative
integers m < r and n < r such that p = n + m. Setting o471 =

-=a =0, By+1 = --- = B, = 0, and choosing the remaining
parameters so that the rational function in braces becomes the R[n,m]-
Padé approximant to the exponential function makes the expression in
braces of order O(h"t"*1) = O(h?T!), that is, E(g) = O(h?*)).
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(©

(d)
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Clearly, p = 2r is optimal, in which case m = n = r, and we get uniquely
the R[r, r]-Padé approximant. If p < 2r, there are more than one choice
for m and n.

Assuming g € C?, we have the expansions

x+h h2 B
/ g(t)dl = hg(x) + 5g/(x) 4+ .4 ?g(ﬂfl)(x) + 0(hp+1),
-1 —1 hS"rl ,
th(s )(x +h) = hsg(s )(x) + Tgm(x)

P
4+t h—g(P—l)(x) + O(h?*).
(P —9)!

Substitution into the quadrature formula yields an expansion of the type
E(g) = ehg(x) + e2h’¢'(x) + -+ + ¢, h? g "7V (x) + O(h"*),

with certain constants e; independent of & and g. Now put g(r) = e,
Since g®(x) = 1 forall i > 0, we get

E@€™) = eth + e + -+ e,h? + O(h7HY),

Since the quadrature rule has been chosen such that E(e'=) = O(h?*!)
(cf. (b)), it follows that, necessarily, e; = e; = .-+ = e, = 0. Hence,
E(g) = O(h**")forany g € C”[x,x + h].

We have for the truncation error of the method,

T (e yih) = k(e yi) = fuCx 4 ) = (o),

with u(z) the reference solution through (x, y). Since by assumption f €
C?,wehaveu € CP*!, Put g(t) = u/(¢) in the quadrature formula, divide
by A, and use (c) to get

% [u(x +h) —u(x)] = ;hs—l [o;u® (x) — B;u® (x + h)] + O(hP).
Therefore, since £~ U(x, y) = u® (x) (cf. (5.47)), we obtain

T(x.y:h) = W o (x) — B fEN(x + .y + hi)]

s=1

B Zhs—[ [asu(s)(X) _ ﬁsu(s)(x + h)] + O(hp)

s=1



Selected Solutions to Exercises 391

==Y BT+ By + k)

s=1
— ¥ (x + hou(x + b)) + O(RP),
where we have used u®(r) = fFU(t, u(t)) (cf. (5.46)). With L,_,
denoting a Lipschitz constant for f~! the expression in brackets is
bounded in norm by
Li—i|ly + hk(x, y:h) —u(x + h)|
1
= hLillkGx.yih) = o [u(x +0) —u)]| = AL [T (x. y: h)|

since u(x) = y. There follows

IT(x,y:h)| = (Zhslﬂsu‘s—l) IT Cx.y: Il + O(h?).

s=1

that is,
[1=OWIIT (x,y; )| = O?), |T(x,y;h)|| = OhP).

(e) The [2,2]-Padé approximant to the exponential function is (cf. (5.149),
(5.150))

1+1z4 122
R[2,2](z) = —2—12—

1-1z4 L2°
Therefore, according to (b),
1 1 1 1
(23] —5, Olz—ﬁ, Bi __E’ ,32—5-

(f) Choose for ¢(z) the Padé approximant R[r, r —1](z) by setting &, = 0. The
(maximum) order is then p = 2r — 1. For r = 2, this becomes

1+ 14z
R2.1) = ——
1—zz+gz
so that
1 2 1
= -, _0’ = ——, = -—.
=g o Bi 3 B2 g
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2. (a) Write y’ = z, so that the initial value problem can be written in vector form

as
! ’ Y 0) = ! < <
dx|:2i| |:COS(Xy):|’ |:Z:|() I:Oi|7 0 X 1.

We claim that the right-hand side of the system satisfies a uniform Lipschitz
condition on [0, 1] x R? in the L,-norm, with Lipschitz constant L = 1.
Indeed,

1 '

ly — y*|
2

z—7*
- * - ) — *
—2sin(x 225 sin(x 25-)

z—-17*
cos(xy) — cos(xy™)

1

y—y*

< lz— 2| + 2l <ly-y+l-21=|" "),

)

1

as claimed. By Theorem 5.3.1, therefore, the initial value problem has a
unique solution, which exists on all of [0.1].

(b) The following Maple program produces the Taylor expansion of the solution
at x = 0to 50 terms and evaluates it for x = .25 : .25 : 1 to 15 digits.

eq: =di ff(y(x), x, x)-cos(x*y(x))=0;
ini:=y(0)=1, D(y)(0)=0;

O der: =50;

sol : =dsol ve({eq,ini},{y(x)},type=series);
p: =convert (sol, pol ynonj;

Di gits: =15;

for x from.25 to 1 by .25 do p(x) od;

The result

y(.25) = 1.03108351021039,
y(.50) = 1.12215798572506,
y(.75) = 1.26540089160147,

y(1.0) = 1.44401698100709,

confirmed by another Maple run with 60 terms, is used to determine the error
in the Matlab routine MAV_2D below.



Selected Solutions to Machine Assignments 393

(c) The classical fourth-order Runge—Kutta method, for the first-order system,

emanating at the generic point (x, BD proceeds as follows:

_kl_ . [ z
6| | cos(xy) |
(] T 2+ Lhe, ]
6| | cos((x + S (y + Shky) |
_k3_ _ [ Z+ %hKZ
| 6] |eos((x + 5h)(y + 3hka)) |
_k4_ . [ Z+4 his
| G| |cos((x + M) (y + hk3)) |
i 1 k k k k
z next _Z 1 2 3 4
(d) PROGRAM

For the routine RK4. m see the answer to MA 1(a).

%VAV_2D
%

fO="9B. 2f 946.12f %d5.12f 9%d2.4e N=9B.0f\n’
f1=" 98. 2f 9%46.12f 9d5.12f 942.4e\n’

exact =[ 1. 03108351021039; 1. 12215798572506;

1. 26540089160147; 1. 44401698100709] ;

di sp([’ X y dy/ dx’
’ error’'])
for NE[4 16 64 256]

h=1/N;

y=zeros(N+1,1); yl=zeros(N+1,1);
y(1)=1; y1(1)=0; u=[1;0];
i p=0;
for n=1:N
x=(n-1)/N,
u=RK4( @ MAV_2, X, u, h);
y(n+1l)=u(1); yi(n+1)=u(2);
if 4xn/ N-fix(4*n/N)==0
i p=i p+1;
yexact =exact (i p); err=abs(u(1l)-yexact);
if n==N4
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>>

POOOe PRPOOO

rooe

5

fprintf(fo,n/ N u(l),u(2),err,N

el se

fprintf(fl,n/Nu(l),u(2),err)

end

end

end
fprintf('\n")
i f N==256
x=(0: N)'" /N,
hol d on

end

plot(x,y);

x| abel (" x")
text(.5,1.2,'y",’ FontSi ze’, 14)

text(.7,.75," dy/dx’,

hol d of f
end

Initial Value Problems for ODEs: One-Step Methods

%-MAV_2 Differential

%

plot(x,yl,’ --");

equation for

function yprinme=f MAV_2(x,Yy)
yprime=[y(2);cos(x*y(1))];

QUTPUT

PR RR RRRERE

[ e

y
. 031084895175
. 122162986649
. 265408064509
. 444014056895

. 031083515581
. 122158005046
. 265400918802
. 444016971240

. 031083510231
. 122157985801
. 265400891710
. 444016980977

. 031083510210
. 122157985725
. 265400891602
. 444016981007

[eNeoNeoNe] O O OO [oNeoNeNe)

O O OO

dy/ dx

. 247302726779
. 476315286524
. 658662664483
. 751268242944

. 247306326743
. 476319854529
. 658656442176
. 751230496912

. 247306340242
. 476319869139
. 658656406501
. 751230324680

. 247306340295
. 476319869194
. 658656406353
. 751230323984

' Font Si ze' , 14)

WE NN O NP O NN O

= AN 0

MAV_2

error

. 3850e- 06
. 0009e- 06
. 1729e- 06
. 9241e-06

. 3703e-09
. 9320e-08
. 7201e-08
. 7675e- 09

.1031e-11
.5974e-11
. 0847e-10
. 0409e-11

. 1268e- 14
. 9399e- 13
. 2588e- 13
. 1346e-13

N= 16

N= 64

N=256
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PLOT

15¢

0.5} -7

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

5. (a) First differentiate
u() —esinu(z)—t =0
to obtain

1
1 —gcosu’

u'(r) =

Letting x(z) = cosu — ¢, y(¢) = ~/1 — &2sinu, we then have

—sinu —cosu t
x/([):—’ x//(t): +8 — _ x() ,
1 —ecosu (1 —ecosu)? (1 —e&cosu)?
cosu 1 —g2sinu y(1)
'O)=V1—-——, y'(1)=— =— .
y ) 1—ecosu’ (®) (1 —ecosu)? 1 —ecosu)?

Since, on the other hand,

x2(t) + y*(t) = (cosu—e)* + (1 — &?)sinu = (1 — ecosu)?,



396 5 Initial Value Problems for ODEs: One-Step Methods

we have r = 1 — ¢ cosu, and thus

s,X X X
x+r—3——ﬁ+ﬁ—0,
" y_ y y_
y+r—3——r—3+r—3—0,

showing that the differential equations are satisfied. So are the initial
conditions, since u(0) = 0, and thus

1+e¢
1—¢

1— 2
x(0) =1-¢,x"(0) =0; y(0)=0,y'(0) = \/1—88 Z\/

(b) Letu = x,v=x',w=y,z=y'. Then the first-order system is

du
— =V, u0)=1-¢,
0 (0) €
dv u
FTEt v(0) =0,
dw
— =1z, w(0)=0,
dz w 1+¢
T 0) =
dr r3’ 2(0) 1—¢’
where r2 = u? + w2
(c) PROGRAM
%VAV_5C
%
e=. 3;
%e=. 5;
Ye=.7,
eps0=. 5e-12;

for N=[40 80 120]
h=1/N;, ul=[1l-e;0;0;sqrt((1+e)/(1-€))]; v1=0;
r=zeros(20«N, 1); s=zeros(20«N, 1);
for n=0:20«N-1
u=ul; v=vl; t=nxh; t1=t+h;
ul=RK4( @ MAV_5C, t, u, h);
vli=kepler(tl,v,e, eps0);
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y=[cos(vl)-e;sqrt(1-e"2)*sin(vl)];
pr=h"(-4)*(ul(1:2)-y);
x(n+l)=t1; r(n+l)=pr(1); s(n+l)=pr(2);
end
if N==120
hol d on
plot(x,r);
plot(x,s,”--");
axis([0 20 -5 5]) % for e=.3
% axis([0 20 -60 80]) % for e=.5
% axis([0 20 -4000 7000]) % for e=.7
xl abel ("t")
ylabel ("r, s’)
text(9.5,2,°r(t)’") %for e=.3
% text(10.75,-2,"s(t)’) %for e=.5
% text (10.5,1500,'r(t)’') %for e=7
text(9.5,20,'r(t)’") %for e=.3
% text(8.2,-25,"s(t)’) %for e=.5
% text(9,-1000,'s(t)’') %for e=7
hol d of f
end
end
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Chapter 6
Initial Value Problemsfor ODEs:
Multistep Methods

We saw in Chap.5 that (explicit) one-step methods are increasingly difficult to
construct as one upgradesthe order requirement. Thisisno longer true for multistep
methods, where an increase in order is straightforward but comes with a price: a
potential danger of instability. In addition, there are other complications such asthe
need for an initialization procedure and considerably more complicated procedures
for changing the grid length. Yet, in terms of work involved, multistep methods are
still among the most attractive methods. We discuss them along lines similar to one-
step methods, beginning with a local description and examples and proceeding to
the global description and problems of stiffness. By the very nature of multistep
methods, the discussion of stability is how more extensive.

6.1 Local Description of Multistep Methods

6.1.1 Explicit and Implicit Methods

We consider asbeforetheinitial value problemfor afirst-order system of differential
equations

d
=y, asx b y@ =y (6.1)

(cf. Chap.5, (5.14)—(5.16)). Our task is again to determine a vector-valued grid
function u € T';[a, b] (cf. Chap.5, Sect.5.7) such that u, ~ y(x,) at the nth grid
point x,,.

A k-step method (kK > 1) obtains u,, 4+, in terms of k preceding approximations
Uptk—1, Untk—2,s-..,U,. We cal k the step number (or index) of the method.

W. Gautschi, Numerical Analysis, DOI 10.1007/978-0-8176-8259-0_6, 399
© Springer Sciencet+Business Media, LLC 1997, 2012
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We consider only linear k-step methods, which, in their most general form, but
assuming a constant grid length /2, can be written as

Up+k + Qk—1Uptk—1 + -+ + Colty
= h[Bk fu+k + Bi—t foth—1 + -+ Pofu]l, n=0,1,2,....N —k, (6.2

where
xr=a+rh, fr=f(,u), r=0,1,...,N, (6.3)

and the o and § are given (scalar) coefficients. The relation (6.2) is linear in the
function values f (in contrast to Runge—Kutta methods); nevertheless, we are still
dealing with a nonlinear difference equation for the grid function u.

The definition (6.2) must be supplemented by a starting procedure for obtaining
the approximationsto y (x;),

u; =usg(h), s=0,1,....k—1. (6.4)
These normally depend on the grid length /2, so may also the coefficients «;, B, in

(6.2). The method (6.2) is caled explicit if 8, = 0 and implicit otherwise.
Implicit methods require the solution of a system of nonlinear equations,

otk = hPBi f XntiUnti) + &, (6.5
where
k—1 k—1
8, = hZ,Ban-i-s _Zasun-l-s (66)
s=0 s=0

is a known vector. Fortunately, the nonlinearity in (6.5) is rather weak and in fact
disappearsin the limit as 2 — 0. This suggests the use of successive iteration on
(6.9),

u'[l"J]rk =hBi f (xn+k,u,[1‘:]i]) +g, v=12,..., (6.7)

where uﬂk is a suitable initial approximation for u,, 4. By a simple application

of the contraction mapping principle (cf. Chap. 4, Sect. 4.9.1), one shows that (6.7)
indeed convergesasv — oo, for arbitrary initial approximation, provided 4 is small
enough.

Theorem 6.1.1. Suppose f satisfies a uniform Lipschitz condition on [a, b] x R?
(cf. Chap.5, Sect.5.3),

”f(x’y)_f(x’y*)” = L”y _y*”’ X € [a’b]’ y,y* eRd’ (68)

and assume that
A= h|Bk|IL < 1. (6.9
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(0]

Then (6.5) has a unique solution u, 1. Moreover, for arbitrary u,”, ,,

e = lim uﬂk, (6.10)

and

v] A

U, Lk — Un+k ” = 1—x

Proof. We definethe map ¢: RY — R¢ by

(P(y) = hﬁkf(xn+kv y) + 8- (612)

Then, forany y, y* € RY, we have

le(y) — oy = 2Bl f Cuti. ¥) = f Knsis ¥ )l
< h|BxILlly —y™I.

showing, in view of (6.9), that ¢ isa contraction operator on R“. By the contraction
mapping principle, there is a unique fixed point of ¢, that is, avector y = u,, 4«
satisfying ¢ (y) = y. This provesthe first part of the theorem. The second part is
also a conseguence of the contraction mapping principle if one notes that (6.7) is

just the fixed point iteration u”l, = (!, O

Strictly speaking, an implicit multistep method requires “iteration to conver-
gence” in (6.7), that is, iteration until the required fixed point is obtained to machine
accuracy. This may well entail too many iterations to make the method competitive,
since each iteration step costs one evaluation of f'. In practice, one often terminates
the iteration after the first or second step, having selected the starting value ", ,
judicioudly (cf. Sect. 6.2.3). It should aso be noted that stiff systems, for which L
may be quite large, would require unredlistically small steps # to satisfy (6.9). In
such cases, Newton's method (see Ex. 1), rather than fixed point iteration, would be

preferable.

u) —u®, H v =1,2,3,. (6.11)

6.1.2 Local Accuracy

In anal ogy with one-step methods (cf. Chap. 5, (5.77) and (5.78)), we define residual
operators by

(RV)(x) :=V(x) — f(x,v(x)), Ve Cl[a, b], (6.13)
(RpV)n = — 7 ZasVn+A Zﬁsf(xn+svvn+s) Ve I['a, b],

s=0
n=01,....,N —k. (6.14)
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(We may arbitrarily define (RyV)y = -+ = (RiV)n—k+1 = (RpV)n—i tO Obtain a
grid function RV defined on the entire grid.) In (6.14) and throughout this chapter,
we adopt the convention . = 1. Since thereis no longer a natural “generic” point
(x, y) inwhich to define our method, we take the analogue of Chap. 5, (5.81) (except
for sign) as our definition of truncation error:

(Ty)n = (Ryy)n, n=0,1,...,N, (6.15)

where y(x) is the exact solution of (6.1). This defines a grid function T, on a
uniform grid on [a, b]. We define consistency, order, and principa error function
as beforein Chap. 5, that is, the method (6.2) is consistent if

I Thlloo — 0 as h — 0, (6.16)

has order p if
[Thllc = O(h”) @ h — 0, (6.17)

and admits a principal error function t € C|a, b] if
7(x) #0 and (Ty), = t(x,)h? + O(h?*") as h — 0 (6.18)

intheusual sensethat || T;,—h” T | = O(h?*"). Theinfinity normof grid functions
in (6.16)—(6.18) is as defined in Chap. 5, (5.75).
Note that (6.15) can be written in the simple form

k k
Z sy (Xpps) —h Z ,Bs‘y/(xn-hv) = h(Ty)n, (6.19)

s=0 s=0

since f (Xp+s5, ¥ (Xn+s5)) = ¥y’ (xu+s) by virtue of the differential equation (6.1).
Although (6.19) is a relation for vector-valued functions, the relationship is ex-
actly the same for each component. This suggests defining a linear operator
Lj: C'[R] — C[R] on scalar functions by letting

k
(Lad)(x) := Y [os2(x + sh) — hB,Z(x + sh)]. z€ C'[R]. (6.20)

s=0

If L,z were identically 0 for al z € C'[R], then so would be the truncation
error, and our method would produce exact answers if started with exact initial
values. Thisisunrealistic, however; nevertheless, we would like L, to annihiliate as
many functions as possible. This motivates the following concept of degree. Given
aset of linearly independent “gauge functions’ {w, (x)}72, (usually complete on
compact intervals), we say that the method (6.2) has 2-degree p if its associated
linear operator L, satisfies

Lyw=0 foral w e Q,, dl h>0. (6.21)
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Here, Q, is the set of functions spanned by the first p + 1 gauge functions
wo, W1, . .., w,, hence

QoCCC---, dmQ,, =m+ 1. (622)

We say that 2,,, is closed under trandation if w(x) € 2, impliesw(x + ¢) € Q,
for arbitrary rea ¢. Similarly, ©2,, is said to be closed under scaling if w(x) €
Q,, impliesw(cx) € 2, for arbitrary real ¢. For example, algebraic polynomials
Q,, = P, areclosed under transglation as well as scaling, trigonometric polynomials
Q,, = T,[0,2x] and exponential sums 2,, = E,, (cf. Chap. 2, Examplesto (2.2))
only under translation, and splinefunctionsS¥ (A) (for fixed partition) neither under
scaling nor under translation.
The following theorem is no more than a simple observation.

Theorem 6.1.2. (a) If ©2, is closed under trandlation, then the method (6.2) has
Q-degreepif and only if

(Lyw)(0) =0 forall w € Q,, al i > 0. (6.23)

(b) If €, is closed under translation and scaling, then the method (6.2) has
Q-degreepif and only if

(Liw)(0) =0 forall w € 2, (6.24)

whereL; = L, for h = 1.

Proof. (a) The necessity of (6.23) istrivial. To proveits sufficiency, it is enough to
show that for any xy € R,

(Lyw)(x0) =0, al @ eQ,, al h>0.

Takeany w € 2, and define wy(x) = w(x + x¢). Then, by assumption, wy € Q,;
hence, for al & > 0,

k
0= (Lyw)(0) = Y [es0(xo + sh) — hpsw' (xo + sh)] = (Lyo) (x0).

s=0

(b) The necessity of (6.24) is trivial. For the sufficiency, let wo(x) = w(xo + xh)
for any givenw € 2,,. Then, by assumption, w, € €2, and

k
0= (L100)(0) = ) [ m0(s) — Bsew(s)]

s=0
k
= Z [asw(xo 4 sh) — hBsw’(xo + sh)] = (Lyw)(xo).
s=0

Sincexp € R and & > 0 are arbitrary, the assertion follows. O
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Case (b) of Theorem®6.1.2 suggests the introduction of the linear functional
L: C'[R] — R associated with the method (6.2),

k
Lu:= ) [eyu(s) — BU(s)]. ue C'[R]. (6.25)
s=0

For 2,, = P,, werefer to 2-degree as the algebraic (or polynomial ) degree. Thus,
(6.2) hasalgebraic degree p if Lu = 0 for all u € P,,. By linearity, thisis equivalent
to

Lt" =0, r=0,1,...,p. (6.26)
Example. Determine all explicit two-step methods
Uyto + Allyt1 + oty = h(B1 fur1 + Bofn) (6.27)

having polynomial degree p =0, 1,2, 3.
Here

Lu=u(2) + aju(l) + opu(0) — Biu' (1) — Bou'(0).

Thefirst four equationsin (6.26) are

1+o0;+ay=0,

24+a;—p1—Po=0,

44+a1—26 =0,

8+ a; —3B; =0. (6.28)
We have algebraic degree 0, 1, 2, 3 if, respectively, the first, the first two, the first
three, and all four equationsin (6.28) are satisfied. Thus,

o = —ap— 1, ,30,,3] arbitrary (p = 0),

o =—a—1, fi=—a—Bo+1 (p=1),
1 3 1 1
= — —1 = —— -, = —— - = =2,
o ag— 1, B 2060+2 Bo iy (p=2)

=4, a0=-5 =4 =2 (p=3) (6.29)

yield (3 — p)-parameter families of methods of degree p. Since Lt* = 16 4+ a; —
48, = 4 # 0,degree p = 4 isimpossible. Thismeansthat thelast method in (6.29),

Upio+ 4wy —5u, =202 fur1 + fu), (6.30)

is optimal as far as algebraic degree is concerned. Other special cases include the
midpoint rule

Upio =U, +2hfry1 (0g=—1; p=2)
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and the Adams—Bashforth second-order method (cf. Sect. 6.2.1),

1
Upir = Upi + Eh(?’fn+1 — fn) (o =0; p=2).

The “optimal” method (6.30) is nameless — and for good reason. Suppose, indeed,
that we apply it to the trivial (scalar) initial value problem

Y =0, y0O)=0on0<x <1,
which has the exact solution y(x) = 0. Assume uy = 0 but u; = ¢ (to account for

asmall rounding error in the second starting value). Even if (6.30) is applied with
infinite precision, we then get

1
u, = 35“ + (=1)"*t'5"], n=0,1,..., N.

Assuming further that e = h?™! (pth-order one-step method), we will have, at the
end of the interval [0,1],

1 1
Uy = g A7+ (DTS~ 2 (CDTTINTITISY a8 N oo

Thus, Juy| — oo exponentially fast and highly oscillating on top of it. We have here
an exampleof “strong instability”; thisisanayzed later in more detail (cf. Sect. 6.3).

6.1.3 Polynomial Degree vs. Order

We recall from (6.19) and (6.20) that for the truncation error T, of (6.2), we have

k

h(Th)n = Z [asy(xn + S/’l) - hﬂsy/(-xn + Sh)] = (Lhy)(-xn)a
s=0

n=012,....,N —k. (631)

Let
u(t) .= y(x, +th), 0<t<k. (6.32)

(More precisely, we should write u,, ,(¢).) Then

k
h(Ti)n =Y locu(s) — Bou' ()] = Lu. (6.33)

s=0
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where L on the right is to be applied componentwise to each component of the
vector u. If T}, is the truncation error of a method of algebraic degree p, then the
linear functional L in (6.33) annihilates all polynomials of degree p and thus, if
u € CP*10, k], can be represented in terms of the Peano kernel

Ap(0) = Li(t—0)} (6.34)
by
1 k
Lu=— / Ap(@)u'?tV (0)do (6.35)
rt Jo
(cf. Chap. 3, Sect. 3.2.6). From the explicit formula
k
Ap(0) = las(s — o) —Bps —o) '], p= 1, (6.36)
s=0

it is easily seen that A, < Sﬁ_z(A), where A is the subdivision of [0, k] into
subintervals of length 1. Outside the interval [0, k] we have A, = 0. Moreover,
if L isdefiniteof order p, then, and only then (cf. Chap. 3, (3.80) and Ex.51),

[erl
(p+ DY

The Peano representation (6.35) of L in combination with (6.33) allows us to
identify the polynomial degree of a multistep method with its order as defined in
Sect.6.1.2.

Lu=1{, u?™M@), 0<5<k; Ly =L (6.37)

Theorem 6.1.3. A multistep method (6.2) of polynomial degree p has order p
whenever the exact solution y (x) of (6.1) is in the smoothness class C7*![a, b].
If the associated functional L is definite, then

(Th)n = €P+1y(P+1)()_Cn)hps Xp < Xp < Xptk, (6.38)

where £, isasgivenin (6.37). Moreover, for the principal error function = of the
method, whether definite or not, we have, if y € C?*2[a, b],

T(x) = Lpry PV (). (6.39)

Proof. By (6.32) and (6.33), we have
hW(Ty), = Lu, u(t) =y(x,+th), n=0,1,2,....N —k;

hence, by (6.35),

1 k hptl k
— [ A, (@)u?tV(0)do = ' / Ap(@)y PV (x, + oh)do.
0 p: 0

h(Th)n = p'
(6.40)
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Therefore,
h? g (p+1)
(Tl = o1 /0 Ay(0)y (xp + oh)do
h? ¢ (p+1)
< }ﬁ'JC 2@y "D (x, + oh)ido
h? (p+1) ¢
<Py [ 13, 0)d.
p! 0
and we see that
1 k
MNWS%KC=;ﬂf”WwAIMwWa (6.41)

This provesthe first part of the theorem.

If L isdefinite, then (6.38) followsdirectly from (6.33) and from (6.37) applied to
the vector-valued function u in (6.32). Finaly, (6.39) follows from (6.40) by noting
that y »*D(x, +oh) = y?*D(x,)+ O(h) andthefact that # fok Ap(0)do = £,y
(cf. Chap. 3, (3.80)). O

The proof of Theorem 6.1.3 also exhibits, in (6.41), an explicit bound on thelocal
truncation error. For methods with definite functional L, there is the even simpler
bound (6.41) with

C =141y 00 (L définite), (6.42)

which follows from (6.38). It is seen later in Sect.6.3.4 that for the globa
discretization error it is not £ ,+; which isrelevant, but rather

Cpti
Crp=—2—, (6.43)
Ym0 Bs

which is called the error constant of the k-step method (6.2) (of order p). The de-
nominator in (6.43) is positive if the method is stable and consistent (cf. Sect. 6.4.3).
As asimple example, consider the midpoint rule

Upyr = Uy + 2hfn

for which
Lu = u(2) —u(0) — 2u'(1).
We already know that it has order p = 2. The Peano kernel is

Ja(0) = 2= 0)% —4(1—0)4.
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Fig. 6.1 Peano kernel of the midpoint rule

so that
R-0)—4(l-0)=0%if 0<o <1,
(o) = _
-0l ifl<o<2.
It consists of two parabolic arcs as shown in Fig. 6.1. Evidently, L is positive
definite; hence by (6.38) and (6.37),
21

(Ty)n = Gy, i=L— = -.
6 3

6.2 Examplesof Multistep Methods

An aternative way of deriving multistep formulae, which does not require the
solution of linear algebraic systems (as does the method of Sect. 6.1.2), starts from
the fundamental theorem of calculus,

Xn+k

Y Cnst) = ¥ Congit) + / ¥ (x)dx. (6.44)

Xn+k—1

(Instead of x,4r—; on the right, we could take any other grid point x4,
0 <k <k —1, but we limit ourselves to the case shown in (6.44).) A multistep
formula results from (6.44) if the integral is expressed (approximately) by a linear
combination of derivative values at some grid points selected from the set {x,,4:
k =0,1,...,k}. Those selected may be called the “active” grid points. A simple
way to do this is to approximate y’ by the unique polynomial interpolating y’ at
the active grid points. If we carry aong the remainder term, we will also get an
expression for the truncation error.

We implement thisin the two most important cases where the active grid points
A Xy, Xytis- .o Xntk—1 AN X141, Xnt2, ..., Xutk, reSpectively, giving rise to the
family of Adams-type multistep methods.
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6.2.1 Adams'-Bashforth Method

Replace y’ in (6.44) by theinterpolation polynomial p,_, (¥’ Xn, Xnt1. - - s Xntk—1:
x) of degree < k — 1 interpolating y’ at the grid points x,,, X,+41,..., Xp4+k—1
(cf. Chap. 2, Sect. 2.2.1). If weinclude the remainder term (cf. Chap. 2, Sect. 2.2.2),
assuming that y € C**!, and make the change of variable x = x,, 1« + th inthe
integral of (6.44), we obtain

k—1
Y Gntk) = Y Gnsi) +h Y Brsy' () + hra, (6.45)
s=0
where
1 k—1
t4+k—1-—
,Bk,szf H(¥)dt, s=0,1,....k—1, (6.46)
0 S —r
r#&s
and

_ _ Ye+k—1
rn = ykhky(kJrl)(xn)» Xp < Xp < Xp+k—15 Vk = / ( k dr. (647)
0

The formula (6.45) suggests the multistep method

k—1
Upt+k = Up+k—1 + h Z,Bk,sf(x11+s» un—&-s), (648)

s=0

whichis called the kth-order Adams—Bashforth method. It is called kth-order, since
comparison of (6.45) with (6.19) shows that in fact r, is the truncation error
of (6.48),

rn= (Th)n, (649)

and (6.47) showsthat ), = O(h¥). Inview of theform (6.47) of thetruncation error,
we can infer, asmentioned in Sect. 6.1.3, that thelinear functional L associated with

1John Couch Adams (1819-1892), son of atenant farmer, studied at Cambridge University where,
in 1859, he became professor of astronomy and geometry and, from 1861 on, director of the
observatory. His calculations, while still a student at Cambridge, predicted the existence of the
then unknown planet Neptune, based on irregularities in the orbit of the next inner planet Uranus.
Unfortunately, publication of his findings was delayed and it was Le Verrier, who did similar
calculations (and managed to publish them), and young astronomers in Berlin who succeeded
in locating the planet at the position predicted, who received credit for this historical discovery.
Understandably, this led to a prolonged dispute of priority. Adams is also known for his work
on lunar theory and magnetism. Later in hislife, he turned to computational problems in number
theory. An ardent admirer of Newton, he took it upon himself to catal ogue alarge body of scientific
papers left behind by Newton after his death.
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(6.48) is definite. We prove later in Sect. 6.4 (cf. Ex. 11(b)) that there is no stable
explicit k-step method that has order p > k. In this sense, (6.48) with ;. ; given by
(6.46) is optimal.

If y € C¥*2 )it also followsfrom (6.47) and (6.49) that

(Ti)n = yih* y©*V(x,) + O™, h— 0,
that is, the Adams—Bashforth method (6.48) has the principal error function
T(x) = ey (). (6.50)
The constant ;. (defined in (6.47) istherefore the same as the constant £ 1 defined
earlier in (6.37).
Had we used Newton's form of the interpolation polynomia (cf. Chap.2,

Sect. 2.2.6) and observed that the divided differences required for equally spaced
points are (cf. Chap. 2, Ex. 54)

[Xn k=1 Xntk—2, - Xnpk—s—1] f = BT V? futk—1. (6.51)

Wherev_ﬁ1+k_] = fot+k—1— fo+k—2, szn+k_1 =V(V futk=1),... areordinary
(backward) differences, we would have obtained (6.48) in the form

k—1

Upt+k = Uptk—1 T h Z ysvs.fnJrkflv (652)
s=0

! —1
yszf (“Ls )dt, s=0,12,.... (6.53)
0 N

The difference form (6.52) of the Adams—-Bashforth method has important
practical advantagesover the Lagrangeform (6.48). For onething, the coefficientsin
(6.52) do not depend on the step number k. Adding moretermsin the sum of (6.52)
thus increases the order (and step number) of the method. Related to thisis the fact
that the first omitted term in the summation of (6.52) is a good approximation of the
truncation error. Indeed, by Chap. 2, (2.117), we know that

where

yEDGE,) & K Xkt Xnh—2s - -+ s Xy Xn—1]Y
hence, by (6.47), (6.49), and (6.51),

Vk fnJrkfl

AT Vi VE furit.

(Th)n = thky(k—i_l)(xn) ~ thkk'
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When implementing the method (6.52), one needs to set up a table of (backward)
differences for each component of f . By adding an extra column of differences at
the end of the table (the kth differences), we are thus able to monitor the local
truncation errors by simply multiplying these differences by y,. No such easy
procedureis available for the Lagrange form of the method.

Itis, therefore, of someimportanceto have an effective method for calculating the
coefficients y;, s = 0, 1,2, .... Such amethod can be derived from the generating
functiony(2) = Y 2, 7,2 of the coefficients. We have

> Mt+s—1 > P Ut
y(z)=§2/0< ) )dt:éf(—l)/o (S)dt
1> /[ ‘ 1 B
=/0 ;(S)(—z)dtzfo(l—z) dt

1 et In(1-2) 1=1
— / eftln(lfz)dt —
0 In(1 -2

t=0
Z

(1-2In1-2°

Thus, the y, are the coefficientsin the Maclaurin expansion of
z

Y2 Z_W. (6.54)
In particular,
z N
1—2- —In(1-2 g%z;
that is,
2+Z2+72 4 = (z+%zz+§z3 +-“)(J/o+ylz+y222+---),

which, on comparing coefficients of like powers on the left and right, yields

Yo =1,
1 1 1 1
Vs = 5 Vs—1 3 Vs—2 s+ 1

s=1,2,3,.... (6.55)

Yo,

It is, therefore, easy to compute as many of the coefficients y, as desired, for
example,
_1 1 5 3
Yo= 1, Vi = 7 Y2 = 12 V3 = g

Note that they are al positive, asthey must be in view of (6.53).
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6.2.2 Adams-Moulton? Method

This is the implicit analogue of the Adams—Bashforth method, that is, the point
X+, 1S included among the active grid points. To obtain again a method of
order k, we need, as before, k active points and therefore select them to be
Xnk» Xntk—1»---»Xn+1. The derivation of the method is then entirely analogous
totheonein Sect. 6.2.1, and we limit ourselves to simply stating the results.

The Lagrange form of the method is now

k
Upk = Wnikot +h Y BE S (s ngs) (6.56)

s=1

with

1 k

. t+k—1-r

'Bk's:/o | |(—s—r )dt, s=1,2,...,k, (6.57)
r=1

r#s
whereas Newton’'s form becomes
k—1

Upk = Wppkot +h D yEV furk (6.58)
s=0

0 —1
y;:/ (t“ )dt, S=0.1.2,.... (659)

—1 N

with

The truncation error and principal error function are
(T, = vk yE D), x0p1 <X < X T5(x) =y y* D (x), (6.60)

and the generating function for the y* is

o0
z
*(2) = A 6.61
yi@=)_n =2 (6:61)
s=0
From this, one finds as before,
Yo = 1.
* l * l * l *
ys - 2 ysfl 3 VA'*Z s+ 1 yO ’
s=1,2,3,.... (6.62)

2Forest Ray Moulton (1872-1952) was professor of Astronomy at the University of Chicago and,
from 1927 to 1936, director of the Utilities Power and Light Corp. of Chicago. He used his method
during World War | and thereafter to integrate the equations of exterior ballistics. He made also
contributions to celestial mechanics.
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So, for example,

1 1 1

Yo = L, V{"=—§, =13 V;Z—ﬁ

s ese »

It follows again from (6.60) that the truncation error is approximately the first
omitted term in the sum of (6.58),

(T ~ ¥E Y ot (6.63)

Since the formula (6.58) is implicit, however, it has to be solved by itera-
tion. A common procedure is to get a first approximation by assuming the last,
(k — 1)th, difference retained to be constant over the step from x,,+x—1 tO X, 4k,
which allows oneto generate the lower-order differencesbackward until one obtains
(an approximation to) f,+x. We then compute u,, 4 from (6.58) and a new f,+x
in terms of it. Then we revise al the differences required in (6.58) and reevaluate
u,+r. The process can be repeated until it converges to the desired accuracy. In
effect, this is the fixed point iteration of Sect.6.1.1, with a special choice of the
initial approximation.

6.2.3 Predictor—Corrector Methods

These are pairs of an explicit and an implicit multistep method, usually of the same
order, where the explicit formulais used to predict the next approximation and the
implicit formulato correct it. Suppose we use an explicit k-step method of order &,
with coefficients «y, B, for the predictor, and an implicit (k — 1)-step method of
order k with coefficients o, B, for the corrector. Assume further, for simplicity,
that both methods are definite (in the sense of (6.37)). Then, in Lagrange form, if

;Hk is the predicted approximation, one proceeds as follows:
k—1 k—1

Up+i = — Zasun+s +h Z ,Bsfn—i-m
s=0 s=0

k-1 o k—1 (6.64)
Uptk = — Za:un-i-s +h IB;:f(xn-i-k’ Uyii) + Zﬂ:{fn-i-s s

s=1 s=1

fn+k = f(anrk’unJrk)-

This requires exactly two evaluations of f per step and is often referred to as
a PECE method, where “P" stands for “predict,” “E” for “evaluate,” and “C”
for “correct” One could of course correct once more, and then either quit, or



414 6 Initial Value Problems for ODEs: Multistep Methods

reevaluate f', and so on. Thus there are methods of type P(EC)?, P(EC)’E, and the
like. Each additional reevaluation costs another function evaluation and, therefore,
the most economic methods are those of type PECE.

Let us analyze the truncation error of the PECE method (6.64). It is natural to
defineit by

. k=1

1 o
(ThPECE)n = ZO‘S*.V(X’!-H) — 3 Bi f Conties i) + Zﬂ:y/(xﬂ‘i‘S) .
s=1

s=1
whereo = 1 and
k-1 k—1
Yotk = — Z oy (Xnts) + h Z ﬂxy/(x11+s);
s=0 s=0

that is, we apply (6.64) on exact values u,, s = y(x,+45), s = 0,1,...,k — 1. We
can write

k k
(ThPECE>n _ % lea;‘y(xnﬂ) _ Zﬂ;"y/(xn-i-s)

s=1
+ ,3;: [y/(xn+k) — f xXntks ;n-‘rk)]
= 5 Wy EEDEE) 4 BELS G ¥ () = f Conks Yugi)]s (6.65)

having used the truncation error (7,"), (in (6.38)) of the corrector formula. Since

Y @ntk) = Yogr = bep By EHD(E,) (6.66)

is h times the truncation error of the predictor formula, the Lipschitz condition on
f yields

LS Gontee ¥ Conti)) = f G YOl < LGt B 4D o, (6.67)
and hence, from (6.65), we obtain
1T oo < (1641 ] + AL k1 BEDIY P [ oh® < CHE,

where
C = (| + b =a)L|ls1 DY T oo

Thus, the PECE method also has order k, and its principal error functionisidentical
with that of the corrector formula, as follows immediately from (6.65) and (6.67).
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The local truncation error (T,7EE), can be estimated in terms of the difference

between the (locally) predicted approximation ;Hk and the (locally) corrected
approximation u,, . One has, indeed, by definition of the truncation error,

k—1 k=1
Unpk = — D0y (ute) + 0 BES Cutier Yost) + D BTV (Kuk)
s=1 s=1

Y(Xntr) —h (ThPECE)” )
that is,
Upk — Y (nr) = =L W yETD () + O(FF2),
whereas, from (6.66),
Jo’n+k — Yy (k) = =L BTy D (k) + O(RF ),
assuming that y (x) € C**2 [a, b]. Upon subtraction, one gets
Un+k — .;n+k = _(£Z+l - Zk+1)hk+1y(k+l)(xn) + O(hk+2)v

and thus,

1 1
— lpqy HEFD

y<k+1)(xn) = (un+k - .)O)n'f'k) + O(h)

T
Zk+1

Since, by (6.65) and (6.67),

(ThPECE) — £Z+1hky(k+l)(xn) + 0(hk+l),

n

we obtain

I 1 o
(ThPECE)n = _K* k—+1£k+1 71 (un+k - yn+k) + O(hk+l)' (668)
k+1

The first term on the right of (6.68) is called the Milne estimator of the PECE
truncation error.

The most popular choice for the predictor is a kth-order Adams-Bashforth
formula, and for the corrector, the corresponding Adams-Moulton formula. Here,

k—1
Upik = Unph—t + Y Bis Futs:
s=0
. o k—1 . (6.69)
Upik = Uytk—1 + D lgk,kf(xn+k’ Unt+i) + Zﬂk,;fn+x )

s=1

Jotk = [ ntks Unti),

with coefficients By , ﬁ,’;s asdefined in (6.46) and (6.57), respectively.
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A predictor—corrector schemeis meaningful only if the corrector formulais more
accurate than the predictor formula, not necessarily in terms of order but in terms
of error coefficients. Since the principal error functions of the kth-order predictor
and corrector are identical except for a multiplicative constant, £ in the case of
the predictor, and 7, , in the case of the corrector, we want |C/*, | < |Cy k|, which,

k+1
assuming Sect. 6.3.5, (6.117), isthe same as

1€ 1| < [rtal. (6.70)

For the pair of Adams formulae, we have ;11 = yx and £, = y; (cf. (6.50),
(6.60)), and it is easy to show (see Ex. 4) that

Ve, k=2, (6.71)

1
k—1 -
so that indeed the corrector has a smaller error constant than the predictor. More
precisely, it can be shown (see EX. 5) that

vl <

| ) |
ink " YT Tk ik

although both approximations are not very accurate (unless k is extremely large),
the relative errors being of order O(1/ Ink).

Vi as k — oo, (6.72)

6.3 Global Description of Multistep M ethods

We already commented in Sect.6.1.1 on the fact that a linear multistep method
such as (6.2) represents a system of nonlinear difference eguations. To study its
properties, one inevitably has to deal with the theory of difference equations. Since
nonlinearities are hidden behind a (small) factor 4, it turns out that the theory of
linear difference equations with constant coefficients will suffice to carry through
the analysis. We therefore begin with recalling the basic facts of thistheory. We then
define stability in a manner similar to that of Chap. 5, Sect. 5.7.1, and identify aroot
condition for the characteristic equation of the difference equation as the true source
of stability. This, together with consistency, then immediately implies convergence,
as for one-step methods.

6.3.1 Linear Difference Equations

With notations close to those adopted in Sect.6.1 we consider a (scalar) linear
difference equation of order k,

Vi+k + Ok—1Vn+k—1 + o ooV = Pn+k» n = 07 17 27 tee (673)
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where «; are given real numbers not depending on n and not necessarily with
a0 # 0, and {p,14}52, IS a given sequence. Any sequence {v,}°2, satisfying
(6.73) is called a solution of the difference equation. It is uniquely determined by
thestartingvaluesvo,vl, vy Vi—1. (|f =01 =---=0p_1 =0,1<{<k,then
{Vy}u>k iSOt affected by vo, vi, ..., V,—;.) Equation (6.73) is called homogeneous
if o+ = 0foral n > 0 and inhomogeneous otherwise. It has exact order k if
(o4 ;ﬁ 0.

6.3.1.1 Homogeneous Equation
We begin with the homogeneous equation
Vot+k + Q=1 Voth—1 + -+ a0V, =0, n=0,1,2,.... (674)
We call
k
a(t) = o’ (o =1) (6.75)
s=0
the characteristic polynomial of (6.74) and
a(t) =0 (6.76)

its characteristic equation. If ¢,, s = 1,2,...,k" (k' < k), denote the distinct roots
of (6.76) and m, their multiplicities, then the general solution of (6.74) is given by

kK ms—1
v :Z<Z Cﬂ) i, n=012,..., (6.77)

s=1 r=0

wherec,, arearbitrary (real or complex) constants. Thereis a one-to-one correspon-
dence between these k constants and the k starting values vy, vi, ..., Vi—1.

We remark that if «y = 0, then one of the roots ¢, is zero, which contributes an
identically vanishing solution (except for n = 0, where by conventionz? = 0° = 1).
If additional coefficientsa; = --- = ay_1, £ < k, are zero, this further restricts the
solution manifold. Note also that a complex root ¢, = pe? contributes a complex
solution component in (6.77). However, since the a; are assumed real, then with z,
aso7, = pe~'? isaroot of (6.76), and we can combine the two complex solutions
n"t" and n’7; to form apair of real solutions,

1 _ . 1 n .
3 n"(t" +17) =n"p" cosnb, o n"(t! —1,) =n"p" sinnb.

If we do this for each complex root ¢z, and select al coefficientsin (6.77) rea, we
obtain the general solution in real form.
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Thefollowing is a simple but important observation.

Theorem 6.3.1. We have |v,| < M, all n > 0, for every solution {v,} of
the homogeneous equation (6.74), with M depending only on the starting values
Vo, Vi, ..., Vk— (but not onn) if and only if

either |t,] < 1

t;) = 0 implies
o (%) P or |t;| =1, my=1.

(6.78)

Proof. Suf fi ci ency of (6.78). If (6.78) holds for every root ¢, of (6.76), then
every termn’”t! isboundedfor all n > 0 (goingto zeroasn — oo inthefirst case of
(6.78) and being equal to 1 in absolute value in the second case). Since the constants
¢rs In (6.77) are uniquely determined by the starting values vy, vy, . .., Vk—1, the
assertion |v,| < M follows.

Necessity of (6.78).If |v,| < M, we cannot have |t;| > 1, since we can
always arrange to have ¢,; # 0 for a corresponding term in (6.77) and select all
other constants to be 0. This singles out an unbounded solution of (6.74). Nor can
we have, for the samereason, |t;| = 1 and m, > 1. O

Condition (6.78) is referred to as the root condition for the difference equation
(6.74) (and also for (6.73)).

Representation (6.77) of the general solution is inconvenient insofar as it does
not explicitly exhibit its dependence on the starting values. A representation that
does can be obtained by defining k special solutions {%,, s}, s = 0,1,...,k — 1, of
(6.74), having as starting values those of the unit matrix, that is,

hys =0, fOr n=0,1,...,k—1, (6.79)
with é, ; the Kronecker delta. Then indeed, the general solution of (6.74) is

k—1
Vo =) Vs, (6.80)
5s=0
(Note that if ¢p = 0, then hyy = 1 and h,p = 0 for dl n > 1; similarly, if
oy = o = 0,and soon.)

6.3.1.2 Inhomogeneous Equation

To deal with the general inhomogeneousequation (6.73), we definefor eachm = k,
k+1,k+2,... thesolution{g, .}52, of the“initial value problem”

n=

k

Zasgn-i-s.m =8m-ik, n=0,1,2,...,
s=0

gom = 81om = = k—1m = 0. (681)
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Here the difference equation is a very specia case of (6.73), namely, with ¢, 1, =
0ifn#Em—k
lifn=m—k
these specia solutionsto form the solution

Snom—k = an “impulse function.” We can then superimpose

n
Vp = Z 8n.mPm (682)
m=

of the initial value problemvy = v = --- = v_; = 0 for (6.73) (Duhamel’s
Principle). Thisiseasily verified by observing first that g, ,, = 0 forn < m, so that
(6.82) can be written in the form

= Znm@n- (6.83)
m=k
We then have

En+s.mPm

k
ZasVn-H =
s=0

Us8n+sm = Pn+k,

Mg ||Ma~

k

=

m

where the last equation follows from (6.81).

Since effectively (6.81) is a“delayed” initial value problem for a homogeneous
difference equation with & starting values 0,0, ...,0, 1, we can express g, in
(6.83) dternatively as hy—pmtx—14—1 (cf. (6.79)). The general solution of the
inhomogeneousequation (6.73) isthe general solution of the homogeneousequation
plus the specia solution (6.82) of the inhomogeneous equation; thus, in view
of (6.80),

k—1 n
Vp = sz‘hn.s + Z hn—m+k—l.k—l§0m- (684)

Theorem 6.3.2. There existsa constant M > 0, independent of n, such that
Vp| < M ,max. |vv|+ Z|(pm , n=0,1,2,..., (6.85)
m=k

for every solution {v, } of (6.73) and for every {¢,+«}, if and only if the character-
istic polynomial «(¢) of (6.73) satisfies the root condition (6.78).
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Proof. Suf fi ci ency of (6.78). By Theorem6.3.1 the inequality (6.85) follows
immediately from (6.84), with M the constant of Theorem6.3.1.

Necessity of (6.78). Teke ¢,, = 0, al m > k, in which case {v,} is a
bounded solution of the homogeneous equation, and hence, by Theorem6.3.1, the
root condition must hold. O

As an application of Theorems6.3.1 and 6.3.2, wetakev,, = h, ; (cf. (6.79)) and
V, = gu.m (cf. (6.81)). The former is bounded by M, by Theorem6.3.1, and so is
the latter, by (6.85), since g,, = 0for0 <s <k — 1 and al ¢,, are 0 except one,
whichis 1. Thus, if the root condition is satisfied, then

|hn,s| <M, |gn,m| <M, dl n>0. (686)

Notethat, since i, = 1, we must have M > 1.

6.3.2 Stability and Root Condition

We now return to the general multistep method (6.2) for solving the initia value
problem (6.1). In terms of the residual operator R; of (6.14) we define stability,
similarly as for one-step methods (cf. Chap. 5, Sect.5.7.1), asfollows.

Definition 6.3.1. Method (6.2) is called stable on [a, b] if there exists a constant
K > 0 not depending on / such that for an arbitrary (uniform) grid # on [a, b] and
for arbitrary two grid functionsv, w € T';[a, b], there holds

V=Wl < K (X v =l + IR = Rl ). v € T,
o (6.87)
for al h sufficiently small.

The motivation for this “stability inequality” is much the same as for one-step
methods (Chap. 5, (5.83)—(5.85)), and we do not repeat it here.
Let F bethe family of functions f* satisfying auniform Lipschitz condition

If (e 9) = f .y < Llly = y*l. x€lab], y,y* €RY, (6.88)

with Lipschitz constant L = L dependingon f'.

Theorem 6.3.3. The multistep method (6.2) is stable for every f € F if and only
if its characteristic polynomial (6.75) satisfies the root condition (6.78).

Proof. Necessity of (6.78). Consider f(x,y) = 0, which is certainly in F,
and for which

k
1
(RpV), = Z ;asvn+s~
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Takev=wuandw = 0in (6.87), whereu isagrid function satisfying

k
D ety =0, n=012,.... (6.89)
s=0

Since (6.87) isto hold for arbitrarily fine grids, the integer » in (6.89) can assume
arbitrarily large values, and it follows from (6.87) and R,u = 0 that u is uniformly
bounded,

lulloo = K max las||. (6.90)
0<s<k—1
the bound depending only on the starting values. Since u is a solution of the
homogeneous difference equation (6.74), its characteristic polynomial must satisfy
the root condition by Theorem6.3.1.

Suf ficiency of (6.78). Let f € F andv, w € T'[a, b] be arbitrary grid
functions. By definition of R, we have

k k
Zas\/n+s :h Zﬂsf(xn-hvvvn-l-s)‘i‘h(th)n, n :051727"'7N_k7
s=0 s=0

and similarly for w. Subtraction then gives

k
D (Vs =Wag) = Qg n=0.1.2,....N —k,
s=0

where

h
Pn+k = h Z Bslf Xntss Vits) — f (Cngss Waps)] + A[(REV), — (RyW),].
= (6.91)

Therefore, v — w is formally a solution of the inhomogeneous difference equation
(6.73) (the forcing function ¢, ., though, depending also on v and w), so that by
(6.80) and (6.83) we can write

k—1 n
Vn - Wn = Z hn,s(vx _W\') + Z gn,m(pm'
s=0 =k

Since the root condition is satisfied, we have by (6.86)
|hn,x| S M? |gn,m| S M
for some constant M > 1, uniformly in n and m. Therefore,

n
Vi =Wl < M Sk max [[ve =W + > [l@,l¢ -
0<s<k—1

m=k

n=0,1,2,....N. (6.92)
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By (6.91) we can estimate

k
||<Pm|| = Hh Zﬁs[f(xmfk%s"vmfkfv) - f(xm7k+As"Wm7k+s)]
s=0

+ h[(RhV)m—k - (RhW)m—k]

k

< hBL Y Vo—its = Worits |l + ARV = RiWoo,  (6.93)
s=0
where
= max .
B = max ||

Lettinge = v—wandr, = R,v— R,w, we obtain from (6.92) and (6.93)

n k
leall < M Gk max flesl +hBL Y D llemissll + Nhlrallo -

m=k s=0
Noting that
n k k n k n
Do D Memrsh =D D Mem—iasl =3 D llewll
m=k s=0 s=0 m=k s=0 m=0
n
=(k+1) ) llenll
m=0

andusing Nh = b — a, we get

n

leall < M Yk maxllecl +htk + DBL Y llewll + (b = a)lrsloo( - (6.94)

m=0

Now let i be so small that

1 —h(k + 1)BLM >

N =

Then, splitting off the term with ||e, || on theright of (6.94) and moving it to the left,
we obtain

(I =hk + 1)BLM)|le,|
n—1

=M gk max e +hk +DBL Y llenll + (b —a)lralloo.

m=0
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or
n—1
lenll < 2M § h(k + DAL n; lenll +k max el + (b - a)nrhnoo} :

Thus,

n—1

leall <A D llenll + B, (6.95)

m=0

where

A=2(k+1)BLM, B =2M (ko max_[les]| + (b - a)||rh||oo). (6.96)
<s<k—

Consider, along with (6.95), the difference equation

n—I1
E,=hA Y E,+B. Ey=B. (6.97)

m=0

Itiseasily seen by induction that
E, =B +hA)", n=0,1,2,.... (6.98)

Subtracting (6.97) from (6.95), we get

n—I1

llex|l — Ex < hA Z(||em|| — Ey). (6.99)

m=0
Clearly, [leo|| < B = Ey. Thus, by (6.99), [le1|| — E1 <0, and by inductionon n,
le.| < E,, n=0,1,2,....
Thus, by (6.98),
leall < B(1 4+ hA)" < Be"* < Be=94,

Recalling the definition of B in (6.96), we find

lenll <2Me®= 4k max |les]| + (b —a)|| RV — RyW|lso
0<s<k—1
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which is the stability inequality (6.87) with
K =2Me" 9 max{k,b —a}. O
Theorem6.3.3 in particular shows that all Adams methods are stable, since
for them
a(t) =tF = = le =1,

and the root condition istrivially satisfied.

Theorem 6.3.3 aso holdsfor predictor—corrector methods of the type considered
in (6.64), if one defines the residual operator RPECE in the definition of stability in
the obvious way:

k—1
PECE

k
V)n - Z ; Vn+s - ﬂ;:f(xn+k,€/n+k) + ;ﬂ:f(xn-i-svvn-i-s) ’
(6.100)
with
k—1 k—1
Vitk = — Z Vs + h Z ,Bsf(xn-i-y, Vn+‘y), (6101)
s=0 5s=0
and considers the characteristic polynomial to be that of the corrector formula
(see EX. 7).

The problem of constructing stable multistep methods of maximum order is
considered later in Sect. 6.4.

6.3.3 Convergence

With the powerful property of stability at hand, the convergence of multistep
methods follows almost immediately as a corollary. We first define what we mean
by convergence.

Definition 6.3.2. Consider auniformgridon [a, b] withgridlengthh. Letu = {u,}
be the grid function obtained by applying the multistep method (6.2) on [«, b], with
starting approximationsu, (h) asin (6.4). Let y = {y,} bethegrid functioninduced
by the exact solution of the initial value problem on [a, b]. Method (6.2) is said to
convergeon [a, b] if there holds

= yllos — 0 8 h—0 (6.102)

whenever
us(h) >yoash—0, s=0,1,...,k—1. (6.103)
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Theorem 6.3.4. The multistep method (6.2) converges for all f € F (cf. (6.88))
if and only if it is consistent and stable. If, in addition, (6.2) has order p and
ug(h) — y(xy) = O(h?),s =0,1,...,k — 1, then

lu—yloo = O(h?) as h — 0. (6.104)

Proof. Necessity. Let f = 0 (which is certainly in ) and yo = 0. Then
y(x) = 0 and (6.2) reduces to (6.89). Since the same relations hold for each
component of y and u, we may as well consider a scalar problem. (This holds for
the rest of the necessity part of the proof.) Assume first, by way of contradiction,
that (6.2) is not stable. Then, by Theorem6.3.3, thereisaroot ¢, of the characteristic
equation () = 0 for which either |#;| > 1, 0r |t;] = 1 andm; > 1. Inthefirst case,
(6.89) has asolution u, = At for which |u,| = h|z|". Clearly, the starting values
Ug, Uy, ...,U— adl tendto yo = 0ash — 0, but |u,| — oo asn — oo. Since for
h sufficiently small we can have n arbitrarily large, this contradicts convergence of
{u,} to the solution {y,}, y, = 0. The same argument applies in the second case if
we consider (say) U, = hzn"™ 1", wherenow |1,| = 1, m, > 1. This provesthe
necessity of stability.

To prove consistency, we must show that (1) = 0 and o/(1) = (1), where
(anticipating (6.122)) we define (1) = Zf:o Bst*. For the former, we consider
f = 0, yo = 1, which has the exact solution y(x) = 1 and the numerical
solution still satisfying (6.89). If wetakeu;, = 1, s = 0,1,...,k — 1, the assumed
convergenceimpliesthat u,+y — 1 ash — 0, hence0 = Zf:o AsUp4+s — a(l).
For the latter, we consider f = 1 and yy = 0, that is, y(x) = x — a. The multistep
method now generatesagrid function u = {u, } satisfying

k
Zasun+s - ﬂ(l)h =0.

s=0

A particular solution is given by u, = £nh. Indeed, since (1) = 0, as already
shown, we have

- B,
gasum — Bk = ek gasm +5) = B(D)h

= &h[mx(l) + o' (D] = B(1)h
o'(1)

_ B, _
= St = pmh=o.

Sinceasou; — yo =0forh — 0,s =0,1,...,k — 1, and since by assumption

u,} convergesto {y,}, y, = nh, wemust have 210 = 1, that is, /(1) = B(1).
a’ (1)
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Suf fi ci ency. Lettingv = u and w = y in the stability inequality (6.87), and
noting that R,u = 0 and R,y = Ty, the grid function {(7}),} of the truncation
errors (cf. (6.15)), we get

e —yllo = K max ug—yx)ll + [[Thlloo - (6.105)
0<s<k—1

If method (6.2) is consistent, the second term in braces tendsto zero and, therefore,
also the term on the left, if (6.103) holds, that is, if u; — y(x;) — 0 ash — 0. This
completesthe proof of thefirst part of the theorem. The second part follows likewise,
since by assumption both terms between bracesin (6.105) are of O(h?). O

In view of the remark near the end of Sect.6.3.2, Theorem6.3.4 holds also for
the kth-order predictor—corrector method (6.64) with p = k. The proof isthe same,
since for the truncation error, || T,5°F||oc = O(h*), aswas shown in Sect.6.2.3.

6.3.4 Asymptotics of Global Error

A refinement of Theorem6.3.4, (6.104), exhibiting the leading term in the global
discretization error, is given by the following theorem.

Theorem 6.3.5. Assume that

(1) f(x,y)eC?onla,b] xRY;

(2) the multistep method (6.2) is stable (i.e., satisfies the root condition) and has
order p > 1;

(3) theexact solution y (x) of (6.1) is of class C?*2[a, b];

(4) the starting approximations (6.4) satisfy

us—y(x) =0h"") as h—-0, s=0,1,....k—1;
(5) e(x) isthesolution of the linear initial value problem

& S yNe—y W), el@) =0, (6108

Then,forn =0,1,2,..., N,
u, — y(xn) = Ck.phpe(xn) + O(hp_H) as h — 0, (6107)
where Cy , isthe error constant of (6.2), that is,

tp+1

(p+ DV

£p+1

Zf=0 ﬂs ,

Cip=

lpp1 =L (6.108)
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Before proving the theorem, we make the following remarks:

1. Under the assumptions made in (1) and (3), the solution e of (6.106) exists
uniquely on [a, b]. It isthe same for all multistep methods of order p.

2. The error constant Cy , depends only (through the coefficients o, 8,) on the
multistep method and not on theinitial value problem to be solved.

3. For a given differential system (6.1), the asymptotically best k-step method of
order p would be onefor which |Cy ,| is smallest. Unfortunately, as we see later
in Sect. 6.4.3, the minimum of |Cy ,| over al stable k-step methods of order p
cannot be generally attained.

4. Stability and p > 1 implies Y¥_, B, # 0. Infact, «(1) = YF_ &, = 0, since
L1 =0,and Lt = Y *_ sa, — Y k_,Bs = 0 since p > 1. Consequently,

k k
D Be=) soy=ca/(1) #0 (6.109)
s=0

s=0

by the root condition. Actualy, Z’f:() Bs > 0, aswe show later in Sect. 6.4.3.
Proof of Theorem 6.3.5. Define the grid functionr = {r,} by

r=h"Pu-—y). (6.110)

Then
1< 1 < 1 <
Z Zasrn+s =h"’ |:Z Zasunﬂ - Z Zasy(xn+s):|
s=0 s=0 5=0

k k
=h’ |:Z Bs [ (Xnpss Unys) — Zﬂsy/(-xn+.?) - (Th)”] ’

s=0 s=0

where T}, is the truncation error defined in (6.19). Expanding f about the exact
solution trajectory and noting the form of the principa error function given in
Theorem6.1.3, we obtain

1 k k
E Zasrn-i-s =hr |:Z ,Bs{f(xn+5ay(xn+s))
s=0

s=0
+ [y Cntss Y Xns)) Wns — ¥ (Xngs)) + O(th)}
k
- Zﬂsyl(xn-‘rs) - €P+1y(p+l)(xn)hp + 0(hp+1):| s
5s=0

having used Assumption (1) and the fact that u, s — y(x,+5) = O(h?) by
Theorem6.3.4. Now the sums over f and y’ cancel, since y is the solution of
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the differential system (6.1). Furthermore, O(h%?) isof O(h?*!) since p > 1, and
making use of the definition (6.110) of r, we can simplify the preceding to

s=0

k k

1 _

E E OgFpgs =7 |:§ ﬂsfy (Xnas, Y (nas)) P14
s=0

— L1y PV Ce)h? + O(h"+l)}

k
=3 B fy Gt Y Cnt) s — L1y PV () + O().
s=0
Now
k k
D By P =Y B [y () + O(B)]
s=() s=0
k
= ( m) y P (x,) + O(h),
s=0
so that

e k
by ") = G D By T ) + O
s=0FS s=0

k
= Cip By (us) + O(h),
s=0

by the definition (6.108) of the error constant Cy ,. Thus,

k k
1
E Zasrn-i-s - Zﬂs[fy(xn-Ha Y (Xns)Puts — Ck,py(p+1)(xn+s)] = O(h).

s=0 s=0
Defining
F=—r, (6.111)

we finally get

k k
1 o o
}_l Zasrn+s - Z,Bs [fy (Xnts, Y Cnts) D nts — y(p+l)(xn+s)] = 0(h).
s=0 s=0
(6.112)
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Theleft-hand side can now be viewed astheresidual operator R;‘;’ of the multistep

method (6.2) applied to the grid function ¥, not for the original differential system
(6.1), however, but for the linear system (6.106) with right-hand side

g(x.,e) = fy(x,y(x)e —yPt(x), a<x<b, ecR’. (6.113)

That is,

| RS Flloo = O(h). (6.114)
For the exact solution e (x) of (6.106), we have likewise

IR} elloo = O(h), (6.115)

since by (6.15) (appliedto thelinear systeme’ = g(x, e)) R,f isthe truncation error
of the multistep method (6.2), and its order is p > 1. Since by Assumption (2) the
multistep method (6.2) is stable, we can apply the stability inequality (6.87) (for the

systeme’ = g(x,e)) to thetwo grid functionsv = randw=e, giving

17 el = K (| max_ I, —eel + 18] F = R el )
=K (O max ||ix —e(xy)| + O(h)) . (6.116)

It remainsto observethat, for0 <s < k — 1,

o 1 I
rs—e(xs) = ars_e(xs) = ah Plus — y(x5)] — e (xy),
P P

and hence, by Assumption (4) and e(a) = 0,

ry—e(xy) = O(h) — [e(a) + she' (&)] = O(h),

to conclude
max_|r, —e(x,)]| = O(h)

0<s<k

and, therefore, by (6.116), (6.111), and (6.110),
lu =y — Crph’e|lo = ORPTY),

as was to be shown. O

The proof of Theorem®6.3.5 apph&s to the predictor—corrector method (6.64)
with Cy , replaced by Cf, = £,/ ZJ —o B5, the error constant for the corrector

formula, once one has shown that u,,+k — U, = OMKTY in (6.64), and
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;n+k—y(xn+k) = O(h**1). Thefirst relation istruefor special predictor—corrector
schemes (cf. (6.17), (6.120)), whereas the second says that /2 times the truncation
error of the predictor formula has the order shown (cf. Sect. 6.2.3).

6.3.5 Estimation of Global Error

It is natural to try, similarly as with one-step methods (cf. Chap. 5, Sect.5.8.1), to
estimate the leading term in the asymptotic formula (6.107) of the global error by
integrating with Euler's method the “variational equation” (6.106) along with the
multistep integration of the principal equation (6.1). The main technical difficulty is
to correctly estimate the driving function y (?*1 in thelinear system (6.106). It turns
out, however, that Milne's procedure (cf. (6.68)) for estimating the local truncation
error in predictor—corrector schemes can be extended to estimate the global error
as well, provided the predictor and corrector formulae have the same characteristic
polynomial, more precisely, if in the predictor—corrector scheme (6.64) there holds
af =, for s =1,2,....k; ap=0. (6.117)

s

This is true, in particular, for the Adams predictor—corrector scheme (6.69). We
formulate the procedurein the following theorem.

Theorem 6.3.6. Assume that

(1) f(x,y)eC?onla,b] xRY;

(2) the predictor—corrector scheme (6.64) is based on a pair of kth-order formulae
(k > 1) satisfying (6.117) and having local error constants {41, £, for the
predictor and corrector, respectively;

(3) theexact solution y(x) of (6.1) isof class C¥*+2[a, b];

(4) the starting approximations (6.4) satisfy

us—y(xs)zO(hk“) as h—0, s=0,1,....k—1;

(5) along with the grid function # = {u,} constructed by the predictor—corrector
scheme, we generate the grid function v = {v,,} in the following manner (where

1,4y S defined asin (6.64)):
Vi =0, s=0,1,....k—1;

—(k+1)
Vint+k = Vn+k—1 + h fy (Xn,lln)Vn + I (un-i-k - un+k) s
G = it
n=20,12,...,.N —k.
(6.118)
Then,forn =0,1,..., N,
u, — y(x,) = CFh* v, + O(W* ") as h -0, (6.119)

where Cf, isthe (global) error constant for the corrector formula.
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Proof. The proof is the same as that of Theorem5.8.1, once it has been shown, in
place of Chap. 5, (5.117), that
p—Gk+1)

o

T otk k) = y 0 06) + O(h). (6.120)
k+1

We now proceed to establish (6.120).
By (6.64), we have

k—1 k—1
° *
Uptj — Upt+k = E Qg Up+s — E OslUp+s
s=1 s=0
k—1 k—1

+h Z,Bsf(xn+s»un+s) - ﬂ}tf(xn-i-kv ;;n+k) - Zﬁ:f(xn-i-sv Upts)( -

s=0 s=1

Thefirst two sumson the right cancel because of (6.117). (Itisherewhereay = 0is
used.) In the expression between braces, we expand each f* about the exact solution
trgjectory to obtain

k—1
= Z Bs [f (Xp4s: ¥ (Xnas)) + fy (Xpgse Y na)) W5 — Y (Xnts))
s=0
+ 0(h™)]
= BE [ f i Y i)+ Sy Gt ¥ i) Gk = 3 (5a)) + O]

k—1

- Z :3:: [f ntss Y ns))+ Sy Cnesy ¥ (nts)) (Un5—y (Xn45)) + O(th)]

s=

1
k—1 k
= Z ﬂsyl(xn+s) - Z ﬂ:y/(xn-‘rs)
s=0 s=1
k—1
+ ) By Ctss Y (onts)) Wnes — ¥ (Xnts)
s=0
— B Sy s ¥ Conti) @tk — ¥ (Xnk))

k—1
- Z 185* fy Xnts, Y (X)) @nts — ¥ (Xngs)) + 0(hk+l), (6.121)

s=1

since O(h*) isof O(h**') whenk > 1.
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Now from the definition of truncation error, we have for the predictor and
corrector formulae

k—1 k—1
% |:y (Xn+k) + ZO‘S.V(xn+s)i| - Zﬁsy/(xn+s) = (Th)n,

s=0 s=0

k—1 k
% |:y (xn+k) + Z as*y(xn+s):| - Z ﬁ:yl(anrs) = (Th*)n-

s=1 s=1
Upon subtraction, and using (6.117), we find
k—1

k
Z ﬂsy/(xn+s) - Zﬂjy/(xn-i-s) = (Th*)n — (Tp)n

s=0 s=1
= (6;:4.1 _£k+1)hky(k+l)(xn) + O(hk+l)-

It suffices to show that the remaining terms in (6.121) together are O (h**1). This
we do by expanding f, about the point (x,, y(x,)) and by using, from (6.107)
and (6.108),

Upts — Y (Xnts) = Ck*,khke(xn) + O(hk+1)

aswell as
k—1 k—1
Unpk = Y nk) = = O 0e(yrs — Y (nts)) + 0 Y Bslf Coues )
s=0 s=0
— f(xn+m y(xn+s))] - h(Th)n
k—1
= - Z%[C;f,khke(xnﬂ) + O] + ot
s=0

k—1
=— (Z oty) Crhfe(x,) + Ot = Cf hFe(x,) + O(F T,

s=0
wherein the last equation we have used that Y _ o, = 1 + Y¥Z1 oy = 0. We see
that the terms in question add up to
k-1

k—1
hkck*,kfy (Xn, ¥ (xn))e (xp) { Z’BS - ,B]:< - Z,B: + 0(hk+1).
s=1

s=0
Sincek > 1,wehave Lt = L*t = 0 for the functionals L and L* associated with
the predictor and corrector formula so that the expression in bracesis
k

k—1 k k k
D Bi= D BT =) sas=) sl =) sl —af) =0,
s=0 s=1 s=0 s=1

s=1

again by (6.117). This completes the proof of Theorem6.3.6. |
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The formula (6.120) can also be used to estimate the local truncation error
in connection with step control procedures such as those discussed for one-step
methods in Chap.5, Sect.5.8.3. Changing the grid length in multistep methods,
however, is more complicated than in one-step methods, and for this we refer to
the specialized literature.

6.4 Analytic Theory of Order and Stability

We now turn our attention to the following problems.

(1) Construct a multistep formula of maximum algebraic degree, given its char-
acteristic polynomia «(t). Normally, the latter is chosen to satisfy the root
condition.

(2) Determine the maximum algebraic degree among all k-step methods whose
characteristic polynomialsa(z) satisfy the root condition.

Once we have solved problem (1), it isin principle straightforward to solve (2).
We let a(r) vary over all polynomialsof degree k satisfying the root condition and
for each « construct the multistep formula of maximum degree. We then simply
observe the maximum order so attainable.

To dea with problem (1), it is useful to begin with an analytic characterization
of algebraic degree— or order — of amultistep formula.

6.4.1 Analytic Characterization of Order

With the k-step method (6.2) we associate two polynomials,

k k
a(t) = Zast“, B(t) = Zﬂsl‘ (g = 1), (6.122)
s=0 s=0

thefirst being the characteristic polynomial already introduced in Sect. 6.3.1, (6.75).
We define
a(f)
(6= 3 -, tec. (6129
which, since «(1) = 0, isafunction holomorphicinthedisk | — 1| < 1.
Theorem 6.4.1. The multistep method (6.2) has (exact) polynomial degreep if and
only if §(¢) hasa zero of (exact) multiplicitypat ¢ = 1.

Proof. Interms of the linear functional

k
Lu=)[asu(s) — U (5)]. (6.124)

s=0
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method (6.2) has exact polynomial degree p if and only if (cf. Sect. 6.1.3, (6.35),
where, without restriction of generality, we may assume scalar functions u)

k k
= % A A, (0)u? V(o) do, % A Ap(0)do = €,41 # 0, (6.125)

for every u € C?*1[0, k]. Choose u(t) = €7, where zis acomplex parameter. Then
(6.125) implies

k
Z[aef ﬂze‘z]:# 2y (0)&do,
=0 P Jo
that is,
0@— Be) = = f 2, (0)&%do. (6.126)

Since the coefficient of z” on theright, when z=0,equals{,;; # 0, the function
on the left — an entire function — has a zero of exact multiplicity p a z = 0. Thus,
exact polynomial degree p of L implies that the function 6(€) has a 0 of exact
multiplicity p a z = 0. The converse is also true, since otherwise, (6.125) and
(6.126) would hold with adifferent value of p. The theorem now followsreadily by
applying the conformal map

t{=¢€, z=lIng, (6.127)

and by observing that the multiplicity of a zero remains unchanged under such
amap. O

Based on Theorem6.4.1, the first problem mentioned now alows an easy
solution. Suppose we are given the characteristic polynomial «(¢) of degree k and
we want to find B(r) of degreek’ (< k) such that the method (6.2) has maximum
order. (Typically, kK’ = k —1 for an explicit method, and k¥’ = k for animplicit one.)
We simply expand in (6.123) the first term of () in apower seriesabout ¢ = 1,

%=co+cl(§—l)+cz(§—l)2+---, (6.128)
and then have no other choicefor g than to take
BO) =co+erC =1+ +ew -1 (6.129)

In this way, 6(¢) has a zero of maximum multiplicity at { = 1, given a(z) and the
degree k’ of B. Infact,

8(8) = e — DT 4
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and we get order p > k’ + 1. The order could be larger than &’ + 1 if by chance
crr+1 = 0. If p isthe exact order so attained, then

8@ =cp(C=DF 4+, ¢, #0, p=k'+ 1. (6.130)
It isinteresting to compare thiswith (6.126):
_(Ingr r* .
50 = T [ 2o
—1—L@Ee—n2yL...p rk
Bl ey [1+<‘1’>@—1>+~~]do
1 k
Y — 1P 4 ...
<p, / A;;(o)do) -1+
=Ly (=17 4.
Thus,

€p+1 =Cp. (6131)
Similarly, if the method is stable, then
Ep Ep+1 _¢p
= =-Z (6.132)
Zf:o B, B <

We seethat thelocal and global error constants can be found directly from expansion
(6.128). It must be observed, however, that (6.131) and (6.132) hold only for the
k-step methods of maximum degree. If the degree p is not maximal, then

Cip=

lpy1 =d, (6.133)
and
d!’
Cep=—, (6.134)
Co
where
§)=d,((—1)P +---, d,#0. (6.135)

It seems appropriate, at this point, to observe that if «(¢) and B(¢) have a
common factor w(¢),

a(f) = o(§)an(§),  B(E) = @(§)Bo(0).
and w(1) # 0, then

56 = 0B, 86 = 5 = o)
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and §o(¢) vanishes at ¢ = 1 with the same order as 6(¢). The multistep method
{a, B} and the “reduced” multistep method {wy, B0} therefore have the same order
and indeed the same error constants (6.133) and (6.134). On the other hand,
w(l) = 0 would imply g(1) = 0, and the method {«, 8} would not be stable
(cf. Sect. 6.3.4, (6.109)). Since, on top of that, a solution of the difference equation
(6.2) corresponding to {«o, Bo} is aso a solution of (6.2) for {«, B} (cf. Ex.8),
it would be pointless to consider the method {«, 8}. For these reasons it is no
restriction to assume that the polynomias«(¢), B(¢) areirreducible.

Example. Construct all stableimplicit two-step methods of maximum order.
Here,

a@=0¢-DC-1). —-l=i<l,

since lisawaysazero of «(¢) and the second zero A must satisfy theroot condition.
For the expansion (6.128) we have

aO) -1 +-DE-1) _ =2+ @-1)
L [ & T T F TS s

=c+a@—D+e@—17+-.

An easy calculation gives

1 1
o = 1—1, C1 25(3—1), CZZE(S‘FA),

1 1
e = _ﬁ(l +A), ca=—(11+191).

720
Thus,
54+ 24 2-2A 1+51
_ _ 12 — 2 _
PO =cota—D+al-10="—""0+ == - ——
giving the desired method
542 2—2A 1+52
o — (1 +NDuyyr +Au, =h Tfnﬂ-i-TfnJrl T (-
If c3 #£ 0 (i.e, A # —1), theorder isexactly p = 3, and the error constant is
Cc3 1 1+X
Coz=—=———7 (A #-1).
2= T A
Thecase A = —1 isexceptional, giving exact order p = 4 (sincecy = —% #0);

infact,

h
Unyy —Up = 3 (for2+4for+fa) A=-1)

is precisely Simpson’srule. Thisis an example of an “optimal” method — a stable
k-step method of order k + 2 for k even (cf. Sect. 6.4.2, Theorem 6.4.2(b)).
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Example. Construct apair of two-step methods, one explicit, the other implicit, both
having a(¢) = ¢> — ¢ and order p = 2, but global error constants that are equal in
modulus and oppositein sign.

Let 8(¢) and B*(¢) be the B-polynomials for the explicit and implicit formula,
respectively, and C, », C', the corresponding error constants. We have

a) {(¢—=1) B 3 5o
nt roi-lgotpe.ta@r @i
Thus, 3 3 |
BO=1+5¢-D=35t-7,
giving
5
12 5
1z 2
Cop = =T

For g*, wetry
. 3
B*O) =145~ D+b¢ 17
Aswe are not aiming for optimal degree, we must use (6.134) and (6.135) and find

5
5= 5
Cz*.zz ]21 :E_b‘

Sincewewant Cy, = —C,, we get

Sy 5,8
12 12 6
and so,
N S N IR SN S P
FrO =1+ -D+C-17= 20+

The desired pair of methods, therefore, is

h
Upio =Uyy) + 3 Bfor1— fn),
(6.136)

h
Uypr = Uy + 3 Sy — fif +210,5).
Theinterest in such pairs of formulaeis rather evident: if both formulae are used

independently (i.e., not in a predictor—corrector mode, but the corrector formula
being iterated to convergence), then by Theorem 6.3.5, (6.107), we have

u, — y(xn) = C2,2hze (xn) + 0(h3)’
u' —y(x,) = —Croh’e(x,) + O(h?); (6.137)

that is, asymptotically for 1 — 0, the exact solution is halfway between u, and
u;;. This generates upper and lower bounds for each solution component and built-
in error bounds % |u; — u,| (absolute value taken componentwise). A break-down
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occurs in the ith component if e/ (x,) ~ 0; if e’ (x) changes sign across x,, the
bounds switch from an upper to alower one and vice versa.

Naturally, it would not be difficult to generate such “equilibrated” pairs of
formulae having orders much larger than 2 (cf. Ex. 9).

Example. Given «(t), construct an explicit k-step method of maximum order in
Newton’s form (involving backward differences).
Here wewant L in theform

k—1
Lu= Zasu(s) Z ys VU (k —1).
s=0 s=0
The mapping ¢ = €* used previously in (6.127) is no longer appropriate here,
since we do not want the coefficients of 8(¢). The principle used in the proof of
Theorem 6.4.1, however, remains the same: we want 1 L €% to vanish at z = 0
with multiplicity as large as possible. Now

S Lpe* = Zase —Z)’s[v(;) t=k—1

and
I)etz etz e(t Dz _ efz( ]),
€
........ \ez1s
Vi€t =¢e* (T)
Therefore,
1 , @ e (€1
ZL(,)e’ =— - ¢ ;y =) (6.138)
This suggests the mapping
e—1
é':Tv Z:_In(]_z)’

which maps a neighborhood of z = 0 conformally onto a neighborhood of ¢ = 0.
Thus, (6.138) hasa zero at z = 0 of maximal multiplicity if and only if

(=)

I
—In(—¢) (I ;M

N (11
T A= —In(1 -

) . e
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hasazero at ¢ = 0 of maximal multiplicity. Thus, we have to expand

(-0 o (117) .
TR ;mé“ (6.139)
and take
Ve =i s=0.1,.. . k—1. (6.140)

Toillustrate, for Adams-Bashforth methods we have
a(t) =5 — 51,
hence
e ;)
o a(l‘é - ‘ = y(0)
—In(1-¢) 1= In1l=¢) ’

which is the generating function

y(©) =) %l
s=0

obtained earlier in Sect. 6.2.1, (6.54). We now see more clearly why the coefficients
y, are independent of k.

Example. Given «(t), construct an implicit k-step method of maximum order in
Newton’s form.
Here,
k
Lu= )" [asu(s) =y, VU ()],
s=0
and a calculation similar to the onein the previous Exampleyields

Ve = Vi s=0,1,..k, (6.141)
where
1-ofa(i) =
T =§V§}§S- (6.142)
Again, for Adams-Moulton methods,
oy ;)

—In(1—=¢)  —In(l—0)
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with
MOEDIN e
s=0
the generating function found earlier.

Example. Given fS(t), construct a k-step method of maximum order in Newton's
form.

In all previous examples we were given «(z) and could thus choose it to satisfy
the root condition. There is no intrinsic reason why we should not start with 5(¢)
and determine «(f) so as to maximize the order. It then needs to be checked, of
course, whether the «(¢) thusfound satisfies the root condition. Thus, in the example
at hand,

k k
Lu=Y"yVutk) =Y Bu(s). (6.143)
s=0 s=0
Following the procedure used previously, we get

Ay

1 z K g1\
L () e

1 Lo 1
= Sigimi—g 27 _ﬁ(ﬁ)’

s=0

and we want thisto vanish at { = 0 with maximum order. Clearly, y, = 0, and if
1 o0
—A- 0k I —0) (ﬁ) =Yt (6.144)
s=1

we must take the remaining coefficients to be
ye =drs, s=1,2,...,k, (6.145)
to achieveorder p > k.
A particularly simple example obtainsif B(z) = t*, in which case

! L O D S LI S
A= =D B () = I — 0 = £ P

S0 that

1
vo=0, y=-, s=12,...,k. (6.146)
S

The method

1 1
Vu, 1 + > VU + -+ % V¥upk = h frsk (6.147)
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of order k so obtained is called the backward differentiation method and is of
some interest in connection with stiff problems (cf. Sect. 6.5.2). Its characteris-
tic polynomial «(z) is easily obtained from (6.143) by noting that VSu(k) =
>i—o (=D (})u(k —r). Onefinds

k k
, 1
alr) = § ot B =15 o = § : =
s=0 r=1

N k_ 1
asz(—l)k_sz< S+r>k—,s=0,1,...,k—1. (6.148)

=\ k- —s+r

Note herethat oy # 1, but we can normalize (6.143) by dividing both sides by «.
It turns out that «(z) in (6.148) satisfies the root condition for k = 1,2,..., 6 but
not for k = 7, in which case oneroot of « lies outside the unit circle (cf. Ex. 10(a)).

We remark that computer algebra systems such as Maple are very useful to
implement series expansions of the type considered in this section; see, e.g., MA 3.

6.4.2 Stable Methods of Maximum Order

We now give an answer to problem (2) stated at the beginning of Sect. 6.4.

Theorem 6.4.2. (a) If k is odd, then every stable k-step method has order p <
k+1.

(b) If k is even, then every stable k-step method has order p < k + 2, the order
being k 4 2 if and only if «(¢) has all its zeros on the circumference of the unit
circle.

Before we prove this theorem, we make the following remarks.

1. Incase (&), we can attain order p = k + 1 for any given «(¢) satisfying the root
condition; cf. Sect. 6.4.1, (6.130) with k' = k.

2. Since x(t) isareal polynomial, all complex zeros of o occur in conjugate pairs.
It follows from part (b) of Theorem 6.4.2that p = k + 2 if and only if «(¢) has
zerosatt = 1 andt = —1, and all other zeros (if any) arelocated on |[t] = 1 in
conjugate complex pairs.

3. The maximum order among all k-step methods (stable or not) is known to be
p = 2k. The stability requirement thus reduces this maximum possible order to
roughly one-half.

Proof of Theorem 6.4.2. We want to determine «(¢), subject to the root condition,
such that
a(8)

§(¢) = ne B(©) (6.149)
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hasazero at { = 1 of maximum multiplicity (cf. Theorem 6.4.1). We map the unit
disk || < 1 conformally onto the |eft half-plane Rez < 0 (which is easier to ded
with) by means of
1 -1
é‘ = —+ z s Z= _é' .
11—z t+1
This maps the point { = 1 to the origin z = 0 and preserves multiplicities of zeros
at these two points. The function §(¢) in (6.149) is transformed to

(6.150)

142z
“\1=2 p l1+z 1—2z\F
1+2z 1—z 2 ’
In ——
1—2

d(2) =

except for the factor [(1—2)/2]F which, however, does not vanish at z = 0. We write

a(2)
142z
1—-2

d2) = —b(2), (6.151)

In

where

1-z\F 142z 1—2z\F 142z
— = —= — 152
o= (57) «(12) vo=(57) #(1=2) e
are both polynomials of degree < k.
Our problem thus reduces to the following purely analytical problem: How many
initial terms of the Maclaurin expansion of d(z) in (6.151) can be made to vanish if

a(z) isto haveall its zerosin Rez < 0, and those with Rez = 0 are to be simple?
To solve this problem, we need some preliminary facts:

(i) Wehavea(l) = 1 and a(0) = 0. This follows trivially from (6.152), since
a(t) hasleading coefficient 1 and «(1) = 0.

(il) The polynomial a(z) has exact degree k, unless { = —1 is a zero of «(¢),
in which case a(2) has degree k — u, where p is the multiplicity of the zero
¢ = —1. (If the root condition is satisfied, then, of course, © = 1.) Thisalso
follows straightforwardly from (6.152).

(iii) Let

a(2 =@ 124+ a2 + -+ ar Z,

where a; # 0 by the root condition. If a(z) has all its zerosin Rez < 0, then
as; >0fors =1,2,...,k.(Theconverseisnot true.) Thisis easily seen if we
factor a(z) with respect to its real and complex zeros:

a@ = aiz] [z—rp) [ [lz— (o +iyo)llz— (x5 —iys)]. ar # 0.
P o
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Simplifying, we can write

a(@) = aiz] [@=rp) [[lz= )" + 52).
P o

Since by assumption, r, < 0, x, < 0, al nonzero coefficients of a(z) have the
signof a;,anda; > 0 sincea(l) = 1.

(iv) Let
z
In
1—-2z
Then
)\0:%, Ay <0 for v=1,2,3,....
The proof of thisis deferred to the end of this section.
Suppose how that
z a(2)
1—-2z

For maximum order p, we must take

b(@) =bo+b1z+ -+ b (6.154)
in (6.151). The problem at hand then amounts to determining how many of the
coefficientsby +1, bx+2, ... in(6.153) can vanish simultaneoudly if a(z) isrestricted

to haveall itszerosin Rez < 0 and only simple zeroson Rez = 0.
Expansion (6.153), in view of (iv), isequivalent to

Ao+ M2 + M2+ )a + az+ asZ + -+ a7
=by+biz+ b2 +---.

Comparing coefficients of like power on the right and | eft, we get
bo = Aoai,
by = doaz,
byy = Ao@ay+1 + Arany—1 + -+ Axay v =1.2.3..... (6.155)
bayt1 = Aoay42 + Arazy, + -+ + Ayyan
where for conveniencewe assumea,, = 0 if 1 > k. We distinguish two cases.

Casel. kisodd. Thenby (6.155),

biet1 = Aok+2 + Aoak + Asag— + -+ + Ait1ay.
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Since ax+> = 0 by convention, A,, < 0 by (iv), and a;, > 0, a; > 0 by (iii), it
followsthat by +; < 0. Thus, p = k + 1 isthe maximum possible order.

Case2. k iseven. Here (6.155) gives
bi+1 = Aotk+2 + Aray + Agag— + - + Aras.

Again, ai41> =0, A, < 0,anday; > 0, sothat by < 0. Wehave by = 0 if and
onlyifa =a4 =---=a; =0, that s,

a(—2) = —a(2). (6.156)
Since a;y = 0, we conclude from (ii) that «(¢) hasazeroat ¢ = —1. A trivid
zerois¢ = 1. In view of (6.156), the polynomia a(z) cannot have zeros off the
imaginary axiswithout violating the root condition. Therefore, a(2) hasall its zeros

on Rez = 0, hence «(¢) al itszeros on [¢| = 1. Conversdly, if a(¢) has zeros at
¢ = +1 and al other zeroson |¢| = 1, thena; = 0, and

a(d = ar1z] [[Z—iy) @+ iy)] = axz[ [ + y)):
Y Y

that is, a(2) isan odd polynomial and, therefore, x4+, = 0.

This provesthe second half of part (b) of Theorem 6.4.2. To complete the proof,
we have to show that x4+, = 0 isimpossible. This follows again from (6.155), if
we note that (for k even)

biyr = Aoak+3 + Asaky1 + Asak—1 + -+ + Aggoa;
= g1 + 4 Agg2a; <0

for the same reason asin Case 1. O
It remains to provethe crucia property (iv). Let

f@ =~ = ho k2 M e (6.157)
||*']LZ
1—-2z

The fact that Ay = % follows easily by taking the limit of f(z) asz — 0. By
Cauchy’sformula,

1 f(2dz 1 dz
v — T vl = — —1H,V>1,
27l Jeo Z 2l Je 201N —

where C isacontour encircling the origin in the positive sense of direction anywhere
in the complex plane cut along (—oo, —1) and (1, co) (where f in (6.157) is one-
valued analytic). To get a negativity result for the A,, one would like to push the
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contour as close to the cuts as possible. Thisis much easier to do after a change of

variables according to
1
u=-—.
z

Then

1 17!
Aoy = —— (p WP [m u+t } du, (6.158)
27T| T 1

where the cut in the u-plane now runs from —1 to 1, and T" is a contour encircling
this cut in the negative sense of direction. By letting I shrink onto the cut and
noting that

u+1 x+1

In —In —irasu—x+i0, —1<x<1,
u—1 1—x
whereas
u+1 1 . .
In + —>|nx+ +ir asu—x—i0, —1<x <1,
u—1 1—x

we find in the limit

1 -1
Ay = ! won OX 20-2 dx
w =T X o+ X P
2l —1 InE_UT 1 Inm‘i‘ln

1 x2v—2
=— | —— _dy<0, v>1, (6.159)
1 w4+ |I’12 "IC'H

aswas to be shown.
We also note from (6.159) that

L e 2 1
|AZV|<P/_IX dx:FZV—I’ v=12.73,...,

that is,
1
/12\,=0(—) as v — oo.
v

We now recall atheorem of Littlewood, which saysthat if
o0
f@=>) 12
n=0
isconvergentin |z < 1 and satisfies

f(x) >s asx 11, )L,,:O(l) as n — oo,

n
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then
ZA,,—S
n=0
In our case,
X
fx) = 1+x—>0anT1
In
1—x
and so
o o 1
Ay =0, thatis, Ay = — —. 6.160
; 2 ; 2 5 ( )

For an application of (6.160), see Ex. 11(b).

6.4.3 Applications

Theorem 6.4.2 and its proof technique have a number of interesting consegquences,
which we now discuss.

Theorem 6.4.3. For every stable k-step method of maximum order p (= k + 1 or
k + 2), we have that

Zp_g.]

iz By
Proof. We recall from (6.131) and (6.132) that

€yr1 <0, Crp= <0. (6.161)

c
X _r
£p+l = Cp, Ck,p——,

€o
where ¢y = (1) and
56 = T =BE = e, o ¢y 20,
With the transformation
1+z 2z
N A

used in the proof of Theorem 6.4.2, we get for the function d(z) in (6.151)

1—-2z\"

k
(T) d(z) = 2pcpzp + .. s
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or
d@ =2""%c,2 4 ---.
On the other hand, by (6.153) and (6.154),
d(2 =b,2" +---.
Therefore, ¢, = 2¥=7b,, and
Cpp1 =257b,,  Cy, =257 % (6.162)
From the proof of Theorem 6.4.2, weknow that b, < 0. Thisprovesthefirst relation

in (6.161).
To provethe second, we must show that

B(1) > 0. (6.163)

Since p > 1, we have

k k
B =) Bi=) sa,=d ().
s=0 s=0

By theroot condition, o’ (1) # 0. If wehad /(1) < 0, then«(1) = 0inconjunction
with a(t) ~ t* ast — oo would imply that «(¢) vanishes for some ¢t > 1,
contradicting the root condition. Thus, «’(1) > 0, proving (6.163). O

We note, incidentally, from (6.162), since (1) = 2¥b(0) = 2¥b, (cf. (6.152)
and (6.154)), that

b
Cpp=27"-2. (6.164)
bo
Theorem 6.4.4. (a) Letk > 3 beodd, and
cx = inf [Cy k41, (6.165)

where the infimum is taken over all stable k-step methods of (maximum) order

p =k + 1. 1f k = 5, thereis no such method for which the infimumin (6.165)

is attained. If & = 3, all three-step methods of order p = 4 with «(¢) =

C=DE+DE=2), -1 <A <1, have|[Css = c3 = 155
(b) Letk > 2 beeven, and

C;: =inf |Ck,k+2|, (6.166)

where the infimum is taken over all stable k-step methods of (maximum) order
p = k + 2. 1f k > 4, thereis no such method for which the infimumin (6.166)
isattained. If &k = 2, Smpson’sruleisthe only two-step method of order p = 4

with |C2.4| = C; = ﬁ
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Proof. (a) By (6.164) we have

_ 27(k+1) bk—H
by

From the proof of Theorem 6.4.2 (cf. (6.155)), we have

Crk+1

by = Aoay = Jar. bry1 = Aax + Asax— + -+ + Aggrar < 0.

So,
_ 1 |Ak+1]
[Chk+1] = g (IA2lak + |Adlak— + -+ + |Akgi1lar) = T (6.167)
1
We claim that
) A
i = 0t Gl = 24511
Indeed, take

(z=x1)(Z—x2) -+ (Z— xk—1)

(A =x)(d=x2) - (1 = xp—1)

where the x; are distinct negative numbers. Then a(1) = 1 (asmust be), and a(2)
satisfies the root condition. Now let x; — —oo (all i), thena(z) — z that is,

a(z) =z

ap—>1, ag— 0 for s =2,3,... k.

Therefore, by (6.167),

IChkt1] — M;Hl-
Now supposethat |C x+1]| = cx for some stable method. Then, necessarily,
ar =ak— =---=az =0,
that is,
a2 = a1z+ a2 + a2 +oee a7 (6.168)

In particular (cf. Sect.6.4.2, (ii)), L = —1 isazero of «(¢) and a;—; # 0 by the
stability requirement. We distinguish two cases:

Casel. k = 3. Here,
a(2) = a1z+ a2 = 2(a; + ay2).

By stability, a(2) has a zero anywhere on the negative real axisand azero at z = 0.
Transforming back to ¢ in the usual way (cf. Sect. 6.4.2, (6.150)), this means that

a@) =C-DE+DE-A1), —-lI<i<l
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All these methods (of order p = 4) by construction have
|A4] 1
C = = — = —,
|C34] =3 3 180
Case?2. k > 5.If z arethe zeros of a(z) in (6.168), then by Vieta'srule,

k—1

Yz =-%2

iz Ak—1

hence il
Z Rez = 0.
i=1

Since by stability, Rez < 0 for al i, we must have Rez = 0 for al i. Thismeans
that

a2 =const-z[[(Z + »})
j

is an odd polynomial, s0 @, = a4 = --- = ax—; = 0, contradicting stability
(¢ = —1 isamultiple zero).

(b) The proof is similar to the onein case (a), and we leave it as an exercise for the
reader (see Ex. 13). O

It is interesting to observe that if in the infimum (6.165) of Theorem 6.4.4 we
admit only methods whose characteristic polynomials «(¢) have the zero ¢, = 1
and all other zeros bounded in absolute value by y < 1 (and hence are stable), then
it can be shown that the infimum is attained precisely when

aQ) = ¢ —=DE+y)* (6.169)

that is, all zeros other than ¢ = 1 are placed at the point { = —y farthest away from
¢ = 1. Moreover, there are explicit expressionsfor the minimum error constant. For
example, if k isodd, then (cf. Ex. 12)

. _ k—1 k—1
min |Cy k41| = 2 k{|/\k+1|+( 2 )Mk1|0)2+( 1 )|)Uc3|w4

dee |,12|wk—‘} , (6.170)
where
1—
w= —V (6.171)
L+vy
and A,, A4,... aretheexpansion coefficientsin (iv) of the proof of Theorem 6.4.2.

If y = 0, we of courserecover the Adams-Moulton formulae.
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6.5 Stiff Problems

In Sect. 6.4 we were concerned with multistep methods applied to problems on
a finite interval; however, the presence of “diffness’ (i.e., of rapidly decaying
solutions) requires consideration of infinite intervals and related stability concepts.
These again, as in the case of one-step methods, are developed in connection with
a simple model problem exhibiting exponentially decaying solutions. The relevant
concepts of stability then describe to what extent multistep methods are able to
simulate such solutions, especially those decaying at a rapid rate. It turns out that
multistep methods are much more limited in their ability to effectively deal with
such solutions than are one-step methods. This is particularly so if one requires
A-stahility, as defined in the next section, and to a lesser extent if one weakens the
stability requirement in a manner described briefly in Sect. 6.5.2.

6.5.1 A-Stability

For simplicity we consider the scalar model problem (cf. Chap. 5, (5.166))

d
d—y — 1y, 0<x<oo, Rek<0, (6.172)
X

all of whose solutions decay exponentialy at infinity. In particular,
y(x) >0 a x - o0 (6.173)

for every solution of (6.172).
Definition 6.5.1. A multistep method (6.2) is called A-stable if, when applied to
(6.172), it produces a grid function {u, } 72, satisfying

u, >0 asn— oo, (6.174)

regardless of the choice of starting values (6.4). (It is assumed that the method is
applied with constant grid length 2 > 0.)
We may assume (cf. Sect. 6.4.1) that the multistep method isirreducible; that is,
the polynomialsa(¢) and B(¢) defined in (6.122) have no common zeros.
Application of (6.2) to (6.172) yields

k k
D Uy —hA Y Botygs =0, (6.175)
s=0 s=0

a constant-coefficient difference equation of order k& whose characteristic polyno-
mial is (cf. Sect. 6.3.1)

a(t) = a(t) —hp(t), h=hieC. (6.176)
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All solutions of (6.175) will tendto 0 asn — oo if the zeros of @ are all strictly less
than 1 in absolute value. The multistep method, therefore, is A-stableif and only if

{@(f) =0, Rel <0} implies |¢] < 1.
Thisis the same as saying that

{@(§) =0, [¢] =1} implies ReA > 0.
But @(¢) = 0 implies B(¢) # 0 (since otherwise (¢) = B(¢) = 0, contrary to the

assumed irreducibility of the method). Thus&(¢) = 0 implies

_a)
B&)’
and A-stability is characterized by the condition

rRe2®) ~ o if ¢ > 1. (6.177)

B

h=hh\

Theorem 6.5.1. If the multistep method (6.2) is A-stable, then it hasorder p = 2
and error constant Cy , < —%. The trapezoidal rule is the only A-stable method
for which p =2 and ¢ , = — 5.

Proof. From (6.135) and (6.134) we have for any k-step method of order p

B0 = anCipG =17+
which, after division by «({) = «/(DEC —-1) +--- = A -1 + -+ =
co(C—1)+--- gives
L BO _ _
m—@_ck,p@—l)ﬂ P, (6.178)

For the trapezoidd rule, having a7 (¢) = ¢ — 1 and Br(¢) = %(Z + 1), one
easily finds

G
e oG = D (6.179)
Letting
B Br©
AO=00 " @@ (6.180)

one obtains from (6.178) and (6.179) by subtraction

A(§)=—(c+%) C—1t-), (6.181)
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where
Cy, if p=2,
P (6.182)
0 if p>2.
Given that our method is A-stable, we have from (6.177) that Re[x(¢)/B(¢)] = 0 if
€] > 1, or equivalently, 8(0)

Rem >0 if |¢|>1.
On the other hand,
Br) . _
Rem =0 if |¢|=1.

It followsfrom (6.180) that Re A(¢) > 0 on|¢| = 1, and by the maximum principle
applied to the real part of A(¢), since A(¢) isanalyticin [¢| > 1 (thereare no zeros
of «(¢) outside the unit circle), that

Re A(¢) >0 for |¢] > 1. (6.183)

Now putting ¢ = 1 + ¢, Ree > 0, we havethat |¢| > 1, and therefore, by (6.181)
and (6.183), for |¢| sufficiently small, that

c+%§0.

If p > 2, thisis clearly impossible in view of (6.182), whereas for p = 2 we
must have Cy , < —%. This proves the first part of Theorem 6.5.1. To prove the
second part, we note that p = 2 and Gy, = —+5 imply A(¢) = O((¢ — 1)?), and
taking ¢ = 1 + ¢ as previoudly, the rea part of (¢ — 1)?, and in fact of any power
(¢ —1)4, g = 2, can take on either sign if Ree > 0. Consequently, by (6.183),
A(¢) = 0 and, therefore, the method being irreducible, it followsthat «(¢) = ar(¢)

and () = Br(%). 0

652 A(e)-Stability

According to Theorem 6.5.1, asking for A-stability puts multistep methods into a
straitjacket. One can loosen it by weakening the demands on the region of absolute
stability, that is, the region

Dy=1{heC: a)=0 implies |¢| < 1}. (6.184)
A-stahility requires the left half-plane Re/ < 0 to be contained in D4. In many
applications, however, it issufficient that only part of theleft half-plane be contained
in D4, for example, the wedge-like region
- - ~ 1
Wy=%theC: |lag(-h)|<a, h#0}, 0<a < > (6.185)

This givesrise to the following definition.
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Table 6.1 A(«x)-stable kth-order backward differentiation methods
k 1 2 3 4 5 6
o 90° 90° 86.03° 73.35° 51.84° 17.84°

Definition 6.5.2. The multistep method (6.2) is said to be A(«)-stable, 0 < o <
%ﬂ, if W, C Dy.

There are now multistep methods that have order p > 2 and are A(x)-stable
for suitable «, the best known being the kth-order backward differentiation method
(6.147). This one is known (cf. Ex. 10) to be stable in the sense of Sect. 6.3.2 for
1 < k < 6 (but not for k > 6) and for these values of & turn out to be also
A(x)-stable with angles « as shown in Table 6.1. They can therefore be effectively
employed for problems whose stiffness is such that the responsible eigenvalues are
relatively close to the negative real axis.

In principle, for any given o < %n, there exist A(w)-stable k-step methods of
order k for every k = 1,2,3,..., but their error constants may be so large as to
make them practically useless.

6.6 Notesto Chapter 6

Most texts mentioned in the Notes to Chap. 5 also contain discussions of multistep
methods. A book specifically devoted to the convergence and stability theory of
multistep methodsis Henrici [1977]. It also appliesthe statistical theory of roundoff
errors to such methods, something that is rarely found elsewhere in this context. A
detailed treatment of variable-step/variable-order Adams-type methods is given in
the book by Shampine and Gordon [1975].

Section 6.1.2. The choice of exponentia sums as gauge functions in 2, is
made in Brock and Murray [1952]; trigonometric polynomials are considered in
Quade [1951] and Gautschi [1961], and products, respectively sums, of ordinary
and trigonometric polynomialsin Stiefel and Bettis [1969] and Bettis [1969/1970]
(also see Stiefel and Scheifele [1971], Chap. 7, Sect. 24].

Section 6.2.1. Adams described his method in a chapter of the book Bashforth and
Adams[1883] on capillary action. He not only derived both the explicit and implicit
formulae (6.52) and (6.58) but also proposed a scheme of prediction and correction.
He did not predict , by the first formulain (6.64) but rather by the backtracking
scheme described at the end of Sect. 6.2.2. He then solved the implicit equation by
what amountsto Newton’s method, the preferred method nowadays of dealing with
(mildly) stiff problems.

Section 6.2.2. Moulton describes his predictor—corrector method in Moulton
[1926]. He predicts exactly as Adamsdid, and then iterates on the corrector formula
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as described in the text, preferably only once, by taking the step sufficiently small.
No reference is made to Adams, but then, according to the preface, the history of
the subject is not one of the concerns of the book.

Section 6.2.3. Milne's suggestion of estimating the truncation error in terms of the
difference of the corrected and predicted valueis madein Milne [1926].

The first asymptotic formulain (6.72) is due to Spital and Trench, the second to
Steffensen,; for literature and an elementary derivation, see Gautschi [1976b].

Section 6.3.1. A basic and elegant text on linear difference equations is
Miller [1968]. Scalar difference equations such as those encountered in this
paragraph are viewed there as special cases of first-order systems of difference
equations. A more extensive account of difference equations is Agarwal [2000].
Readers who wish to learn about practical aspects of difference equations,
including applications to numerical analysis and the sciences, are referred to
Wimp [1984], Goldberg [1986], L akshmikantham and Trigiante [2002], and Kelley
and Peterson [2001].

Section 6.3.2. As in the case of one-step methods, the stability concept of
Definition 6.3.1, taken from Keller [1992, Sect.1.3], is also referred to as zero
stability (i.e, for h — 0), to distinguish it from other stability concepts used
in connection with stiff problems (cf. Sect.6.5). The phenomenon of (strong)
instability (i.e., lack of zero stability) was first noted by Todd [1950]. Simple roots
ty # 1 of the characteristic equation (6.78) with |z;| = 1, athough not violating
the root condition, may give rise to “weak” stability (cf.Henrici [1962, p. 242)).
This was first observed by Rutishauser [1952] in connection with Milne's method
—the implicit fourth-order method with «:(¢) = > — 1 (Simpson’s rule) — although
Dahlquist was aware of it independently; see the interesting historical account of
Dahlquist [1985] on the evolution of concepts of numerical (in)stability.

Theorem 6.3.3 is due to Dahlquist [1956]. The proof given here follows, with
minor deviations, the presentation in Hull and Luxemburg [1960].

Section 6.3.3. There is a stability and convergence theory aso for linear multistep
methods on nonuniform grids. The coefficients oy = ., Bs = Bs.n in the k-step
method (6.2) then depend on the grid sizeratiosw; = h;/hi—1,i = n+k — 1,
n+k—2,...,n+ 1.1f the coefficients o, ,,, B;., ae uniformly bounded, the basic
stability and convergenceresults of Sects. 6.3.2 and 6.3.3 carry over to gridsthat are
quasiuniformin the sense of having ratios#,, / h,,—; uniformly bounded and bounded
away from zero; see, for example, Hairer et al. [1993, Chap. 3, Sect. 5].

Section 6.3.4. Theorem 6.3.5 is due to Salihov [1962] and, independently, with
arefined form of the O(h?*') term in (6.107), to Henrici [1962, Theorem5.12],
[1977, Theorem4.2].

Result (6.107) may be interpreted as providing the first term in an asymptotic
expansion of the error in powers of 4. The existence of a full expansion has been
investigated by Gragg [1964]. In Gragg [1965], a modified midpoint rule is defined
which has an expansion in even powers of & and serves as a basis of Gragg's
extrapolation method.
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Section 6.3.5. The global validity of the Milne estimator, under the assumptions
stated, is proved by Henrici [1962, Theorem 5.13]. The idea of Theorem 6.3.6(5) is
also suggested there, but not carried out.

Practical codes based on Adams predictor—corrector type methods use variable
steps and variable order in an attempt to obtain the solution to a prescribed accuracy
with a minimum amount of computational work. In addition to sound strategies
of when and how to change the step and the order of the method, this requires
either interpolation to provide the necessary values of f relative to the new step,
or extensions of Adams multistep formulae to nonuniform grids. The former was
aready suggested by both Adams and Moulton. It is the latter approach that is
usually adopted nowadays. A detailed discussion of the many technical and practical
issues involved in it can be found in Chaps.5-7, and well-documented Fortran
programs in Chap. 10, of Shampine and Gordon [1975]. Such codes are “self-
starting” in the sense that they start off with Euler's method and a very small step,
and from then on let the control mechanismstake over to arrive at a proper order and
proper step size. A morerecent version of Shampine and Gordon’s codeis described
inHairer et al. [1993, Chap. 3, Sect. 7]. So are two other codes, available on Netlib,
both based on Nordsieck’sformulation (cf. Notesto Chap. 5, Sect. 5.4) of the Adams
method, one originally dueto Brown et al. [1989] and the other to Gear [1971c].

Section 6.4.1. Pairs of multistep methods, such as those considered in the second
Example of this section, having the same global error constants except for sign,
are called polar pairs in RakitskiT [1961, Sect. 2]. They are studied further in
Salihov [1962]. The backward differentiationformula(6.147), withk = 1 ork = 2,
was proposed by Curtiss and Hirschfelder [1952] to integrate stiff equations. The
method with values of k& up to 6, for which it is stiffly stable (Gear [1969]), is
implemented as part of the code DIFSUB in Gear [1971b,c] and subsequently in the
“Livermore solver” LSODE in Hindmarsh [1980]. For avariable-step version of the
backward differentiation formulae, see Hairer et a. [1993, p. 400].

Section 6.4.2. Theorem 6.4.2 is a celebrated result of Dahlquist proved in
Dahlquist [1956] and extended to higher-order systems of differential equations
in his thesis, Dahlquist [1959]. The k-step method of maximum order p = 2k is
derived in Dahlquist [1956, Sect. 2.4]. The proof of (iv) based on Cauchy’sformula
is from Dahlquist [1956, p. 51]. A more algebraic proof is given in Henrici [1962,
p. 233]. For the theorem of Littlewood, see Titchmarsh [1939, Sect. 7.66].

Section 6.4.3. The result of Theorem 6.4.4(a) was announced in Gautschi [1963];
case (b) follows from Problem 37 in Henrici [1962, p. 286]. For the remark at the
end of this paragraph, see Gautschi and Montrone [1980].

Section 6.5. The standard text on multistep methods for stiff problems is again
Hairer and Wanner [2010, Chap. 5]. It contains, in Chap. 5, Sect. 5, references to,
and numerical experimentswith, a number of multistep codes.

Section 6.5.1. Theorem 6.5.1is dueto Dahlquist [1963]. The proof follows Hairer
and Wanner [2010, Chap. 5, Sect. 1]. There are basically two ways to get around
the severe limitations imposed by Theorem 6.5.1. One is to weaken the stability
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reguirement, the other to strengthen the method. An example of the former is A(«)-
stability defined in Sect. 6.5.2; various possibilities for the latter are discussed in
Hairer and Wanner [2010, Chap. 5, Sect. 3]. Order star theory [ibid., Sect. 4], this
time on Riemann surfaces, is again an indispensabletool for studying the attainable
order, subject to A-stability.

Section 6.5.2. The concept of A(x)-stability was introduced by Widlund [1967].
For Table 6.1 as well as for the remark in the final paragraph, see Hairer and
Wanner [2010, Chap. 5, Sect. 2].

The regions D, of absolute stability for explicit and implicit k-step Adams
methods, as well as for the respective predictor—corrector methods, are depicted for
k =1,2,...,6inHarer and Wanner [2010, Chap. 5, Sect. 1]. Asonewould expect,
they becomerapidly small, more so for the explicit method than for the others. More
favorable are the stability domainsfor the backward differentiation methods, which
are also shown in the cited reference and nicely illustrate the results of Table 6.1.

As in the case of one-step methods, there is a theory of nonlinear stability
and convergence also for multistep methods and their “one-legged” companions

S sty = hf (Z];:o BeXnts Yo ,Bsunﬂ). The theory is extremely rich
in technical results, involving yet another concept of stability, G-stability, for which
we refer again to Hairer and Wanner [2010, Chap. 5, Sects. 6-9].

Exercises and Machine Assignmentsto Chapter 6

Exercises

1. Describe how Newton’s method is applied to solve the system of nonlinear
equations

k—1 k—1
Up+k = hﬂkf(xn+k» un+k) + 8., 8&n = h Z ,Bs_fn—H - Zayun+x

s=0 s=0

for the next approximation, u,, .
2. The system of nonlinear equations

Up+k = hﬂkf(xn-Fkv un+k) + 8- ﬂk 7é 07
arising in each step of an implicit multistep method (cf. (6.5)) may be solved
by
¢ Newton’s method;
« the modified Newton method (with the Jacobian held fixed at its value at the
initial approximation);
» the method of successive approximations (fixed point iteration).
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Assume that f has continuous second partial derivatives with respect to the
u-variables and theinitial approximation u,[ﬂrk satisfies uﬂk =u,4r + O(h?®)
for some g > 0.

(@) Show that the vth iterate uﬂk in Newton’s method has the property that
uL”J]rk —u,pr = O(h), wherer, = 2"(g + 1) — 1. Derive analogous
statements for the other two methods.

(b) Showthat ¢ = 1, if onetakesu!’,, = u,1i1.

(c) Suppose one adopts the following stopping criterion: quit the iteration after
W iterations, where u isthe smallest integer v such that r, > p + 1, where p
isthe order of the method. For each of the three iterations, determine i for
p=2,3,...,10. (Assume g = 1 for simplicity.)

(d) If g = p, what would  bein (c)?

3. (& Consider an explicit multistep method of the form

Upyr —Up—) + O5(”114—1 - un—l) = h[ﬂ(fn-l—l + fn—l) + yf;1]

Show that the parameters «, B, y can be chosen uniquely so that the
method has order p = 6. {Hint: to preserve symmetry, and thus algebraic
simplicity, define the associated linear functional on the interval [—2, 2]
rather than [0, 4] asin Sect. 6.1.2. Why isthis permissible?}
(b) Discussthe stability properties of the method obtained in (a).
4. For the local error constants yy, y;* of, respectively, the Adams-Bashforth and
Adams-M oulton method, prove that

" 1
|)/k|<myk f0rk22

5. For the local error constants yy, y;° of, respectively, the Adams-Bashforth and
Adams-M oulton method, show that, ask — oo,

I ! I I
S L £ I .
Vi Ink[ +O(Ink)}’ e S Tk [ +0(Ink)}

{Hint: express the constants in terms of the gamma function, use

rk+0 1 N
iy =< o ()] oo

and integrate by parts.}

6. Consider the predictor—corrector method using the Adams—Bashforth formula
as predictor and the Adams-Moulton formula (once) as corrector, both in
difference form:
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7.

10.

11.
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k—1

o
Up+k = Up+k—1 + h Z ysvx‘fn-i-k—l,

s=0
k—1

o
Upik = Unpkot +h Y VIV foin
s=0
Stk = fXnpk, Wnvi),

where fn+k = f(xl1+k’ un+k)1 an—i—k = fn-l—k - fn+k—ly and so on.
(@) Show that

o o
k
Uptk = Untk + hye—1 V" frogre

{Hint: first show that y} = y, — y,— fors = 0,1,2,... , where y_, is
defined to be zero.}
(b) Show that
R . k—1
VE fuie = Furi — Z V? fotk—1.
s=0
. . . . . m / i +1
{Hint: use the binomial identity >7_, ("77) = ("1{{")}
Prove that the predictor—corrector method
k-1 k—1
Upt+k = — Zasun+x + h Z,Bxfn+s,
= -

Upik == )@ tis + D BE S Convies k) + ) BY faesg

s=1 s=1
fn+k = f(xn+kaun+k)

is stable for every f € F (cf. (6.87), (6.88)), if and only if its characteristic

polynomial a*(¢) = Y (_,art*, af = 0, satisfies the root condition.

Leta(8) = w(@ao(5), B(§) = w(§)Bo(£), and suppose {u,} is a solution of

the difference equation (6.2) corresponding to {cq, Bo}. Show that {u,} also

satisfies the difference equation (6.2) corresponding to {«, S}.

Construct a pair of four-step methods, one explicit, the other implicit, both

having a(¢) = ¢* — ¢3 and order p = 4, but global error constants that are

equal in modulus and oppositein sign.

(8 Compute the zeros of the characteristic polynomial «(r) of the k-step
backward differentiation method (6.147) for k = 1(1)7 and the modulus of
the absolutely largest zero other than 1. Hence, confirm the statement made
at the end of Sect. 6.4.1.

(b) Comparethe error constant of the k-step backward differentiation method
with that of the k-step Adams—-Moulton method for k = 1(1)7.

(a) Show that the polynomial b(z) in (6.152), for an explicit k-step method,
must satisfy b(1) = 0.
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(b) Use the proof techniques of Theorem6.4.2 to show that every stable explicit
k-step method has order p < k. {Hint: make use of (6.160).}

12. Determine min |Cy x+1|, where the minimum is taken over all k-step methods
of order k + 1 whose characteristic polynomials have all their zeros ¢; (except
ti =1)inthedisk Iy = {ze C: |z <y}, where y is a prescribed number
with 0 < y < 1. {Hint: use the theory developed in Sects. 6.4.2 and 6.4.3.}

13. Prove Theorem6.4.4(b).

Machine Assignments

1. This assignment pertains to an initial value problem for a scaar first-order
differential equation.

(8 A kth-order Adams-Bashforth predictor step amounts to adding /# times
a linear combination Zf;(l) ysV* fuyr—1 of k backward differences to the
last approximation Uas = U,4+4—1. Write a Matlab routine AB. mimple-
menting this step for k& = 1:10. Use Maple to generate the required
coefficients y,. Take as input variables the number u.y, the k-vector
F = [fu, fu+1,--., futrk—1] Of k successive function values, k, and 4.

(b) Do the same as in (@) for the kth-order Adams—-Moulton corrector step (in
Newton’s form), writing a routine AM mwhose input iS Ujas = Uy +4—1, the

o

vector FO = [fu41, fat2, .- fatk—1, [uaxli k, and h.

(c) Use the routines in (a) and (b) to write a routine PECE. mimplementing
the PECE predictor/corrector scheme (6.64) based on the pair of Adams
predictor and corrector formulae:

k—1
P: Upik = Upphor + & Z VsV fotri—1,
s=0
E: f = f(xn+k» lcjln+k)’
k—1 o
C: Up+k = Upti—1 + h Z Vjvsfn-f-k,
s=0
E: fn+k = f(xn+k, un+k)7
where Vf, o = fox — fark—ts Ve = Vi) = fosk —
2 futk—1 + Sfutk—2, €tC. As input parameters include the function f, the
initial and final values of x, the k initia approximations, the order k, the
number N of (equally spaced) grid intervals, and the values of n + k at
which printout is to occur.

2. (a) Consider theinitial value problem

dy 1
—=————,y(0)=0, 0<x <27, O0<e<l.
dx 1—ecosy
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Show that the exact solution y = y(x) isthe solution of Kepler's equation
y—esiny —x = 0 (cf. Chap. 4, Ex. 21 and Chap. 5, MA 5(a) and (c)). What
isy(mr)?What is y(27)?

(b) Use the routine AB. mof MA 1(a) to solve the initial value problem by the
Adams-Bashforth methods of orders k = 2,4, 6 with N = 40,160, 640
integration steps of length 4 = 27 /N. At x = 7r 7, 7r 2m,i.e,forn +
k = 4N, 2N, 4N,N, print the approxmanons Un+k obtamed aong with
the errorserr = u, 1, — y(x) and the scaled errors err/h*. Compute y(x) by
applying Newton’s method to solve Kepler's equation.

(c) Dothesameasin (b) with the PECE. mroutine of MA 1(c).

In both programs start with “exact” initia values. According to (6.107) and
the remarks at the end of Sect. 6.3.4, the scaled errors in the printout should
be approximately equal to Cy xe(x) resp. Cfe(x), where Cyy, Cf, are the
global error constants of the kth-order Adams—Bashforth resp. the kth-order
Adams predictor/corrector scheme, and x = ‘n 7, 7r 27. Thus, the errors
of the predictor/corrector scheme should be approximately equal to (€, / Cr )
times the errorsin the Adams—Bashforth method. Examine to what extent thisis
confirmed by your numerical results.

3. Usethe analytic characterization of order givenin Theorem6.4.1, in conjunction

with Mapl€e's series expansion capabilities, to:

(@) determine the coefficients {B,}*Z} of the kth-order Adams-Bashforth
method (6.48) for k = 1 : 10;

(b) determine the coefficients {,Bk —, of the kth-order Adams-Moulton
method (6.56) for k = 1 : 10.

4. (a) Write a Matlab routine for plotting the regions D, of absolute stability
for the kth-order Adams-Moulton methods, &k = 3 : 10. {Hint: seek the
boundaries of the regions D4 in polar coordinates.} In particular, compute
the abscissae of absolute stability on the negative real axis.

(b) Do the same for the Adams (PECE) predictor/corrector method. Compare
the stability properties of this predictor/corrector method with those of the
corrector alone.

5. Consider the (dightly modified) model problem

Y= ol —at) 0= =1 0 =0,
where w > 0 and (i) a(x) = x?, yo = 0; (ii) a(x) = €%, yo = 1; (iii) a(x) =
er, Yo = 1.

(& Ineach of the cases (i)—iii), obtain the exact solution y(x).

(b) In each of the cases (i)—(iii), apply the kth-order Adams predictor/corrector
method, for k = 2 : 5, using exact starting values and step lengths 7 =
1 1 1
2 100 §0° 160 Print the exact values y, and the errorsu, — y, for x, =
0.25,0.5,0.75,1.Tryw = 1, w = 10, and w = 50. Summarize your results.
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(c) Repeat (b), but using the k-step backward differentiation method (6.147) (in
Lagrangian form).

6. Consider the nonlinear system

d
= =20 =) 1O =1,
X

0<x <10,

d
dy2 = —y2(1 —y1), »(0) =3,
X

of interest in population dynamics.

(a) UseMatlab’'sode45 routineto plot thesolution y = [y, y»]” of the system
to get an idea of its behavior. Also plot the norm of the Jacobian matrix f,
along the solution curve to check on the stiffness of the system.

(b) Determine a step length 4, or the corresponding number N of steps, in
the classical Runge-Kutta method that would produce about eight correct
decimal digits. {Hint: for N = 10, 20, 40, 80, ... computethe solution with
N stepsand 2N steps and stop as soon as the two solutions agree to within
eight decimal places at all grid points common to both solutions. For the
basic Runge—Kutta step, use the routine RK4 from Chap. 5, MA 1(a).}

(c) Apply N = 640 steps of the pair of fourth-order methods constructed
in Ex. 9 to obtain asymptotically upper and lower bounds to the solution.
Plot suitably scaled errors w, — y,, u; — y,, n = 1(1)N, where y, is
the solution computed in (b) by the Runge—Kutta method. For the required
initial approximations, usethe classical Runge-Kuttamethod. Use Newton’s
method to solve the implicit equation for u .

Sdlected Solutionsto Exercises

2. Write the system of equations more simply as

u=ow), @) =nhBrf(xptix.u)+g,.

where g, is a constant vector not depending on u, and denote the solution
by u*.

(8 Newton's method appliedto u — ¢ (u) = 0 can be written as
v v vy ! v v
ul T =y — (1 — g @) (M — @), v=0,1,2,...,

where ¢, is the Jacobian of . Multiplying through by I — ¢, (z") and
rearranging gives

pltl = (o(u[”]) + gou(u[”])(u[v"’_l] — u[“]) (Newton).
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Likewise, for modified Newton,
ul ™ = o) + @, () (Y — ) (modified Newton).
Successive approximations, finally, gives simply
w1 = o) (successive approximations).
Now, by Taylor expansion at u* (cf. Chap. 5, Sect. 5.6.4, (5.58)), we have
o) = p(u*) + @ (u*)e, + 5 elpy @,
oua) = ") + T giclotut
where

(3) ey = ul _ o

and & isthe kth component of &,,.
Consider first Newton’s method. Write it in terms of the e as

1 _
u et =) + o, )e, + ) EI(ouu(u)ev

* 8 £
+ (‘Pu(u ) + Z ﬂ[%](u )813) (evt1 — &),
k
or, simplifying, noting that u* = @(u*),

0 1
<I —(Du(ll*) - Z W[‘ou](u*)gﬁ) €y+1 = §€Z¢uu(ﬁ)€u

k

0
- ; SFlul@e] e

Now recall from the definition of ¢, and our smoothness assumptions, that
¢,() = O(h) and a0 ¢, (@) = O(h). Suppose &, = O(h"™). By
assumption, ryp = g > 0, and from the relation above we see that the
left-hand sideis O (h'v+1), while the right-hand side is O (h? 1), so that

Fy+1 :2I‘u+ 1.

The solution of this difference equation, with starting value ro = g, is
readily seen to be

r, =2"(g+1)—1 (Newton).
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For the modified Newton’s method, one gets similarly

1 _ 0
(I = pu@™) s = S elou@e, =3 o clou@eg e,
k
so that
ropr =minQCr, + 1, g+r,+1), rp=g.
For v = 0 this givesr; = 2g + 1. Using induction on v, suppose

r, =v(g + 1) + g forsomev > 1 (truewhenv = 1). Then, since
min2r,+1,g+r, + 1) = min(Qv+ (g + D +g v+ D(g+ 1) +g)
=@w+DEg+1)+g
weobtainr,+; = (v + 1)(g + 1) + g, whichis the induction hypothesis
with v replaced by v + 1. Therefore,
r, =v(g+ 1)+ g (modified Newton).

Finally, in the case of fixed point iteration, from

1 _
Ey41 = ‘Pu(u*)sv + Eelﬁouu(u)sv’

one gets
1 =nr+1, =g,
hence
r, =v+g (successive approximations).

(0) If ul = wu, ;_, then, sinceu™ = u, ¢,

0]

*
&y = ull —u* = Up+k—1 — Un+k-

From the multistep formula

k—1 k
Uyt + Zasun-‘,-s =h Zﬂsfn—i—s = O(h),

s=0 s=0

one obtains
k—1

€0 = Uptk—1 T Zasun—H + O(h)’

s=0

which, inview of u,,+; = u, + O(h) and o = 1, yields

k
g0 = u, Zas + O(h) = O(h),

s=0

by consistency. Thus, g = 1.
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(c) Solvery, = p+ landtakepu = [A]if Aisnotaninteger,and u = A + 1
otherwise. For Newton’s method, this gives (when g = 1)

lo 2
A=—g(p+ )_1, p=2for2<p<5 p=3for6=<p<l14.

log2

For modified Newton,

p+2
» 5=, peven,
———, podd.

Finally, for successive approximation,

A=p, u=p+1L

(d) If g = p, then, from theresultsin (a), for Newton's method,

log(1+ —)
Az—( Pl <1, u=1;
log2
for modified Newton,
- <1 =1;
oyl o HEE
and for successive approximations,
A=1, p=2.

10. (a) From (6.148), after some calculation or with the help of Maple, one finds
the following characteristic polynomials:

a(t)y=t—1 fork =1,
4 1
=[2—§t+§ f0rk=2,

_ 3 18,2, 9 2 _
=1 ——ll +ﬁl—ﬁf0rk—3,

_ 4483, 36,2 16 3 _
=1t — 33+ 3347 — L+ 5 fork =4,

— +5 3004 300 .3 200 .2 75 _ 12
4 137[ + 137[ 137t + 137 137 137 fork = 3

— 46 1205 1504 400 .3 7542 10 —
=0— 05 4 DOt 203 4 B2 — 2y 4+ 10 fork =6,

— 7 980 .6 490 4900 .4 | 1225 .3 196 .2 | 490 20
! 363[ + o0 121 1089t + 363t 121t +1089 363 fork=7.
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Matlab givesfor theroots:

k rootsp;, i =1,2,....k max; 1 |p; |
1 1 - ——
2 1,.3333 .3333
3 1,.3182 + .2839; 4264
4 1,.2693 + .4920:i, .3815 .5609
5 1,.2100 + .6769i, .3848 &+ .1621i .7087
6 1,.1453 & .8511i, .3762 &+ .2885i, .4061 .8634
7 1,.0768 & 1.0193[, .3628 + .3988;, .4103 + .1143; 1.0222

It is seen that the root condition is satisfied for 1 < k < 6, but not for
k=1.

(b) From the discussion following (6.143), the local error constant ¢+ isthe
coefficient of ¢* in the expansion of -z7' L)€ (& = (1 —{)™"), hence

by = —alkdk,kﬁ. The global error constant, therefore, is
dic k+1
Crkt1 = ——5—.
o

k
In the particular case of (6.146), one gets

Yk+1 1 1
C = — = — . dr = -
et o? k+Da?” " 2

For Adams-Moulton (cf. (6.60)), one has
Ck*,k+1 =Y

since Z'S‘ZO B; = 1 by consistency. Below is a table of ay, Cy 41, and
Clipfork=1:7.

k o Crk+1 Cilis

1 1 —1=—500 —3 =—.500

> 3 —4 = —148 —15 = —.0833

3 u — = —.0744 —355 = —.0417

4 z —4 = 0461 — a5 = —.0264
5 & —Tere = —0320 ~ e = 0188
6 o — 0. = — 0238 — oy = —0143
7 % _1?1‘329 = —.0186 _% = — o4

Both error constants are negative for al k, those for Adams-Moulton
consistently smaller in absolute value (for 2 < k < 7) than those for
backward differentiation, by afactor of about 0.6.
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Selected Solutionsto Machine Assignments

6. (a)
PROGRANMS
%VAVI _6A
%
y0=[ 1; 3]; xspan=[0 10];
[ x, y] =oded5( @ MAVI _6, xspan, y0) ;
figure
pl ot (x,y)
sy=si ze(y, 1);
norml=zeros(sy, 1);
for i=1:sy
z=[y(i,1);y(i.2)];
normd(i)=norm(Jf MAVI _6(x(i),z),inf);
end;
figure
pl ot (X, nor mj)
%-MAVI _6 Differential equation for MAVI _6
%
function yprinme=f MAVI _6(Xx,Yy)
yprinme=[2+y(1)*(1-y(2));-y(2)*(1-y(1))];
%fMAVI _6  Jacobian matrix of fMAVI_6
%
function J=Jf MAVI _6(X,Y)
J=[2x(1-y(2)) -2xy(1);y(2) -(1-y(1))];
PLOTS

(M|

BN W N O N © ©
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(b)

(©

The graph on the right shows that the differential equation is definitely
nonstiff.

For the Matlab program pertaining to this part (b), see the beginning of the
program shown in part (c).

OUTPUT
>> MAVI _6BC

h=0. 00390625  N=2560
>>

The pair of fourth-order methodsis (cf. Ex. 9)

3
Uptq = Up43 + hZﬂsfn+sa

s=0

4
* %k * gk
Uy g =U, 3+ h Z [

s=0

where fois = f uss ns), f.5es = f (s, ), and the coefficients
Bs, B; aregiven by

s 24, 3608*
0 —9 116
1 37 —449
2 —59 621
3 5 —179
4 251

To computeu, , , in theimplicit method, we write the latter in the form

3

Fuyyy) = uy y—hpi [ Gnrauni)—g =0, g =uis+h Yy BEfh,
s=0

and apply to it Newton’s method,

Jr@MA; = ul —nB; f (xyp4.ul) — g,
Wit = gl _ A

where

hw=rwmnmﬂm,ﬁuﬁ{XFM>—w1]

2 ==y

If we take ¥ = u,,,—the approximation obtained from the explicit
formula—wefind that never more than threeiterations (mostly 2) are required
to iterate to an accuracy of about eight decimal digits.
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PROGRAM

%VvAVI _6BC
%
% Part (b)
%
N=10; Y2=zeros(2,N); maxerr=1;
whi | e maxerr>. 5e-8
N=2+N; h=10/N;, Y=Y2;
err=zeros(1, N 2);
y1=[1;3];
for n=1: N
x=(n-1)*h;
y=yl;
y1=RK4( @ MAVI _6, X, VY, h);
Y2(:,n)=yl;
if floor(n/2)==n/2
err(n/2)=nornm(Y(:,n/2)-Y2(:,n),inf);
end
end
maxerr=max(err);
end
fprintf(’ h=9%40.8f N=98.0f\n', 2+xh, N/ 2)
%
% Part (c)
%
g=zeros(2,1); err=zeros(2,1);
N=640;
h=10/ N, fac=5120/N; U=zeros(2,N);
Ust ar=zeros(2, N);
F=zeros(2,N); Fstar=zeros(2,N); u0=[1;3];
U(:,1)=RK4(@MAVI _6,0,u0,h); F(:,1)
=fMAVI _6(h, U(:,1));
Ustar(:,1)=U(:,1); Fstar(:,1)=F(:,1);
for s=2:3
U(:,s)=RK4(@MAVI _6, h, U(:,s-1), h);
F(:,s)=fMAVI _6(sxh, U(:,s));
Ustar(:,s)=U(:,s); Fstar(:,s)=F(:,s);
end
U(:,4)=U(:,3)+(h/24)*(55«F(:,3)-59 ...
*F(:,2)+37«F(:,1)-9«f MAVI _6(0, u0));
F(:,4)=fMAVI _6(4+h, U(:, 4));
g=Ustar(:,3)+(h/360)*(-179«Fstar(:,3) ...
+621xFstar(:, 2)-449«Fstar(:,1) ...
+116*f MAVI _6(0, u0));
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udnew=U(:, 4); d=[1;1];
while norm(d, inf)>. 5e-8
u4=udnew,
J=eye(2)-(251/360)*h+Jf MAVI _6(4*h, ud);
d=J\ (u4- (251/ 360) +h«f MAVI _6(4+h, ud)-q);
udnew=u4- d;
end
Ustar(:,4)=udnew, Fstar(:,4)
=f MAVI _6(4+h, Ustar(:, 4));
for n=5:N
U(:,n)=U(:,n-1)+(h/24)*(55«F(:,n-1) ...
-89« F(:,n-2)+37«F(:,n-3)-9*xF(:,n-4));
F(:,n)=fMAVI _6(n+h, U(:,n));
g=Ustar(:,n-1)+(h/360)*(-179 ...
*Fstar(:,n-1)+621«Fstar(:,n-2) ...
-449«Fstar (:,n-3)+116*Fstar(:,n-4));
unnew=U(:,n); d=[1;1];
whil e norn(d,inf)> 5e-8
un=unnew,
J=eye(2)-(251/360) xh=Jf MAVI _6(n*h, un);
d=J\ (un-(251/ 360) *h+xf MAVI _6(n*h, un)-gq);
unnew=un- d;
end
Ustar (:,n)=unnew, Fstar(:,n)
=f MAVI _6(nxh, Ustar(:,n));
end
fAIN=facx(1: N); xp=h+x(1:N)’;
errul=h"(-4)~(U(1,:)-Y2(1,f1IN))";
errulstar=h"(-4)x(Ustar(1,:)-Y2(1,f1N))";
erru2=h"(-4)>(U(2,:)-Y2(2,f1IN)) " ;
erru2star=h"(-4)x(Ustar(2,:)-Y2(2,f1N))";
figure
hol d on
pl ot (xp, errul)
pl ot (xp, errulstar)
plot([0 10],[0 0])
text(2.5,400,’ h"{-4} errul’,
"Font Si ze' , 14)
text(2.5,-400," h"{-4} errul™«",
" Font Si ze’ , 14)
hol d of f
figure
hol d on
pl ot (xp, erru2)
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pl ot (xp, erru2star)

plot([0 10],[0 0])

text(3.2,500," h"{-4} erru2’
"Font Si ze’ , 14)

text(3.2,-500,"h"{-4} erru2” ",
"Font Si ze’ , 14)

hol d of f

PLOTS (for N=60)
800

600
h™*erru2
400
200
h* errul
0
B
h* errul 200
-400
h erru2”
-600
-800
1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10

Thegraphson the left show thefirst componentsa=*(u} —y,), A=+ (U —y))
of the scaled errors, those on the right the second components2~*(u2 — y2),
h=*(u*? — y2). They are approximately proportional to the respective global
error constants C, 4 and C,°, of the explicit and implicit method, where
CJ, = —Cy4 by congtruction. Thus the graphs are essentially symmetric
with respect to the real axis. It can also be seen that the error bounds
switch their roles from upper to lower bounds, and vice versa, severa
times during the integration (three times for the first component, four times
for the second component). Evidently, these are the places where the first
resp. second component of the solution e (x) of the variational differential
equation crosses the real axis (cf. Theorem6.3.5, (6.107)).



Chapter 7
Two-Point Boundary Value Problemsfor ODEs

Many problems in applied mathematics require solutions of differential equations
specified by conditions at more than one point of the independent variable.
These are called boundary value problems; they are considerably more difficult
to deal with than initial value problems, largely because of their global nature.
Unlike (local) existence and uniqueness theorems known for initial value problems
(cf. Theorem 5.3.1), there are no comparably general theorems for boundary value
problems. Neither existence nor uniquenessis, in general, guaranteed.

We concentrate here on two-point boundary value problems, in which the system
of differential equations

d
d—yzf(x,y), flab] xR S RY d >0, (7.1)
X
is supplemented by conditions at the two endpoints ¢ and b. In the most general
case they take the form

g(y(a).y(b)) =0, (7.2)

where g isanonlinear mapping g: R x R¢ — R?, Often, however, they are linear
and even of the very special kind in which some componentsof y are prescribed at
one endpoint, and some (other or the same) components at the other endpoint, the
total number of conditions being equal to the dimension d of the system.

There are other important problems, such as eigenvalue problems and problems
with free boundary, that can be transformed to two-point boundary value problems
and, therefore, also solved numerically in this manner.

An eigenvalue problem is an overdetermined problem containing a parameter

A'1$-yl
—=fx.yid), a=x=bh, (7.3)

W. Gautschi, Numerical Analysis, DOI 10.1007/978-0-8176-8259-0_7, 471
© Springer Sciencet+Business Media, LLC 1997, 2012
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with f asin (7.1), but depending on an additional scalar parameter A, and d + 1
boundary conditions (instead of d) of the form

g(y(@).y(b):1) =0, g:R!xR!xR— R, (7.4)

The best-known example of an eigenvalue problem is the Sturm-Liouville
problem, where one seeks a hontrivial solution u of

d

— (p(x)%) +g(x)u=2Au, a<x<bh, (7.5)
dx dx

subject to homogeneous boundary conditions
u(@) =0, u@®)=0. (7.6)

Since with any solution of (7.5) and (7.6) every constant multiple of it is also a
solution, we may specify, in addition to (7.6), that (for example)

U(a) = 1, 7.7)

and in this way also make sure that u = 0. The problem then becomes of the form
(7.3), (7.4), if (7.5) iswritten as a system of two first-order equations (cf. (5.18)—
(5.20) of Chap.5). In this particular case, f in (7.3) is linear homogeneous, and g
in (7.4) is aso linear and independent of A. Normally, (7.5) will have no solution
satisfying all three boundary conditions (7.6) and (7.7), except for special values of
A; these are called eigenvalues of the problem (7.5)—7.7). Similarly, there will be
exceptional values of A —again called eigenvalues—for which (7.3) and (7.4) admit
asolution.

To write (7.3) and (7.4) as atwo-point boundary value problem, we introduce an
additional component and associated (trivial) differential equation,

yd+l _ A7 dyd+l o
dx

and simply adjoin thisto (7.3). That is, we let

_|Y d+1
Y_|:yd+1i|€R

and write (7.3) and (7.4) in the form

‘;—ﬁ —F(x.Y), a<x<b: G(Y(a),Y(h)) =0, (7.8)
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where
feyiyd™h
F(x,Y)= { 0 . G(Y(a),Y (b)) = g(y(a), y(b); y'"(a)).
(7.9)
Thus, for example, the Sturm-Liouville problem (7.5) and (7.6), with
du
yi=u y2=p(x)d_v )’3=/X,
X
becomes the standard two-point boundary value problem
dn _ !
dv ~ p(0
d
% = —q(xX)y1 + y3y1.
X
s _y (7.10)
dx
subject to
yia) =0, yi(b) =0, y:(a) = p(a). (7.12)

If one of the boundary points, say, b, is unknown, then the problem (7.1) and
(7.2), wherenow g : R? x RY — RY*! isaproblem with free boundary. Thistoo
can be reduced to an ordinary two-point boundary value problem if one sets

Zd+1 =b—a,

which is a constant as far as dependence on x is concerned, and introduces a new
independent variable r by

x=a+2*", 0<r<1.
Letting then
2t) = ya+ 127, Z(@1) = [;(fjl]
gives
4z |:Zd+1f(a +lzd+1,z):|
= , 0<tr<1,

dr 0 (7.12)

g(20).z(1)) = 0,



474 7 Two-Point Boundary Value Problems for ODEs

atwo-point boundary value problem on afixed interval, [0,1]. Onceit is solved, one
recoversh = a + 24t and y (x) = z((x —a)/2¢T"),a < x < b.

We begin with the problem of existence and uniqueness, both for linear and for
nonlinear boundary value problems. We then show how initial value techniques
can be employed to solve boundary value problems and discuss some of the
practical difficulties associated with that. Approaches relying more on systems of
linear or nonlinear equations are those based on finite difference or variational
approximations, and we give a brief account of these aswell.

7.1 Existenceand Uniqueness

Before dealing with general considerations on existence and uniqueness (or
nonuniqueness) of solutions to boundary value problems, it may be useful to
look at some very simple but instructive examples.

7.1.1 Examples

For linear problems the breakdown of uniqueness or existence is exceptiona and
occurs, if at al, only for some “critical” intervals, often denumerably infinite in
number. For nonlinear problems, the situation can be more complex.

Example. y” —y =0, y(0) =0, y(b) = B.

The general solution hereis made up of the hyperbolic cosine and sine. Since the
hyperbolic cosineisruled out by the first boundary condition, one obtains from the
second boundary condition uniquely

inh
SMY - o< x <b. (7.13)

y(x) =28 sy 0=

There are no exceptional (critical) intervals here.

Example. y” +y =0, y(0) =0, y(b) = 8.

Although thisproblem differsonly dightly from the onein the previous Example,
the structure of the solution is fundamentally different because of the oscillatory
nature of the general solution, consisting of the trigonometric cosine and sine. If 5
isnot an integer multiple of 7, thereis a unique solution as before,

sinx
y(x)=,3m, b#nr (n=1,2,3,...). (7.14)
If, however, b = nx, then there are infinitely many solutions, or none, accordingly

aspB = 0or B # 0. Intheformer case, all solutions have the form y(x) = ¢ sinx,
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with ¢ an arbitrary constant. In thelatter case, the second boundary condition cannot
be satisfied since every solution candidate must necessarily vanish at b. In either
case, b = nm isacritical point.

We now minimally modify these examples to make them nonlinear.

Example. y” + |y| =0, y(0) =0, y(b) = B.

As a preliminary consideration, suppose y(xo) = 0 for a solution of the
differential equation. What can we say about y(x) for x > x¢?

We distinguish three cases: (1) y'(xp) <0. In this case, y becomes
negative to the right of x¢, and hence the first Example applies: the solution
becomes, and remains, a negative hyperbolic sine, y(x) = csinh(x — xo),
¢ <0.(2) y'(x9) = 0. By theuniquenessof theinitial value problem (thedifferential
equation satisfies a uniform Lipschitz condition with Lipschitz constant 1), we get
y(x) = 0for x > xo. (3) y'(x0) > 0. Now y is positive on a right neighborhood of
Xo, S0 that by the second Example, y(x) = ¢ Sin(x—xy), ¢ > 0,for xo < x < xo+.
At x = xo + 7, however, y(xo + 7) = 0, y'(xo + 7) = —c <0, and by what was
said in Case (1), from then on we have y(x) = —c¢ sinh(x — x¢ — ) (which ensures
continuity of the first derivative of y at x = x¢ + ). Thus, in this third case, the
solution y(x), x > x¢, consists of two arcs, a trigonometric sine arc followed by a
hyperbolic sine arc.

To discuss the solution of the boundary value problem at hand, we distinguish
again three cases. In each case (and subcase) one arrives at the solution by
considering all three possibilities y'(0) < 0, y’(0) = 0, y’(0) > 0, and eliminating
all but one.

Casel: b < m. Herewe have the unique solution

0 if =0,
sinx
= = if 0 7.15
yw =483 i B0, (7.15)
snhx .
B Srhb if B<O0.

Casell: b =m.

(8 B = 0: infinitely many solutions y(x) = ¢ sinx, ¢ > 0 arbitrary.
(b) B > 0: no solution.
sinhx

: uni luti = .
(¢) B < 0:unique solution y(x) = B Srho

Caselll: b > .

(& B = 0: unique solution y(x) = 0.
(b) B > 0: no solution.
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Table 7.1 Number of solutions of the
boundary value problem in Example 7.3

b B>0 B=0 B <0
<m 1 1 1
=7 0 00 1
> 0 1 2

(c) B < 0: exactly two solutions,

sinhx
yix) =4 Sy 0=X= b, (7.16)
sinx
B =, 0=x=m,
ya(x) = sinh(b — ) (7.17)
8 sinh(x — ) <x<b
snh(h—m) " ==

In summary, we indicate the number of solutionsin Table 7.1. It israther remarkable
how the seemingly innocuous modification of changing y to |y| produces such a
profound change in the qualitative behavior of the solution.

7.1.2 A Scalar Boundary Value Problem

A problem of someimportanceisthe two-point boundary value problem for ascalar
nonlinear second-order differential equation

y'=f(x,y.y), a<x<b, (7.18)
with linear boundary conditions

apy(a) —a1y'(a) = a,
boy(b) + b1y’ (b) = B. (7.19)
where we assume, of course, that not both ag and a; are zero, and similarly for
by and b;. We further assume that f is continuouson [a, b] x R x R and satisfies
uniform Lipschitz conditions
| f(x,uT, up) — f(x,up, Up)| < Lyfui —uyl,

[ f(x,up,uy) — f(x,up up)| < La|uy — Uy (7.20)
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foral x e [a,b] and &l real uy, uy, Uy , uj. These assumptions are sufficient to
ensure that each initial value problem for (7.18) has a unique solution on the whole
interval [a, b] (cf. Theorem 5.3.1).

We associate with (7.18) and (7.19) theinitial value problem

U= f(x.u.u), a<x<b, (7.21)

subject to
apl(a) —a v (a) = a,
col(a) — c W' (a) = s. (7.22)

For the two initial conditions in (7.22) to be linearly independent, we must
assume that

det|:a0 _a1i| 7é 0; thaIIS, cod| — C1dp 7é 0.
Co —C1

Since we are otherwise free to choose the constants ¢y, ¢, as we please, we may as
well take them to satisfy

Cod] —C1apg = 1. (723)
Then theinitial conditions become

u(a) = a1s — ca,
U (a) = aps — coa. (7.24)

We consider ¢y, ¢ to be fixed from now on, and s a parameter to be determined.
The solution of theinitial value problem (7.21) and (7.24) is denoted by u(x; s).
If it isto solve the boundary value problem (7.18) and (7.19), we must have

d(s) =0, ¢(s):= bou(h;s) + byt (h;s) — p. (7.25)

Hereand in the following, the primein u’(x; s) alwaysindicates differentiation with
respect to thefirst variable, x. Clearly, (7.25) isanonlinear equation in the unknown
s (cf. Chap. 4).

Theorem 7.1.1. The boundary value problem (7.18) and (7.19) has as many
distinct solutions as ¢ (s) has distinct zeros.

Proof. (@) If ¢(s;) = 0, then clearly u(x;s) is a solution of the boundary value
problem (7.18) and (7.19). If s, # s is another zero of ¢(s), then by (7.24)
either u(a; s2) # u(a,sy) (if a; # 0) or U'(a;sy) # U'(a;sy) (if ap # 0); that
IS, U(x;s2) # u(x;sp). Thus, to two distinct zeros of ¢ (s) there correspond two
distinct solutions of (7.18) and (7.19).
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(b) If y(x) is a solution of the boundary value problem (7.18) and (7.19), then
defining s := coy(a) — c¢1y'(a), we havethat y(x) = u(x;s); hence ¢(s) = 0.
Thus, to every solution of (7.18) and (7.19) there correspondsazeroof ¢. 0O

Theorem7.1.1 is the basis for solving (7.18) and (7.19) numericaly. Solve
¢(s) = 0 by any of the standard methods for solving nonlinear equations. We
discussthisin more detail in Sect. 7.2.

For a certain class of boundary value problems (7.18) and (7.19) one can show
that ¢ (s) = 0 has exactly one solution.

Theorem 7.1.2. Assume that
(1) f(x,u,up) iscontinuouson [a,b] x R x R.
(2) Both £y, and f,, are continuous and satisfy

0< fu](x,ul,uz) < Ly, |fuZ(x,U1,U2)| < L,on [a,b] x R x R.

(3 aopa; =0, boby >0, |Clo| + |b0| > 0.
Then the boundary value problem (7.18) and (7.19) has a unique solution.

Note that Assumption (2) implies (7.20), hence unique solvability on [a, b] of
initial value problems for (7.18). Assumption (3) requires that ay and a; be of the
samesign, aswell as by and b4, and that not both a( and b, vanish. We may assume,
by multiplying one or both of the boundary conditions (7.19) by —1 if necessary, that

(3 ap > 0,a; >0; by >0,b; >0; ap+ by > 0.
Proof of Theorem 7.1.2. Theidea of the proof is to show that
¢'(s)>c >0 foral s eR. (7.26)

The function ¢ (s) then increases monotonically from —oco to +o00, and hence
vanishesfor exactly one value of s.
We have

0 0
¢'(s) = by —u(b;s) + by — U'(b;s).
as as
It is convenient to denote

0
V(x) = 7 ux;s),

where the dependence on s is suppressed in the notation for v. Since differentiation
with respect to x and s may be interchanged under the assumptions made, we can
write

¢'(s) = bov(b) + b1V (D). (7.27)
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Furthermore, u(x; s) satisfies, identicaly in s,

u’(x:8) = f(x,u(x;s),U(x;s)), a<x<bh,

U(a;s) = ais —cia,  U'(a;s) = aps — coct,

from which, by differentiation with respect to s and interchange with differentiation
in x where necessary, one gets

V() = fy (U s), U (s )VI(X) + fip (x, U(x;8), U7 (s )V (),
v(a) = a;, V(a) = ao. (7.28)

Thus, v isthe solution of a“linear” boundary value problem,

V= px)V +4g(x)v, a<x<b,

v(a) =a;, V(a) = ao, (7.29)

where
|[p(x)| < L, 0<g(x)<L; onJa,b]. (7.30)

We are going to show that, ona < x < b,

_ g La(x—a)

v(x) > a; + ag — V(x) > qpe b2, (7.31)
2

From this, (7.26) will follow. Indeed, since not both a and a; can vanish and by (3')
at least oneis positive, it follows from (7.31) that v(b) > 0. If by > 0, then (7.27)
shows, since b; > 0 and V/(b) > 0 by (7.31), that ¢’'(s) is positive and bounded
away from 0 (asafunction of s). The same conclusion followsif 5y = 0, since then
by > 0and ¢'(s) = bV (b) > 0in (7.27).

To prove (7.31), wefirst show that v(x) > 0 fora < x < b. Thisiscertainly true
in asmall right neighborhood of a, since by (7.29) either v(a) > 0 or v(a) = 0 and
V/(a) > 0. If the assertion were false, we would therefore have v(xy) = 0 for some
Xo In (a, b]. But then v must have alocal maximum at some x; witha < x; < xo.
Thisisclear inthe caseswherev(a) = 0,V (a) > 0,and v(a) > 0,V (a) > 0. Inthe
remaining casev(a) > 0,V (a) = 0, it follows from the fact that then v’ (a) > 0 by
virtue of the differential equation in (7.29) and the positivity of ¢ (cf. (7.30)). Thus,

v(x;) > 0, V/(xl) =0, V//(xl) < 0.

But this contradicts the differential equation (7.29) a& x = x;, since
q(x1) > 0. This establishes the positivity of v on (a, b]. We thus have, using
again the positivity of ¢,

V/(x) — p(x)V'(x) > 0 for a < x <b.



480 7 Two-Point Boundary Value Problems for ODEs
Multiplication by the “integrating factor” exp (— [.* p()dt) yields

% [e‘ftf P(”d’v’(x)] > 0,

and upon integration froma to x,
g Ja POI () —V/(a) > 0.
This, in turn, by the second initial conditionin (7.29), gives
V(x) > agele PO
from which the second inequality in (7.31) follows by virtue of p(r) > —L,

(cf. (7.30)). The first inequality in (7.31) follows by integrating the second from
a to x. O

Theorem7.1.2 has an immediate application to the Sturm-Liouville problem
Ly =r(x), a<x<b; Byy=qa, Byy =058, (7.32)
where

Ly :=—y"+ p(x)y" +qx)y,
B,y = apy(a) —ary'(a), Bpy = boy(b) + b1y’ (b). (7.33)

Corollary 7.1.1. If p, ¢, and r are continuous on [a, b] with
qg(x) >0 for a<x <b, (7.34)
and if ag, ay, by, by satisfy the condition (3) of Theorem7.1.2, then (7.32) has a
unique solution.
We remark that the differential equation in (7.32) can be written equivalently in
“self-adjoint form” if we multiply both sidesby P (x) = exp(— [ pdx). Thisyields

d

dx

(P )+ 0wy kW, asx<o 03

with
0(x) = P(x)q(x), R(x)= P(x)r(x).
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Note that P in (7.35) is positive and not only continuous, but also continuously
differentiableon [a, b]. Furthermore, the positivity of ¢ isequivalent to the positivity

of Q.

Thefollowingisaresult of asomewhat different nature, providing an alternative.

Theorem 7.1.3. The boundary value problem (7.32) has a unique solution for
arbitrary o and g if and only if the corresponding homogeneous problem (with
r =0, a = = 0) has only the trivial solution y = 0.

Proof. Defineu; and u, by
Luy =r(x), a <x <b; u(a) =—cia, Uj(a) = —coa,

and
LU, =0, a <x <b; Ua) =ay, Uy(a) = ao,

with ¢y, ¢; as defined in (7.23). Then one easily verifiesthat B,u; = «, B,u, = 0,
so that

u(x) = up(x) + suz(x) (7.36)

satisfies both the inhomogeneous differential equation and the first boundary
condition of (7.32). The inhomogeneous boundary value problem therefore has a
unigue solution if and only if

Byus # 0, (7.37)

so that the second boundary condition B,u = B can be solved uniquely for s in
(7.36). On the other hand, for the homogeneous boundary value problem to have
only the trivial solution, we must have (7.37), since otherwise Lu, = 0, B,u, = 0,
and Byu, = 0, whereas one of u,(a) and uj(a) must be different from zero, since
not both a; and a, can vanish. O

7.1.3 General Linear and Nonlinear Systems

The two-point boundary value problem for the general nonlinear system (7.1), with
linear boundary conditions, takes the form

& _ f(x,y), a<x=<b,
dx
Ay(a) + By(b) =y, (7.38)

where A, B are square matrices of order d with constant elements, and y isagiven
d-vector. For linear independence and consistency we assume that

rank [A, B] = d. (7.39)
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In this general form, the associated initial value problemis

d
—u=f(x,u), a<x<b,
dx

u(a) =s, (7.40)

wheres € R isa“trial” initial vector. If we denote by u(x; s) the solution of (7.40)
and assume it to exist on [a, b], then (7.38) is equivalent to a problem of solving a
nonlinear system of equations,

¢(s)=0, ¢(s)=As+ Bu(b;s)—vy. (7.41)

Again, the boundary value problem (7.38) has as many distinct solutions as the
nonlinear system (7.41) has distinct solution vectors. By imposing sufficiently
strong — but often unrealistic — conditionson f', A, and B, it is possible to prove
that (7.41), and hence (7.38), has a unique solution, but we do not pursue this any
further.

For linear systems, we have

fx.y)=Cx)y +dx), a=x=b, (7.42)
in which case theinitial value problem (7.40) is known to have the solution
u(x) =Y (x)s + v(x), (7.43)

where Y (x) € R9*¢ is a fundamental solution of the homogeneous system
dY /dx = C(x)Y with initial value Y (a) = I, and v(x) a particular solution
of the inhomogeneous system dv/dx = C (x)v + d (x) satisfying v(a) = 0. The
boundary value problem (7.38) is then equivalent to the system of linear algebraic
equations

[A + BY (b)]s = y — Bv(b) (7.44)

and has a unique solution if and only if the matrix of this system is nonsingular.

We remark that if some components of y(a) are prescribed as part of the
boundary conditions in (7.38), then of course they are incorporated in the vector
s, and one obtains a smaller system of nonlinear (resp., linear) equations in the
remaining (unknown) componentsof s.

7.2 Initial Value Techniques

The techniques used in Sects.7.1.2 and 7.1.3 are also of computational interest
in that they lend themselves to the application of numerical methods for solving
nonlinear equations or systems of equations. We show, for example, how Newton's
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method can be used in this context, first for a scalar second-order boundary value
problem, and then for ageneral probleminvolving afirst-order system of differential
equations.

7.2.1 Shooting Method for a Scalar Boundary Value Problem

We have seen in Sect. 7.1.2 that the boundary value problem (7.18) and (7.19) leads
to the nonlinear equation (7.25) via the initial value problem (7.21) and (7.24).
Solving the initial value problem is referred to, in this context, as “shooting.” One
aims by means of trial initial conditions to satisfy the second boundary condition,
which isthe “target.” A mechanism of readjusting the aim, based on the amount by
which the target has been missed, is provided by Newton’s method. Specifically, one
startswith an initial approximation s for s in (7.25), and then iterates according to

gth — () ¢(S(V))
PO

until, it is hoped, s) — so @ v — oo. If that occurs, then y(x) = u(x;: seo) Will
be a solution of the boundary value problem. If there is more than one solution, the
process (7.45) needs to be repeated, perhaps several times, with different starting
valuess©.

For any given s, the values of ¢(s) and ¢’(s) needed in (7.45) are computed
simultaneously by “shooting,” that is, by solving the initial value problem (7.21)
and (7.24) together with the onein (7.28) obtained by differentiation with respect to
s. If both are written as first-order systems, by letting

v=0,1,2,..., (7.45)

yi(x) = u(xss), y2(x) =U'(xis), y3(x) = V(x), ya(x) =V(x),

one solveson [a, b] theinitial value problem

dy,
o yi(a@) = ais — i,
d
% = f(x,y1,2), y2(a) = aos — co,
dx (7.46)
% = Y4, y3(a) = ay,
X
dys
o Ju (. y1,32)y3 + fu, (X, 1, y2) ya, yala) = ao,
with ¢g, ¢; aschosenin (7.23), and then computes
P (s) = boy1(b) + biy2(b) — B, ¢'(s) = boys3(b) + byya(b). (7.47)

Thus, each Newton step (7.45) requires the solution on [a, ] of an initial value
problem (7.46) with s = s).
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Example. y”" = —€7,0<x <1,y(0) = y(1) = 0.
We first show that this problem has a unique solution. To do this, we “embed”
the problem into the following problem:

Y'=f(),0=<x=<1 y0)=y@1) =0, (7.48)
where
—e7 if y=>o0,
fy) = { (7.49)
e -2 if y<Oo.

Then f,(y) = e if y > 0and f,(y) = € if y <0,0tha 0 < f,(y) < 1
for al rea y. Thus, Assumption (2) of Theorem7.1.2 is satisfied, and so are
(trivially) the other two assumptions. It follows that (7.48) has a unique solution,
and since clearly this solution cannot become negative (the second derivative being
necessarily negative), it also solves the problemin our Example.

Sinceag = bg = 1,a; = by = a = B = 0in this example, the system (7.46)
becomes, for0 < x <1,

d

% = )2, yi(a) =0,
X

d

=" nO-=s
X

d

% = V4. ¥3(0) =0,
X

d _

= nO=1
X

and (7.47) simplifiesto

p(s) = yi(D).  ¢'(s) = y3(1).

Newton's method (7.45), of course, has to be started with a positive initia
approximations®. If weuse s’ = 1 and an error tolerance of 5 102, it produces,
with the help of Matlab routine ode45, the results shown in Table 7.2 (cf. aso
Ex. 3).

Example. y” = Asinh(1y),0 < x <1, y(0) = y(1) = 0.

If y/(0) = s, 5 # 0, the solution y of the differential equation has the sign of
s in aright neighborhood of x = 0, and so does y”. Thus, |y| is monotonically
increasing and cannot attain the value zero at x = 1. It follows that y(x) = 0 is
the unique solution of the boundary value problem. Moreover, it can be shown (see
Ex. 8(c)) that for y’(0) = s the modulus |y| of the solution tends to infinity at a
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Table 7.2 Numerica results for the

first Example

b SO

0 1.0

1 0.45

2 0.463630

3 0.463632593668

finite value x4 Of x, where
1 8
Xoo ~—INn—, s—0. (7.50)

A s

Thus, if we apply shooting with y’(0) = s, we can reach the end point x = 1
without the solution blowing up on us only if xo, > 1, that is, approximately, if

s| < 8e™*. (7.51)

This places a severe restriction on the permissible initial slope; for example, |s| <
3.63...x107*if A = 10and|s| < 1.64...x 1073 if 1 = 20. Itisindeed one of the
limitations of “ordinary” shooting that rather accurate initial data must be knownin
order to succeed.

7.2.2 Linear and Nonlinear Systems

For linear systems, the shooting method amounts to solving the linear system of
algebraic equations (7.44), which requires the numerical solution of d + 1 initid
value problems to obtain Y (b) and v(b), and possibly one more fina integration,
with the starting vector found, to determinethe solution y (x) at the desired values of
x. Itisstrictly asuperposition method and no iteration isrequired, but the procedure
often suffers from ill-conditioning of the matrix involved.

For the general nonlinear boundary value problem (7.38), there is no difficulty,
formally, in defining a shooting method. One simply has to solve the system of
nonlinear equations (7.41), for example by Newton’s method,

s(U+l) — s(”) + A\)
" v=0,1,2,..., (7.52)

55 AL =—9(")

where d¢ /s is the Jacobian of ¢,

o du(b:s)
G O =A+B —
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With u(x; s) denoting, as before, the solution of (7.40), welet V (x) be its Jacobian
(with respect to s),

a<x<bh.

Then, in order to simultaneously compute ¢ (s) and (d¢/ds)(s), we can integrate
theinitial value problem (7.40) adjoined with that for its Jacobian,

du
& =S
z_: = fy(x,u)V a<x=<bh, (7.53)
u@)=s, V@-=1
and get
#(s) = As + Bu(b:s) —y. g—f (s) = A+ BV (b). (7.54)

Although the procedure is formally straightforward, it is difficult to implement.
For one thing, we may not be able to integrate (7.53) on the whole interva [a, b];
some component may blow up before we reach the endpoint 5 (cf.the second
Example of Sect. 7.2.1). Another problem has to do with the convergence of
Newton's method (7.52). Typically, this requires s in (7.53) to be very close to
S — the true initial vector for one of the possible solutions of the boundary
value problem. A good illustration of these difficultiesis provided by the following
example.

Example.
dn _ ot
dv 2l g <, (7.55)
d _ »
dv oy

y1(0) =1, yi(1) = —e(=2.718...).

Thisisreally alinear system in disguise, namely, the one for the reciprocal functions
y; ! and y;!. Henceit is easily seen that an exact solution to (7.55) is (cf. Ex. 4)

yi(x) = mx) =€, 0<x<1 (7.56)

We write the system in this complicated nonlinear form to bring out the difficulties
inherent in the shooting method.
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Since y; isknown at x = 0, we have only one unknown, s = y,(0). We thus
defineu; (x;s), ux(x; s) to be the solution of the initial value problem

d Up . U_ . Up . 1
Sl Loz Mo-[l] es

The equation to be solved then is
¢(s) =0, ¢(s) =ui(l;s) —e (7.58)

We denote 2105) = vy (x), 2289 = v, (x), differentiate (7.57) with respect to s,
and note that the Jacobian of (7. 57) is

v
2
U, u Uy
fy(ulau2)= 5 2 R y: |: ]
u; 2up uz
U% Uy

If we append the differentiated system to the original one, we get

du u?
- = o ur(0) = 1,
2
% =2, 1(0) = s,
X 1
7.59
dV1 2U4 U% ( )
a=u—2 1—U—%V2, vi(0) =0,
dv u2 2U,
d_xz = —u—i Vi + WVZ’ V2(0) = 1.
Assuming this can be solved on [0,1], we will have
p(s) =ui(l;s) —e ¢'(s) = vi(l), (7.60)
and can thus apply Newton’s method,
P(s)
sOFD = O _ (7.61)

¢

taking s = s in (7.59).
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Because of the elementary nature of the system (7.57), we can solve the initial
value problem (7.57) in closed form (cf. EX. 4),

N

- 7.62
scoshx —sinhx ( )

up(x;s) = . Ux(x:s)

~ coshx —ssinhx
Itisconvenientto look at the solutionsof (7.57) ascurvesin the phase plane (uy, uy).
The desired solution, by (7.56), isthen given by u; = u,.

Clearly, s hasto be positivein (7.57), since otherwise u; would initially decrease
and, to meet the condition at x = 1, would have to turn around and have avanishing
derivative at some pointin (0,1). That would cause aproblem in (7.57), since either
u; = 0oru, = oo a that point.

For u; to remain bounded on [0,1], it then follows from thefirst relationin (7.62)
that we must have s > tanhx for 0 < x < 1; that is,

s >tanh1l =0.76159... .
At s = tanh 1, we have
[imuy(x;tanh1) = oo, limuy(x;tanh1l) =sinh1 =1.1752....
x—>1 x—1

This solution, in the phase plane, has a horizontal asymptote.
Similarly, for u, to remain bounded on [0,1], we must have

s <cothl =1.3130... .
When s = coth1, then

limuj(x;cothl) = coshl = 1.5430..., limu,(x;cothl) = oo,
x—1 x—1

giving a solution with a vertical asymptote. The locus of points [u;(1;s),
Ux(1;s)] astanh1 < s < coth1 is easily found to be the hyperbola

U = ursinhl
27 U —coshl’

From this, we get acomplete picturein the phase plane of al solutionsof (7.57); see
Fig. 7.1. Thus, only in arelatively smal s-interval, 0.76159... < s < 1.3130...,
it is possible to shoot from the initia point to the endpoint without one component
of the solution blowing up in between.

What about the convergence of Newton's method (7.61)? The equation to be
solved is (7.58), that is,

S

P =090 = oo s ©
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20¢

Fig. 7.1 Thesolutionsof (7.57) in the phase plane. The solid lines are solutions for fixed s in
tanh1 < s < coth1 and x varying between 0 and 1. The dashed line isthe locus of points
[ur(155), Uz (15 8)], tanh 1 < s < coth1

| (l/cosh1)-e

tanh 1

Fig. 7.2 The graph of ¢(s) and convergence of Newton's method

From the graph of ¢ (s) (see Fig. 7.2), in particular, the convexity of ¢, it follows
that Newton’s method converges precisely if

tanh1 < s < s°, (7.63)
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where s° is such that

$0 9(s°)
¢'(s%)

— tanh . (7.64)

It can be shown (see Ex. 5(a)) that s < coth 1, so that the convergence of Newton's
method imposes an additional restriction on the choice of s.

7.2.3 Parallel Shooting

To circumvent the difficulties inherent in ordinary shooting, as indicated in
Examples of Sects. 7.2.1 and 7.2.2, one may divide the interval [a,b] into N
subintervals,

a=X0<X1<X2<"'<XN_1<XN=b, (765)

and apply shooting concurrently on each subinterval. The hopeisthat if theintervals
are sufficiently small, not only does the appropriate boundary value problem have a
unique solution, but also the solution is not given a chance to grow excessively. We
say “appropriate” boundary value problem since in addition to the two boundary
conditions, there are now aso continuity conditions at the interior subdivision
points. This, of course, enlarges considerably the problem size. To enhance the
prospects of success, it is advisable to generate the subdivision (7.65) dynamically,
as described further on, rather than to choose it artificially without regard to the
particular features of the problem at hand.

To describe the procedure in more detail, consider the boundary value problem
for ageneral nonlinear system,

Y oSy asxsh Ay@+By)=y. (760

Lethn = Xp — Xp—1, 1 = 1,2,...,N,anddeﬁne
(@) = y(xu—1 +1thy), 0<1<1. (7.67)
Clearly,

dy,
dr

= hny/(xn—l + thn) = hnf(xn—l + thn» yn(t))» 0 <t =< 1.

Thus, by letting
fu(t,2) = hy f (xy—1 + thy, 2), (7.68)
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we have for the (vector-valued) functions y, the following system of, as yet
uncoupled, differential equations

dy,
dr

= fult,yn), n=1,2,...,N; 0<r =<1 (7.69)

The coupling comes about through the boundary and interface (continuity)
conditions

Ayi1(0) + Byn(1) = p,
Yur10) =y, (1) =0, n=1,2,...,N — 1. (7.70)

Introducing “ supervectors’ and “supermatrices,”

 yi(?) Sit. y1) }6
Y(t) = : } F(t,Y)=|: : } F=1.1.

Lyn () Fu(tyw)

0
A 0 0 0 0 0 0 B
0o I 0 0 -1 0 0 0
p_|0 0 I 0| g=|0 -1 0 0 |

(0 0 0 I 0 0 ~1 0

(7.72)
we can write (7.69) and (7.70) compactly as
dy

o =F@Y), 0<1<1; PY(0)+QY()=T; (7.72)

thishasthe sameform as (7.66) but ismuch bigger in size. Parallel shooting consists
of applying ordinary shooting to the big system (7.72). Thus, wesolveon0 <t < 1

O:Tl;] =F@t.U), U0O)=S, (7.73)

to obtain U (t) = U (¢; S) and try to determine the vector § € RV? such that
®(S)=PS+QU(1;8)-T =0. (7.74)
If we use Newton’s method, thisis done by theiteration

SOtD — ) 4 A,
v=0,1,2,..., (7.75)
[P+ QV(1:SM)]A, = —®(S)
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w1 (1) uy (1) us(t) uy (t)
/ /88 / -

a =g x To Tn-1 =0

u (0)=5, uy (0)=38, ug(0)=s3 uy(0)=sy

Fig. 7.3 Paralé shooting (one-sided)

where

V(:S) = g—g t:S), 0<r<I. (7.76)

If wepartitionU" = [u],...,ul],ST = [s],...,s}]inaccordancewith (7.69),
then, since (7.69) by itself is uncoupled, we find that u,, = u,,(¢;s,) depends only
on s,. Asaconsequence, the “big” Jacobian V in (7.76) is block diagonal,

Vi 0 --- 0
0O v --- 0 8]
V = 2 , Vn(t;s,,)zi(t;sn),n:1,2,...,N,
SR 98,
o o --. Vy

and so isthe Jacobian Fy (¢, U) of F in (7.73). Thismeansthat U in (7.73) and V
in (7.76) can be computed by solving uncoupled systems of initial value problems
on0 <t <1,

du,

- = fu(t,u,), u,(0) =s,

31 )y n=1,2,...,N. (7.77)
A n

- = Lug)Vy, V,(0) =1,

T G v0)

This can be donein parallel — hence the name “parallel shooting.”

The procedure may be summarized schematically asin Fig. 7.3. Alternatively, if
N is even, one may shoot both forward and backward, as indicated in Fig. 7.4 for
N = 4. Thisreducesthe size of the big system by one-half.

Even though multiple shooting can be quite effective, there are many practical
problems associated with it. Perhaps the major problems are related to obtaining
good initial approximations (recall, we have to choose a reasonable vector S in
(7.73)) and to constructing a natural subdivision (7.65). With regard to the latter,
suppose we have some rough approximation (x) ~ y(x) ona < x < b.
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uy(t) uy(t) ug(t) ug(t)

i i T | >

a=z, Ty Ty T3 ry=0

u(0)=s4 uy(0)= s,

Fig. 7.4 Pardle shooting (two-sided), N = 4

N(x)
/
> X
a = xg 1 To T3 T4 b
Fig. 7.5 Construction of subdivision

Then, taking xo = a, we may construct xi, x,... recursively as follows. For
i =0,1,2,... solvetheinitia value problem

dz

e f(x.z), z(xi) =n(xi), x=x, (7.78)

and take for x; 1, thesmallest x > x; such that (say) ||z (x)]| > 2||p(x)]. In other
words, we do not alow the solution of (7.78) to increase more than twice in size;
see Fig. 7.5. Thus, (7.78) are strictly auxiliary integrations whose sole purposeisto
produce an appropriate subdivision of [a, b].

There are circumstances in which reasonable initial approximations may be
readily available, for example, if one solvesthe given boundary value problem (7.66)
by a homotopy method. Basically, this means that the problem is embedded in a
family of problems,

d
Po: 2= fulx.y). a<x b Ay(@)+By(b) =,
where w is a (usualy physically meaningful) parameter, say, in the interval 0 <
w < 1. Thisis donein such away that for o = 0 the solution of P, is easy, and
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forw = 1, wehave f,(x,y) = f(x,y). Onethen solves a sequence of boundary
value problems P, corresponding to parameter values0 = wy < w; < @y < -++ <
w, = 1 which are chosen sufficiently close to one another so that the solution of
P, differsrelatively little from the solution of P, _,. When = w), onetakesfor
n(x) the easy solution of P,,, constructs the appropriate subdivision as before, and
then solves P, by parallel shooting based on the subdivision generated. One next
solves P, , using for y(x) the solution of P, , and proceedsaswith P, . Continuing
in this way, we will eventually have solved P, = P, the given problem (7.66).
Although the procedure is rather labor-intensive, it has the potentia of providing
accurate solutions to very difficult problems.

7.3 Finite Difference Methods

A more static approach toward solving boundary value problems is via direct
discretization. One puts a grid on the interval of interest, replaces derivatives by
finite difference expressions, and requires the discrete version of the problem to
hold at all interior grid points. This gives rise to a system of linear or nonlinear
equations for the unknown values of the solution at the grid points.

We consider and analyze only the ssmplest finite difference schemes. We assume
throughout a uniform grid, say,

—da

—, (7.79
N +1 (7.79)

a=x)<X| <Xy <+ <Xy <Xyy1=b,x, =a+nh,h=

and we continue to use the terminology of grid functions introduced in Chap. 5,
Sect.5.7.

7.3.1 Linear Second-Order Equations

We consider the Sturm—Liouville problem (cf. (7.32) and (7.33))
Ly =r(x), a<x=b, (7.80)

where
Ly :=—=y"+ px)y" +qx)y. (7.81)

with the simplest boundary conditions

yla)=a, yb)=§. (7.82)
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If p, g, r are continuous and ¢ positive on [a, b], then (7.80) and (7.82) by
Corollary 7.1.1 have a unique solution. Under these assumptions, there are positive
constants p, ¢, and g such that

lp()| =P, 0<g <q(x)<q for a <x <b. (7.83)

A simplefinite difference operator, acting on agrid functionu € I';[a, b], which
approximatesthe operator £ in (7.81) is

un+] - 2un + Up—1 un—i—l —Up—1
(ﬁhu)n = - h2 + P(Xn) T + q(-xn)un,
n=12,...,N. (7.84)

For any smooth function v on [a, b], we define the grid function of the truncation
error Ty, by

(TyV)y = (LyV)y — (LV)(xa), n=1,2,...,N. (7.85)

If v = y istheexact solution of (7.80) and (7.82), thisreducesto an earlier definition
in Chap. 6, Sect. 6.1.2. By Taylor'sformulaone easily findsthat for v e C*[a, b],

2
(TyV)n = — % VO ED) =2V (G, §1.6 € [y —hoxy + h], (7.86)

and more precisely, if v € C®[a, b], since £;, is an even function of 7,

(Tyv), = — % V& (x0) = 2p(xa)V" (x)] + O(h*), h — 0. (7.87)

In analogy to terminology introduced in Chap. 5, we call the difference operator
L, stable if there exists a constant M independent of / such that for / sufficiently
small, one hasfor any grid functionv = {v,,}

IVlleo = M{max(|Vol. [V +1]) + [|£aV]loo}. V € Tinla. bl. (7.88)

where ||V]joo = MaXo<n<n+1 |Vu| @Nd || L1V]lco = MaX1<n<y [(LrV)x]. The follow-
ing theorem gives a sufficient condition for stability.

Theorem 7.3.1. If hp < 2, then L, is stable. Indeed, (7.88) holds for M =
max(1, 1/q). (Herep, g arethe constants defined in (7.83).)

Proof. From (7.84) one computes

%hz (‘Chv)n = ayVu—1 + buVy + CuVus1, (789)
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where

1

1
ap = _E |:1 + Ehp(-xn)] ’

1
b, =1+ Ehzq(x,,),

1

1
& =-3 |:1 —5 hp(xn)] . (7.90)

Since, by assumption, 1 2| p(x,)| < 1 hp < 1, wehavea, <0,¢, <0,and

1 1 1 1
n nl = % 1 = n —1-= n =1. 7.91
nl+lend =5 [14 3 o | + 5 [1= S0 | (.01
Also,
bn21+%h2q. (7.92)

Now by (7.89), we have
1 2
bnvn = —apVp—1 — CpVp+1 + 5 h (’C/lv)n»

which, upon taking absolute values and using (7.91) and (7.92), yields
1 2 1 2
1+ Eh q ) Val = IVlloo + Eh 1£nV]loos n=1,2,..., N. (7.93)

We distinguish two cases.

Casel: ||V[oo = [Vpols 1 < 1o < N.Here(7.93) gives
1 2 1 2
L 5 12 ) Wagl < ool + 5 12 1L4V oo

hence .
Vo | = 7 [£aVlioo »

and (7.88) follows since by assumption é <M.

Casell:  ||V[oo = Vol 0 = 00rmp = N + 1. Inthiscase, (7.88) istrivia, since
M > 1. ]

The method of finite differences now consists of replacing (7.80) and (7.82) by

Lpw), =7r(xy), n=1,2,...,N; Uy =a, Uyy; = B. (7.94)
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Inview of (7.89), thisisthe same as
1
ApUp—1 + byl + cylpqy = Ehzr(xn)» n=12,...,NU=0a, Uyt = ,3,

and givesrise to the system of linear equations

b ¢ 0 u; r(xi) ao
a by o Uz : r(x2) 0
L e L
an—1 by—1 cn—i Uy—1 r(xy-1) 0
0 ay by Uy F(XN) CN:B

The matrix of the system is tridiagonal and strictly diagonally dominant, since
lan] + |cnl = 1 and b, > 1 by (7.92). In particular, it is nonsingular, so that
the system (7.95) has a unique solution. (Uniqueness follows also from the stability
of £;,: the homogeneous system with r(x,) = @ = = 0 can have only thetrivial
solution, since £,u = 0, Uy = Uy+; = 0 implies ||u]le = 0 by (7.88).)

Now that we know that the difference method defines a unique approximation,
the next question is: how good is it? An answer to that is given in the next two
theorems.

Theorem 7.3.2. If hp <2, then

U= ylloo = M| Thylloo. M =max(1,1/g), (7.96)

where u = {u,} is the solution of (7.95), y = {y,} the grid function induced by the
exact solution y(x) of (7.80) and (7.82), and T}, y the grid function of the truncation
errors defined in (7.85), where v = y. If y € C*[a, b], then

lu=ylloo = 13 *MUIYP oo + 27 7V loo). (7.97)

where ”y(k)”oo = MaX;<x<p Iy("’(x)l, k =3,4.
Proof. From
(Lhw)y =r(xy), Up =0, Uyy1 =P,
(Ly)(xn) = r(xn), y(x0) =, y(xn+1) =B,
we obtain, letting v, = u, — y(x,),
(LrV)n = (LyW)y — (LpY)n

= r(xp) = [(Ly)(xn) + (Lny)n — (Ly)(xa)]

=r(xn) —r(xa) = (Thy)n

= _(Thy)n,
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so that

[1£aVlloo = [IThY lloo- (7.98)
By Theorem 7.3.1, £;, is stable with the stability constant M as defined in (7.96).
Sincevy = vy41 = 0, therefollows ||V|co < M || L1Vl o, Which in view of (7.98)

and the definition of v is (7.96). The second assertion (7.97) follows directly from
(7.86). O

In the spirit of Chap. 5, Sect.5.7.3 and Chap. 6, Sect. 6.3.4, the result (7.97) of
Theorem 7.3.2 can berefined as follows.

Theorem 7.3.3. Let p,q € C?[a,b], y € C®[a,b], and hp < 2. Then
U, — y(x,) = h%e(x,) + O(h*), n=0,1,....,N +1, (7.99)
where e(x) is the solution of
Le=0(x), a<x<b; e(a)=0, e(d) =0, (7.100)
with
o) = 15 D900~ 290" (W (7.101)

Proof. We first note that our assumptions are such that & € C2[a, b], which, by
(7.100), impliesthat e € C*[a, b].
Let

o 1
Vp, = ﬁ (un - J’(Xn))~
We want to show that

Vo = e(xy) + O(h2). (7.102)
Asin the proof of Theorem7.3.2, we have
(LaV)a = —% (Thy)n-
By (7.87) withv = y, thisgives
(LaV)y = O(x,) + O(h?). (7.103)
Furthermore,

(Lne)n = (Le)(xn) + (Lne)n — (Le)(xn) = 0(xn) + (The)n, (7.104)
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by (7.100) and the definition (7.85) of truncation error. Sincee € C*[a, b], we have
from (7.86) that

(Tre), = O(h?). (7.105)
Subtracting (7.104) from (7.103), therefore, yields
(£I1V)n = O(hz)’ where Vp = \(;n - e(xn)~

Sincevyp = vy4+1 = 0 and £, is stable, by assumption, there follows from the
stability inequality that |v, | < M || LyV||eoc = O(h?), whichis(7.102). O

Theorem7.3.3 could be used as a basis for Richardson extrapolation (cf. Chap. 3,
Sect. 3.2.7). Another applicationisthe method of difference correction dueto L. Fox.
A “difference correction” isany quantity E, such that

E, =e(x,)+O0Mh*), n=1.2..N. (7.106)

It then follows from (7.99) that
U, — h*E, = y(x,) + O(h*); (7.107)
that is, 0, = u, — h2E, is an improved approximation having order of accuracy
O(h*). Fox'sideais to construct a difference correction £, by applying the basic

difference method to the boundary value problem (7.100) in which 6(x,,) isreplaced
by a suitable difference approximation ®,:

(LhE)y=©,, n=1,2,....N; Egy=0, Eyy; =0. (7.108)
Lettingv, = E, — e(x,), we then find
(L) = (LyE)y — (Lhe)n = O, — 0(x,) + O(h?),
by virtue of (7.108), (7.104), and (7.105). Since vop = vy4+1 = 0, stability then

yields
Vol = |Ey —e(x)| < M||© — 0|0 + O(h?),

so that for (7.106) to hold, all we need is to make sure that
O, —0(xy) =0Mh>), n=12,..., N. (7.109)

This can be achieved by replacing the derivatives on the right of (7.101) by suitable
finite difference approximations (see Ex. 10).
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7.3.2 Nonlinear Second-Order Equations

A natural nonlinear extension of the linear problem (7.80) and (7.82) is
Ky =0, y(@=a yb) =8, (7.110)
where
Ky :=—=y"+ f(x.y.5) (7.111)

and f(x, y,z) isagivenfunction of class C! defined on [a, b] x R x R, now assumed
to be nonlinear in y and/or z. In analogy to (7.83) we make the assumption that

|l =P, 0<q=fy<q onfa,b] x RxR. (7.112)

Then, by Theorem7.1.2, the problem (7.110) has a unique solution.
We use again the simplest difference approximation K, to IC,

~ Upgr — 22Uy + Uy Up41 — Up—1
(Knu), = 2 + f (xn,un, 57 ) (7.113)

and define the truncation error as before by
(ThV)n = (KiV)p — (KV)(xn), n=1,2,..., N, (7.114)

for any smooth function v on [a, b]. If v € C*[a, b], then by Taylor's theorem,
appliedat x = x,, y = V(x,),Z = V' (x,),

(Tiv), = — [V(x11 +h) — 2V]§§n) +V(x, —h) _ V”(xn)j|
+ f (Xn, v(x,), Vi + h)Q;lV(xn — h)) — f (X V(xn), V/(xn))

V(xXn £ h) = V(= 1)
2h

2
= - }11_2 VM)(EI) + f2(x0,V(X0), Zy) |: - V/(xn)i|

— h’ (4) - h? "
=-5V (&1) + fa(xn, V(xn), Zn) <V (62),

where§; € [x, —h,x, + h],i = 1,2, and Z, is between V' (x,) and (2h) ' [v(x, +
h) —V(x, — h)]. Thus,

2
(), =~ o W96 2 vs) 2V @) (7419
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Since KC;, isnonlinear, the definition of stability needsto be slightly modified. We
cal I, stable if for h sufficiently small, and for any two grid functionsv = {v,},
w = {w, }, thereisaconstant M such that

IV —=Wloo = M{max(|Vo — Wol, [Vy+1 —Wn1]) + [KnV — Khwlloo},
V,W e I'y[a, b]. (7.116)

If IC;, islinear, this reducesto the previous definition (7.88), sincev — w, just like v,
isan arbitrary grid function.

Theorem 7.3.4. If hp < 2, then K, is stable. Indeed, (7.116) holds with M = max
(1,1/g). (Here, p, g are the constants defined in (7.112).)

Proof. Much the same as the proof of Theorem7.3.1 See Ex. 11. O

The method of finite differences now takes on the following form:
(IChU)n =0, n=12,....,N; Uy =aq, Uy +1 =,3. (7117)

Thisis a system of N nonlinear equations in the N unknowns uy, U,, ..., uy. We
show shortly that under the assumptions made, the system (7.117) has a unique
solution. Its error can be estimated exactly asin Theorem 7.3.2 Indeed, by applying
the stability inequality (7.116) withv = u andw = y, where u is the grid function
satisfying (7.117) and y the grid function induced by the exact solution y(x) of
(7.110), we get, with M as defined in Theorem 7.3.4,

[u=lloo < MIKpu—Kiylloo = M[Kpylleo

=M|Ky + (Kry = Ky)lloo

=M|Kpy = Kylloo

=M|Thyllco.
whichis(7.96). The sameerror estimate asin (7.97) then again followsimmediately
from (7.115) and the first assumption in (7.112).

In order to show that (7.117) has a unique solution, we write the system in fixed

point form and apply the contraction mapping principle. It is convenient to introduce

a parameter w in the process — a “relaxation parameter” as it were — by writing
(7.117) equivaently in the form

1 1
u=g(u, g(U)=U—1+—w§h2iChu (w # —1),
Up=0o, Uyt = ,3 (7118)

Here we think of g as a mapping RV*™? — RN*2 by defining go(u) = «,
gn+1(u) = B. We want to show that g is a contraction map on RV *2 if & satisfies



502 7 Two-Point Boundary Value Problems for ODEs

the condition of Theorem7.3.4 and w is suitably chosen. This then will prove
(cf. Theorem 4.9.1) the existence and uniqueness of the solution of (7.118), and
hence of (7.117).

Given any two grid functionsv = {v,}, w = {w,}, we can write by Taylor's
theorem, after asimple calculation,

&n(V) —gn(w) = [an (Va—1 —Wp—1) + (1 + @ — by) (V) — Wy)

l1+w
+ c(Vat1 —=Wy1)]. 1<n <N, (7.119)

whereasforn = 0orn = N + 1 thedifference on the left, of course, is zero; here

1

1 — .
ay = 5 |:1 + Ehfl(zm y717zﬂ)i| ’

1 _ .
bu= 14 212 f, (00, 3, 20),

1 1 _
Cp = 5 |:1 - Ehﬁ(xnv yn’zn)i| 5

withy,, z, suitable intermediate values. Since hp < 2, we have
a, >0, ¢ >0, a,+c,=1. (7.120)

Assuming, furthermore, that
n’g. (7.121)

we have
1 2— 1 2—
l4+w—-5b,>14+w— l—l—th =a)—§hq20.
Hence, all coefficients on the right of (7.119) are nonnegative, and since
1 2 1 2
0<l+w—-b,<1l+w-— 1+5h6—1 :w—zhz,

we obtain, upon taking norms and noting (7.120),

1
1+ w

1
00— 2] = (a0 = g+ ) Iv-wi

1

1
— 1 ——h%q ) IV—W|oo:
o (103 p) v-vile
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that is,

lh2q
lgW) = gWllw = 7(@) [V=Wleo, y(@):=1-7—=-.  (7122)
@

Clearly, y(w) < 1, showing that g isacontraction map on R 2, as claimed.

In principle, one could apply the method of successive iteration to (7.118), and
it would converge for arbitrary initial approximation. Faster convergence can be
expected, however, by applying Newton’s method directly on (7.117); for details,
see Ex. 12.

7.4 Variational Methods

Variational methods take advantage of the fact that the solution of important types
of boundary value problems satisfies certain extremal properties. This then suggests
solving the respective extremal problems — at least approximately — in place of the
boundary value problems. This can be done by classical methods. We illustrate the
method for alinear second-order boundary value problemwith ssimplified (Dirichlet)
boundary conditions.

7.4.1 Variational Formulation

Without restriction of generality (cf. (7.35)), we can assume that the problemisin
self-adjoint form:

Ly =r(x), a<x=<b; y(a)=a, yb)=4,, (7.123)
where
Ly = —i p(x) d_y +q(x)y, a<x<bh. (7.124)
dx dx

We assume p € C!'[a, b] and ¢, r continuouson [a, b], and
p(x)=p>0, g(x)>0 on [a,b] (7.125)

Under these assumptions, the problem (7.123) has a unique solution (cf.
Corollary 7.1.1).

If £(x) isalinear function having the same boundary valuesas y in (7.123), then
2(x) = y(x) — £(x) satisfies Lz = r(x) — (LL)(x), z(a) = z(b) = 0, whichisa
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problem of the same type as (7.123), but with homogeneous boundary conditions.
We may assume, therefore, that « = § = 0, and thus consider

Ly =r(x), a<x<b; y(a)=yb)=0. (7.126)

Denoting by C¢[a, b] the linear space Cila, b] = {u € C?[a,b]: u(a) = u(b) = 0},
we may write (7.126) in operator form as

Ly =r, yeCla,b] (7.127)

Notethat £ : C?[a,b] — C|a, b] isalinear operator. It is convenient to enlarge the
space C; somewhat and define

Vo ={veCla,b]: V piecewisecontinuous
and bounded on [a, b],v(a) = v(b) = 0}.

On ¥V, we can define the usual inner product
b
(u,v) := / u(x)v(x)dx, u,ve V. (7.128)

Theorem 7.4.1. The operator £ in (7.124) is symmetric on C¢[a, b] relative to the
inner product (7.128); that is,

(Lu,v) = (u, Lv), all u,ve Clla,b]. (7.129)

Proof. Useintegration by partsto obtain
b
(Lu,v) = f [=(P()U)" + q(x)ulv(x)dx

b
= ()" + / [P OV () + g(UCOV()]dx

b
/ [PU' (X)V'(x) + g (x)ux)v(x)]dx.

Since the last integral is symmetric in u and v, it is also equal to (Lv, u), which in
turn, by the symmetry of (-, -), proves the theorem. O

Note that the last integral in the proof of Theorem 7.4.1 is defined not only on
C¢la, b], but also on V;. It suggests an alternative inner product,

b
[u,v] := / [pCOU () (x) + g(x)u(x)v(x)]dx, u,ve Vy, (7.130)
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and the proof of Theorem7.4.1 shows that
(Lu,v) = [u,V] if ue Cila,b], vel. (7.131)
In particular, if u = y isasolution of (7.126), then
[y,v] = (r,v), al vey (7.132)

thisisthe variational, or weak, form of (7.126).

Theorem 7.4.2. Under the assumptions made on p, ¢, and r (cf. (7.125)), there
exist positive constants ¢ and ¢ such that

2

cllulld = [uul = v, all ue . (7.133)

In fact,

.

c=37 T=0b=a)|plo+ b= lqll. (7.134)

Proof. For any u € 1}, sinceu(a) = 0, we have
u(x) :/ u'()dt, x € la,b].

By Schwarz'sinequality,
x X b
() < / d - / WO < (b —a) / WP x € [a.b],
and, therefore,
b
I < (b —a) [ W OPdr < (b —a) v, (7.135)
Using the assumption (7.125), we get

b b
il = [ p@U@P + g = p [ W@Pdr = £l

where the last inequality follows from the left inequality in (7.135). This provesthe
lower bound in (7.133). The upper bound is obtained by observing that

[u.u] = (b= )| plles VI3 + (b = @)llgllo U5 = T IUlI5.

where (7.135) has been used in the last step. |
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We remark that (7.133) implies the uniqueness of solutions of (7.126). In fact, if
Ly =r, Ly*=r, y,y*eCila,bl,
then L(y — y*) = 0, hence, by (7.131) and (7.133),
0=(Ly—y)y=y)=b-y"y=y1zcly—rl

andit followsthat y = y*.

7.4.2 TheExtremal Problem

We define the quadratic functional

F(u) :=[u,u] —2(r,u), uelpy, (7.136)
where r istheright-hand functionin (7.126). The extremal property for the solution
y of (7.127) is expressed in the following theorem.
Theorem 7.4.3. Lety be the solution of (7.127). Then

F(uy> F(y), all ueVy, uzy. (7.137)

Proof. By (7.132), (r,u) = [y, u], so that

F(u) = [u,u] =2(r,u) = [u,u] = 2[y. u] + [y, ] = [y. )]
=y —-uy-u-[yyl>-yl
where strict inequality holdsin view of (7.133) and y — u # 0. On the other hand,
since[y,y] = (Ly,y) = (r,y), by (7.131), we have

F(y)=1[y.yl=20ny) = (ry)=2(r.,y) = =(r.y) = —[y.y].
which, combined with the previousinequality, provesthe theorem. O

Theorem 7.4.3 thus expresses the following extremal property of the solution
of (7.127):
F(y) = min F(u). (7.138)
uely

We view (7.138) as an extremal problem for determining y, and in the next sec-
tion solve it approximately by determining a function ug from a finite-dimensional
subset S C 1 that minimizes F(u) on S. In this connection, it is useful to note the
identity

[y—uy—ul=Fu)+[yyl ueh, (7.139)

satisfied by the solution y, which was established in the course of the proof of
Theorem7.4.3
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7.4.3 Approximate Solution of the Extremal Problem

Let S C V, be afinite-dimensional subspace of V, and dim S = n its dimension.
Letuy, U, ..., u, beabasisof S, so that

ues ifandonlyif u=> &u,. & eR. (7.140)

v=1

We approximate the solution y of (7.138) by ug € S, which satisfies

F(ug) = ereig]F(u). (7.141)

Before we analyze the quality of the approximation us ~ y, let us explain the
mechanics of the method.
We have, forany u € S,

F(u) = {stuv, Zsﬂuu} -2 (r,Zsuuu)
v=1 n=l1 v=1

n

= > [ Uplen — 2 (U,

et o

Define
[Uui] [upu] ce o [Ur, Uy 3 (r,up)
o I R
o] U t] <o U U] £, (7, Un)

(7.142)

In early applications of the method to structural mechanics, and ever since, the
matrix U is called the stiffness matrix, and p the load vector. In terms of these,
thefunctional F can be written in matrix form as

Fuy=E§"Ut—2p"¢, £EcR". (7.143)

The matrix U is not only symmetric, but also positive definite, since £’ U§ =
[u,u] > 0, unlessu =0 (i.e., § = 0).
Our approximate extremal problem (7.141) thus takes the form

¢(§) = min,
$E):=EUE—-2p"E, E€R, (7.144)
an unconstrained quadratic minimization problem in R”. Since U is positive

definite, the problem (7.144) has a unique solution § given by the solution of the
linear system
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Ut =p. (7.145)

Itiseasly verified that
¢(&) > p(). dl £ R, £ #E: (7.146)

indeed, smcep—Ug andthusp’ —E UT g U, wehave

$(&) =ETUE—2p"8 = £TUE — 26 U
—§TUE 28 Ut +E UE—} UE
=E-ETUE-E) + o),

where —§'U& = —&'p =& p—2pTE =& UE — 29§ = ¢ () has been usedin
the last step. From this, (7.146) follows immediately. Thus,

U = stuv, = [6.6,....E]" whereU& = p. (7.147)

In practice, the basis functions of S are chosen to have small support, which
resultsin amatrix U having a band structure.

It is now straightforward to establish the optimal approximation property of ug
inthenorm[-,-]; that is,

[y —us,y —us] = min[y —u, y —u]. (7.148)
ues

Indeed, by (7.139) and (7.141), the left-hand side is equal to F(us) + [y, y] =
minges{F(U) + [y, y]}, which, again by (7.139), equals the right-hand side of
(7.148).

The approximation property (7.148) givesrise to the following error estimate.

Theorem 7.4.4. There holds

[y —Usllo < vVe/c |y —Uleo, all ues, (7.149)

where ¢ and ¢ are the constants defined in (7.134). In particular,

1y = Uslloo < ve/c inf 17" = Ulloo. (7.150)

Proof. By (7.133) and (7.148), we have
clly—usli sy —us,y —usl < [y —u,y —ul <[y’ = V%,

from which (7.149) follows. O
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The point of Theorem7.4.4 isthat, in order to get agood error bound, we have to
use an approximation process y a u, u € S, which approximatesthefirst derivative
of y aswell as possible. Note that this approximation processis independent of the
oneyielding ug; its sole purposeis to provide a good error bound for ug.

Example. Let A beasubdivision of [a, b], say,
Aa=X <Xp)<X3<-+<Xp—1 <X, =>b, (7.151)
and take (see Chap. 2, Sect. 2.3.4 for notation)
S ={seS3A): s(a)=s(b) =0} (7.152)

Here S is a subspace not only of Vj, but even of CZ[a, b]. Its dimension is easily
seen to be n. Given the solution y of (7.127), thereis aunique scompi € S such that

Scompl(xi) = Y(xi), l = 1,2,...,",

, , , , (7.153)
Scompl (a) = y'(a), Scompl (b) = y'(b),
the “complete cubic spline interpolant” to y (cf. Chap. 2, Sect.2.3.4(b.1)). From
Chap. 2, (2.147), we know that

Istompt = ¥’ lloo = 55 AP Y Plos if ¥ € C*[a.b].

/
compl
Combining this with the result of Theorem7.4.4 (in which u = scomp ), We get the
error bound

1y = Usllos = 55 VE/c APy @lloe = O(A]). (7.154)

which isone order of magnitude better than the onefor the ordinary finite difference
method (cf. (7.97)). However, thereis morework involved in computing the stiffness
matrix (many integralsl), and also in solving the linear system (7.145). Even with
a basis of S that has small support (extending over at most four consecutive
subintervals of A), one still has to deal with a banded matrix U having bandwidth
7 (not 3, asin (7.95)).

7.5 Notesto Chapter 7

Background material on the theory of boundary value problems can be found
in most textbooks on ordinary differential equations. Specialized texts are Bailey
et a. [1968], Bernfeld and Lakshmikantham [1974], and Agarwal [1986]; all three,
but especially the first, also contain topics on the numerical solution of boundary
value problems and applications. An early book strictly devoted to numerical
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methods for solving boundary value problemsis Fox [1990], an eminently practical
account still noteworthy for its consistent use of “difference correction,” that is, the
incorporation of remainder terms into the solution process. Subsequent books and
monographs are Keller [1992], Na[1979], and Ascher et al. [1995]. The books by
Keller and Na complement each other in that the former gives a mathematically
rigorous treatment of the major methods in use, with some applications provided in
thefinal chapter, and the latter amore informal presentation intended for engineers,
and containing a wealth of engineering applications. Na's book also discusses
methods less familiar to numerical anaysts, such as the METO/I TTPOI'OHKI
developed by Russian scientists, here translated as the “method of chasing,” and
interesting methods based on transformation of variables. The book by Ascher et al.
is currently the major reference work in this area. One of its special featuresis an
extensive discussion of the numerical condition and associated condition numbers
for boundary value problems. In its first chapter, it also contains alarge sampling of
boundary value problems occurring in real-life applications.

Sturm-Liouville eigenvalue problems — both regular and singular — and their
numerical solution are given a thorough treatment in Pryce [1993]. A set of 60 test
problemsisincluded in one of the appendices, and references to available software
in another.

Section7.1.1. Thethird Exampleisfrom Bailey et a. [1968, Chap. 1, Sect. 4].

Section7.1.2. The exposition in this section, in particular, the proof of
Theorem7.1.2, follows Keller [1992, Sect.1.2].

Section7.1.3. An example of an existence and uniqueness theorem for the general
boundary value problem (7.38) is Theorem 1.2.6 in Keller [1992]. The remark at the
end of this section can be generalized to “partially separated” boundary conditions,
which give rise to a “reduced” superposition method; see Ascher et al. [1995,
Sect.4.2.4].

Section 7.2. In this section, we give only a bare outline and some of the key
ideas involved in shooting methods. To make shooting a viable method, even for
linear boundary value problems, requires attention to many practical and technical
details. For these, we must refer to the relevant literature, for example, Roberts and
Shipman [1972] or, especially, Ascher et al. [1995, Chap. 4]. The latter reference
also contains two computer codes, one for linear, the other for nonlinear (nonstiff)
boundary value problems.

Shooting basically consists of solving a finite-dimensional system of equations
generated by solutions of initial value problems, which is then solved iteratively, for
example, by Newton’'s method. Alternatively, one could apply Newton's method, or
more precisely, the Newton—Kantorovich method, directly to the boundary value
problem in question, considered as an operator equation in a Banach space of
smooth functionson [, b] satisfying homogeneousboundary conditions. Thisisthe
method of quasilinearization originally proposed by Bellman and Kalaba [1965].

Yet another approach is “invariant imbedding,” where the endpoint » of the
interval [a, b] is made a variable with respect to which one differentiates to obtain
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an auxiliary nonlinear initial value problem of the Riccati type. See, for example,
Ascher et al. [1995, Sect. 4.5]. A different view of invariant imbedding based on a
system of first-order partial differential equations and associated characteristics is
developed in Meyer [1973].

Section7.2.1. Instead of Newton’s method (7.45) one could, of course, use other
iterative methods for solving the equation ¢ (s) = 0 in (7.25), for example, a fixed
point iteration based on the equivalent equation s = s — m¢(s), m # 0, which is
analyzed in Keller [1992, Sect. 2.2], or Steffensen’s method (cf. Chap. 4, Sect. 4.6,
(4.66)).

For the origin of the second Example in this section, see Troesch [1976]. The
analytic solution of the associated initial value problem is given, for example, in
Stoer and Bulirsch [2002, pp. 514-516]; also cf. Ex. 8(c),(d).

Section7.2.2. Itisrelatively straightforward to analyze the effect, in superposition
methods, of the errors committed in the numerical integration of the initial
value problems involved; see, for example, Keller [1992, Sect. 2.1] and Ascher
et al. [1995, Sect. 4.2.2]. More important, and potentially more disastrous, are the
effects of rounding errors; see, for example, Ascher et al. [1995, Sect.4.2.3].

In place of (7.52), other iterative methods could be used to solve the equation
¢(s) = 0in (7.41), for example, one of the quasi-Newton methods (cf. Chap. 4,
Notes to Sect. 4.9.2), or, asin the scalar case, a fixed point iteration based on s =
s —M¢(s), with M anonsingular matrix chosen such that themap s +— s — M ¢(s)
is contractive.

The Example in this section is from Morrison et a. [1962], where the term
“shooting” appears to have been used for the first time in the context of boundary
value problems.

Section7.2.3. Parallel shooting is important also for linear boundary value prob-
lems of the type (7.38), (7.42), since without it, numerical linear dependencies may
be developing that could render the method of simple shooting useless. There are
variousversionsof parallel shooting, someinvolving reorthogonalization of solution
vectors; see Ascher et al. [1995, Sects. 4.3 and 4.4]. For a discussion of homotopy
methods, including numerical examples, see Roberts and Shipman [1972, Chap. 7].

Sections7.3.1 and 7.3.2. The treatment in these sections closely follows
Keller [1992, Sects.3.1 and 3.2]. Maintaining second-order accuracy on
nonuniform grids is not entirely straightforward; see, for example, Ascher
et al. [1995, Sect. 5.6.1].

Extensions of the method of finite differences to linear and nonlinear systems
of the type (7.38) can be based on the local use of the trapezoidal or midpoint
rule. Thisis discussed in Keller [1992, Sect. 3.3] and Ascher et al. [1995, Sects. 5.1
and 5.2]. Local use of implicit Runge-Kutta methods afford more accuracy, and so
do the methods of extrapolation and “deferred corrections”; for these, see Ascher
et al. [1995, Sects. 5.3, 5.4, 5.5.2and 5.5.3].

Boundary value problemsfor single higher-order differential equations are often
solved by collocation methods using spline functions; a discussion of thisis given
in Ascher et al. [1995, Sects. 5.6.2-5.6.4].
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Section7.4. The treatment of variational methods in this section is along the lines
of Stoer and Bulirsch [2002, Sect. 7.5]. There are many related methods, collectively
called projection methods, whose application to two-point boundary value problems
and convergence analysis is the subject of a survey by Reddien [1980] containing
extensive referencesto the literature.

Exercises and Machine Assignmentsto Chapter 7

Exercises

1. Consider the nonlinear boundary value problem (Blasius equation)
y” + %yy” =0, 0<x<o0,

y(0) = y'(0) =0, y'(c0) = 1.

() Letting y”(0) = A and z(r) = A~3 y(A~3¢) (assuming A > 0), derive an
initial value problemforzon0 < ¢ < oco.

(b) Explain, and illustrate numerically and graphically, how the solution of the
initial value problem in (a) can be used to obtain the solution y(x) of the
given boundary value problem.

2. The boundary value problem

4

1
y'i=——yy, 0<x <1 y(0)=0, y(1) =1,
X

athough it hasasingularity at x = 0 and certainly does not satisfy (7.112), has
the smooth solution y(x) = 2x/(1 + x).

(@) Determine analytically the s-interval for which the initial value problem
/! 1 / /
U'=—uu, 0<x<1; u0)=0,u(0)=s
X

has a smooth solutionu(x;s) on0 < x < 1.
(b) Determine the s-interval for which Newton’s method applied to
u(l;s) — 1 = 0 converges.

3. Use Matlab to reproducethe resultsin Table 7.2 and to prepare plots of the four
solution components.

4. Derive (7.56) and (7.62).

5. Let

¢(s) = S ——
" scoshl —sinhl
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and s° be the solution of

$0 ¢(50)
¢'(s°)

(cf. the Examplein Sect. 7.2.2, in particular (7.58), (7.62)).

=tanhl

(@) Show that s° < coth 1. {Hint: consider what s° < ° meansin terms of one
Newton step at ¢° for the equation ¢ (s) = 0.}

(b) Use the bisection method to compute s° to six decimal places. What are
appropriateinitial approximations?

6. Generalizing the Examplein Sect. 7.2.2, let v > 0 and consider the boundary
value problem

% B yi)-H
dx Y2 0<x<1,
dy2 _ 3"
dr )y

0 =1, yi(l) =e

(a) Determine the exact solution.
(b) Solvetheinitial value problem

d [u]_ [u*/u Tuw [t
i ] =Latvla ] o=e=r [ o= 1]

in closed form.

(c) Find the conditionson s > 0 guaranteeing that u;(x), ux(x) both remain
positive and finiteon [0, 1]. In particular, show that, asv — oo, theinterval
inwhich s must lie shrinksto the point s = 1. What happenswhenv — 0?

7. Suppose the Example in Sect. 7.2.2 is modified by multiplying the right-hand
sides of the differential equation by A, and by replacing the second boundary
condition by y;(1) = e*, where A > 0 isalarge parameter.

(@) What isthe exact solution?
(b) What arethe conditionson s for the associated initial value problemto have
positive and bounded solutions? What happensas A — co? AsA — 0?

8. The Jacobian elliptic functions sn and cn are defined by
sn(ulk) = sing, cn(ulk) = cosp, 0 <k <1,

where ¢ is uniquely determined by

u_/¢ do
0 (1—k2sn*0)?
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(8 Show that K(k) := f(,%”(l — k2sin? 9)‘%d(9 is the smallest positive zero
of cn.
(b) Show that

Snulk) = enuik) v T~ RSIURF
Son(ulk) = ~sn(ulk) /T~ RTEnWIRE
(c) Show that theinitial value problem
y" = Asnh(dy), y(0) =0, y'(0)=s (Is| <2)

has the exact solution

S Sn()Lx|k)) K — 52

2
.5) = = sinh™! 1=
y(x;s) = 5 8n (2 cnCAx|k)

4

Hence show that y(x;s), x > 0, becomes singular for the first time when

X = Xoo, Where
K(k)

Xoo =
A
(d) From the known expansion (see Radon [1950], p. 76 and Sect. 7, (1))

4 1

+—(|nL—1)(1—k2)+---,k—>1,
V1i—k2 4\ JV1-k2

K(k)=In

conclude that

8
Xoo ~ —INn — as s — 0.
]

9. It has been shown in the first Example of Sect. 7.2.1 that the boundary value
problem
y'+e¥=0 0<x=<1 y0)=y(1)=0

has a unique solution that is nonnegativeon [0, 1].

(a) Set up afinite difference method for solving the problem numerically. (Use
auniformgridx, = %7, n =0,1,..., N + 1, and the simplest of finite
difference approximationsto y”.)

(b) Write the equations for the approximate vector ™ = [uj,Us, ..., Uy] in
fixed point form u = ¢(u) and find a compact domain D ¢ R such that
¢ 1 RY — RN mapsD into D and is contractivein D. {Hint: use the fact
that the tridiagonal matrix A = tri[l, —2, 1] hasanonpositiveinverse A !

satisfying A [loo < g(N + 1)}
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10.

11.
12.

13.

14.

(c) Discuss the convergence of the fixed point iteration applied to the system
of finite difference equations.

Giventhegrid {x,}*' of (7.79), construct finite difference approximations ),

for O(x,), where 6(x) = ll—z[y(“)(x) —2p(x)y"” (x)], suchthat ®, — 0(x,) =
O(h?) (cf.(7.109)). {Hint: distinguishthecases2 <n < N —landn = 1
resp.n = N.}

Prove Theorem 7.3.4.

Describe the application of Newton’s method for solving the nonlinear finite
difference equations /C,u = 0 of (7.117).

Let A bethe subdivision

A=X0<X| <+ <Xy <Xpp1=b
and S = {s € S%(A) : s(a) = s(b) = 0}.

(&) With [-, -] the inner product defined in (7.130), find an expression for
[uy, u,] interms of the basis of hat functions (cf. Chap. 2, Ex. 72, but note
the differencein notation) and in terms of the integralsinvolved; do thisin
asimilar manner for p, = (r,u,), where (-, -) istheinner product defined
in (7.128).

(b) Suppose that each integral is split into a sum of integrals over each
subinterval of A and the trapezoidal rule is employed to approximate the
values of theintegrals. Obtain the resulting approximationsfor the stiffness
matrix U and the load vector p. Interpret the linear system (7.145) thus
obtained as afinite difference method.

Apply the approximate variational method of Sect. 7.4.3 to the boundary value
problem
=y =r(x), 0=x=<1; y(0)=y() =0,

using for S a space of continuous piecewise quadratic functions. Specifically,
take a uniform subdivision

A O0=xg<x1<x<--<X,_1<XxX,=1, x, =vh,

of [0, 1] into n subintervalsof lengthz = 1/n andlet S = {s € SY: 5(0) =
s(1) = 0}.

(@) How many basisfunctionsis S expected to have? Explain.

(b) Construct abasisfor S. {Hint: forv = 1,2,...,n takeu, = A,_; to be
the quadratic function on [x,—_1, x, ] having valuesu, (x,—;) = u,(x,) = 0,
uu(xu_%) = 1 and define 4, to be zero outside of [x,_, x,]. Add to
these functions the basis of hat functions B, for S(A).}

(c) Computethestiffnessmatrix U (in (7.142)) for the basis constructed in (b).

(d) Interpret the resulting system U& = p as a finite difference method
applied to the given boundary value problem. What are the meanings of
the components of &7?
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15.

16.

17.

18.

7 Two-Point Boundary Value Problems for ODEs

(@) Show that the solution ug of (7.141) is the orthogonal projection of the
exact solution y of (7.138) onto the space S relative to the inner product
[-,]; thatis,

[y —us,v] =0 foradlves.

(b) With ||u]| z denoting the energy norm of u (i.e., ||u]|% = [u, u]), show that
E

2 2 2
Iy —uslz = Iyl = llusllg-

Consider the boundary value problem (7.127) and (7.124). Define the energy
norm by [lul|% = [u,u]. Let A; and A, be two subdivisionsof [a,b] and S; =
{s € SE(A)), s(a) = s(b) = 0}, i = 1,2, for some integers m, k with
0<k <m.

(a) With y denoting the exact solution of the boundary value problem, and A
being arefinement of A,, show that

ly —uslle < lly—usle.

(b) Let A, be an arbitrary subdivision of [a, ] with al grid points (including
the endpoints) being rational numbers. Prove that there exists a uniform
subdivision A; of [a, b], with |A| = & sufficiently small, such that

lu—usllz < [ly —us, e,

where S; are as defined at the beginning of the exercise.

Apply the variational method to the boundary value problem

Ly:=—-py"+qy=r(x), 0<=x=1;
y(0) = y(1) =0,

where p and ¢ are constants with p > 0, ¢ > 0. Use approximants from the
space S = span{u,(x) = sin(verx), v = 1,2,...,n}, and interpret Lug. Find
an explicit form for ug in the case of constant r.

Let y be the exact solution of the boundary value problem (7.123)—(7.125) and
Us the approximate solution of the associated extremal problemwith § = {s €
SNA): s(@a) =sb)=0}and A : a=12x)<x; <+ <Xy < Xyp1 =b.
Prove that

max Om[xv xxv+1] (y/) ’

0<v<n

BSEy

1
”y_uS”oo = 5

where 0sCie ¢)(f) 1= maXy 4] f — Ming 4 f and ¢, ¢ are the constants defined
in (7.134). In particular, show that

1y = slloo = 3/% 1A loo-

{Hint: apply Theorem 7.4.4, in particular, (7.150).}
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19.

20.

Consider the boundary value problem (7.127) and (7.124) with p(x) and g(x)
being positive constants,

p(x)=p>0, g(x) =g >0.

Let S = {s € S)(A) : s(a) = s(b) = 0}, where the subdivision A: a = x( <
X] <Xy <+ <X, < Xp41 = b isassumed to be quasi uniform; that is,

Ax, = xy41 —x, = BIAl, v=0,1,...,n,

for some positive constant 8. (Recall that |A| := maxp<,<, Ax,.) Let U be
the stiffness matrix (cf. (7.142)) for the basisu, = B,,v = 1,2,...,n, of
hat functions (cf. Chap. 2, Ex. 72, but note the difference in notation). Write
ux) =Y"_,&u,(x) foranyu e S,and &7 = [£, ..., &)

(@ Showthaté"UE = [u, u].
(b) Show that |[u'||7, = £TT,&, where T, is a symmetric tridiagonal matrix
with i

1 1
T),, = ,v=1,2,...,n;
(Th),, Ax, + Ax,
1
T)vr1v = (T)vpt1 = — , v=1,....n—1
Ax,

{Hint: use integration by parts, being careful to observe that U’ is only
piecewise continuous.}

(c) Show that ||u||%2 = £TTo&, where T, is a symmetric tridiagonal matrix
with

1
(To)y, = g(AxV,I + Ax,)), v=12,...,n;

1
(To)v+10 = (To)va1 = EAXV’ v=1,...,n—1.

(d) Combine (a)—(c) to compute [u,u] and hence to estimate the Euclidean
condition number cond, U. {Hint: use Gershgorin’s theorem to estimate
the eigenvaluesof U .}

(e) Theanaysisin (d) failsif ¢ = 0. Show, however, in the case of a uniform
grid, that when g = 0 thencond, U < 1/sin” £.

(f) Indicate how the argument in (d) can be extended to variable p(x), g(x)
satisfying0 < p(x) < p, 0 < ¢ < ¢(x) =g onfa,b].

The method of collocation for solving a boundary value problem
Ly=r(x), 0<x=<1; y0)=y(1)=0,

consists of selecting an n-dimensional subspace S C V;, and determining ug €
S such that (Lus)(x,) = r(x,) for adiscrete set of points0 < x; < x; <
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-+ < x, < 1. Apply this method to the problem of Ex. 17, with S as defined
there. Discuss the solvability of the system of linear equations involved in the
method. {Hint: use the known fact that the only trigonometric sine polynomial
Y n—; & sin(vrx) of degreen that vanishesat n distinct pointsin (0, 1) isthe
oneidentically zero.}

Machine Assignments

1. The following eigenvalue problem arises in the physics of gas discharges.
Determine the smallest positive A > 0 such that

1
9"+ -¢' +2p(1—¢)=0, 0<r =<1,
r
(0) =a, ¢'(0) =0, (1) =0,

wherea isgiven,0 < a < 1.

(@) Explainwhy A = 0 cannot be an eigenvalue.

(b) Reduce the problem to an initial value problem. {Hint: make a change of
variables, x = Ar, y(x) = ¢p(x/1).}

(c) Use Maple to determine the Taylor expansion up to the power x® of the
solution y(x, a) to theinitial value problem of (b).

(d) Integrate the initial value problem starting at x = .1, using the Taylor
expansion of (c) to determinethe initial data y (.1, a) and %(.l,a). Usethe
classical Runge—Kutta method (for example, the Matlab routine of Chap. 5,
MA 1(a)) and integrate until the solution y becomes negative. Then apply
interpolation to compute an approximationto A, the solution of y(-,a) = 0,
to an accuracy of about five decimal digits. Prepare a table of the A so
obtained fora = .1 : .1 : .9, including the values of the integration step
h required.

(e) Fora =.1:.1:.9useMatlab to produce graphs of the solutions y (x, a) on
intervalsfromx = 0to x = A, the zero of y. (Determine the endpoints of
these intervals from the results of (d).) Use the Matlab routine ode45 to do
theintegrationfrom.1to A and connect the points (0, a) and (.1, y(.1,«)) by
astraight line segment. (Compute y (.1, a)) by the Taylor expansion of (c).)

2. Theshape of anideal flexible chain of length L, hung from two points (0, 0) and
(1, 1), isdetermined by the solution of the eigenvalue problem

1
V= ATE O () =0, y(1) = 1, [0 VT ()dx = L.
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Strictly speaking, thisis not a problem of the form (7.3), (7.4), but nevertheless
can be solved analytically aswell as numerically.

@
(b)

(©

On physical grounds, what condition must L satisfy for the problem to have
asolution?

Derive three equations in three unknowns: the two constants of integration
and the eigenvalue A. Obtain a transcendental equation for A by eliminating
the other two unknowns. Solve the equation numerically and thus find, and
plot, the solutionfor L = 2,4, 8, and 16.

If one approximately solves the problem by a finite difference method over
auniformgridx) = 0 < x; < xp < -+ < xy < xy41 = 1L, x, = N’—jr]
approximating the integral in the third boundary condition by the composite
trapezoidal rule, asystem of N + 1 nonlinear equationsin N + 1 unknowns
results. Solve the system by a homotopy method, using L as the homotopy
parameter. Since for L = +/2 the solution is trivial, select a sequence of
parameter values Ly = V2 < Ly <--- < L,, and solve the finite difference
equations for L; using the solution for L;_; as the initial approximation.
Implement thisfor thevaluesof L givenin (b), taking asequence{ L, } which
contains these values. Compare the numerical results for the eigenvalues
with the analytic onesfor N = 10, 20, 40. (Usethe routinef sol ve from
the Matlab optimization toolbox to solve the system of nonlinear equations.)

3. Change the boundary value problem of the first Example of Sect. 7.2.1to

y'=—€, 0<x<1, y(0)=y(l)=0.

Then Theorem 7.1.2 no longer applies (why not?). In fact, it is known that the
problem has two solutions. Use Matlab to compute the respective initial slopes
y'(0) to 12 significant digits by Newton's method, as indicated in the text. {Hint:
use approximations s = 1 and s = 15 to theinitial sopes.}

4. Consider the boundary value problem

(BVP) y' =% 0=<x<b: y(0)=0, y(b) =5,

and the associated initial value problem

(IVP) u" =u? u) =0, u(0) =s.

Denote the solution of (IVP) by u(x) = u(x;s).
(@ Letv(x) = u(x;—1). Show that

Vi(x) = —/3V3(x) + 1,

and thus the function v, being convex (i.e., v/ > 0), has a minimum at some
xo > 0 with value Vin = —(3/2)'/? = —1.1447142... . Show that v is
symmetric with respect to theline x = xo.
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(b) Compute x, numerically in terms of the betaintegral. {Point of information:
the beta integral is B(p,q) = fol tP~1(1 — ¢)?~'dr and has the value
INO2INCD)] )

L(pt+q) *
(© Usiva I\%aﬁlab to compute v by solving theinitial value problem

"=V, X0 < x <3x0; V(X0) = Vmin, V(x0) = 0.

v
Plot the solution (and its symmetric part) on —xp < x < 3xo.
(d) Intermsof thefunction v defined in (a), show that

u(x; —s’) = s?v(sx), alseR.

As s ranges over dl the reals, the solution manifold {sv(sx)} thus encom-
passes al the solutions of (IVP). Prepare a plot of this solution manifold.
Note that there exists an envelope of the manifold, located in the lower half-
plane. Explain why, in principle, this envelope must be the solution of a
first-order differential equation.

(e) Based on the plot obtained in (d), discuss the number of possible solutions
to the origina boundary value problem (BVP). In particular, determine for
what values of b and § there does not exist any solution.

(f) Use the method of finite differences on a uniform grid to compute the two
solutions of (BVP) for b = 3x, B = Vo, wherevy, = v(3xy) is a quantity
aready computed in (c). Solve the systems of nonlinear difference equations
by Newton's method. In trying to get the first solution, approximate the
solution v of (@) on 0 < x < 3x( by a quadratic function V satisfying
¥(0) = 0,V (0) = —1, V(3x9) = Vo, and then use its restriction to the grid
as the initial approximation to Newton’s method. For the second solution,
try theinitial approximation obtained from the linear approximationv(x) =
Vox/(3x0). In both cases, plot initial approximations aswell as the solutions
to the difference equations. What happens if Newton’s method is replaced
by the method of successive approximations?

5. The following boundary value problem occurs in soil engineering. Determine
y(r), 1 <r < oo, suchthat

1d d
- ry—y +po(l—=y)=0, y(1)=n, y(c0) =1,
r dr dr

where p, n are parameters satisfying p > 0, 0 < n < 1. The quantity of interest

isg =%
ISO—dr

r=1.

(@) Letz(x) = [y(e")]*. Derive the boundary value problem and the quantity of
interest in terms of z.
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Consider the initial value problem associated with the boundary value
problemin (@), having initial conditions

2(0) = n*, 7(0) =s.

Discuss the qualitative behavior of its solutions for rea values of s.
{Hint: suggested questions may be: admissible domain in the (x, z)-plane,
convexity and concavity of the solutions, the role of thelinez = 1.}

From your analysis in (b), devise an appropriate shooting procedure for
solving the boundary value problem numerically and for computing the
guantity o. Run your procedure on the computer for various values of n and
p. In particular, prepare a five-decimal table showing the values of s and o
forn =0.1(0.1).9and p = 0.5, 1,2, 5, 10, and plot o versus .

Sdlected Solutionsto Exercises

1 (@

(b)

We have Z(1) = A73y'(A731), 2/(t) = A~'y"(A731), 27(t) =
)L_%y’”()t_%t). Put x = A73¢ in the given boundary value problem to
obtain A3z2” + IA3z-22" = 0, that is,

2"+ 127" =0, 0=t < o0.
Theinitial conditionsfor z follow from those for y and the definition of A:
2(0) =7/(0) =0, Z7(0) = 1.

The boundary condition at oo for y’ transformsto z/(oc0) = A3, so that
A = [Z/(c0)]"2. Thus, solving the initial value problem of (a) on [0, co),
we obtain Z/(00), hence A, hence y(x) as the solution of the initial value
problem

y/// + lyy// _ 0
2 - bl
y(0) =)"(0)=0, »"(0)=2

To explore the convergence of Z/(¢) ast — oo, we run the small Matlab
program

%EXVI | _1B1

%

fOo="98. 2f %2.8f\n’;

di sp(’ t zprine')

z0=[0; 0;1]; tspan=[0 5 10 15];

opti ons=odeset (' AbsTol ', . 5e-8);

[t,z] =oded5(@EXVI| _1, tspan, z0, opti ons);
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for i=1:4
fprintf(fO,t(i,1),z(i,2))
end

UEXVI |1
%
function yprinme=fEXVIIl_1(x,Yy)
yprime=[y(2);y(3);-y(1)*y(3)/2];
Theresults

>> EXVII _1Bl1

t zZprime
0.00 0.00000000
5. 00 2. 08544470

10. 00 2. 08553204
15. 00 2. 08553204

>>

show that, for graphical purposes, z/(co) = 2.0855 is an acceptable value
for thelimit. Thus, A = [z’(oo)]‘% = .33204. We can now solvetheinitial
value problem of interest. The program below plots the three components

of thesolution y(x) = [y(x), y'(x), " (x)] on theinterva [0, 5].

%EXVI | _1B2

%

gl obal | anbda

| anbda=. 33204,

y0=[ 0; 0; | anbda] ; xspan=[0 5];

[ x,y] =oded5( @ EXVI| _1, xspan, y0);
plot(x,y)

PLOT
35
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14. (a)

(b)

The space S)(A) has degree of freedom 3n — (n — 1) = 2n + 1, sincethere
aren quadratics having three degrees of freedom each, and n — 1 continuity
requirementsat then —1 interior grid points. Since the boundary conditions
reduce the degree of freedom by two, S has2n — 1 degrees of freedom, and
we expect thisto be the number of basis functionsin S.

Following the Hint, let 4,_;(x), v = 1,2,...,n, be supported on
[x,—1,x,] and a quadratic function there, vanishing at the endpoints of
the support interval and having the value 1 at the midpoint. Let B, (x),
v =1,2,...,n — 1, betheinterior hat functions of those forming a basis
of S(A) (cf. Chap. 2, Sect. 2.3.2, but note the difference in notation). We
claim that

Uu(x) =A4,1(x), v=1,....n; U+,(x) =B,(x),v=1,....n—1,

isabasis of S (it has the correct number of functions). To prove this, we
must show that span(uy, U, ...,Us,—;) = S and that the u, are linearly
independent. Let

n n—1
U(x) =Y cvduo1(x) + Y o By(x).
v=1 v=1

Itisclearthatu € S (notethat Ao(0) = B;(0) =0, A,—1(1) = B,—1(1) =
0), so that span(uy, ..., Us,—1) C S. Conversely, let s € S be an arbitrary
member of S. Then it can be represented in the form above, i.e., S C
span(ug, ..., Uz,—1). Indeed, notethatforv = 1,2,...,n;u =0,1,...,n

Au—l(xu,) = 07 Au—l(le_%) = 8u,u+la

B, (x,) = vy, BV('XMJ,-%) = %(Svu + Gupt1)-

Thus, putting x = x,, wefind s(x,) = cyqp foru = 1,2,...,n -1,
and putting x = x,, 1, we get s(x, 1) = Cut1 + Y ntp + Cotpt1)
for u = 0,1,...,n — 1 (where ¢, = 0). The first set of equations
determines ¢, 41, Cu+2, - .., Cau—1, and the second set (written in reverse
order) determines ¢,,, ¢,—1, ..., c;. Thisproves span(uy, ..., Uy,—1) = S.
The linear independence follows likewise (put s(x) = 0 in the argument
above).
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(c) Straightforward interpolation gives

Ap—1(x) = /%(x — Xy—1) |:1 - %(x - xv—%)i| on [x,—1, %],

v=1,2,...,n,
whereas
X — Xy—1]
T On [xv—lvx\)]v
B,(x) = v=1,2,...,n—1.
Xp41 — X
o T on [Xy, Xp+1]s
h
Hence,

Al (x) = %[(21) —1)h —2x] on[x,—1, x,],

1
7 on [x,—1, Xy],

B (x) =

_E on [x,,,xu+1].

It is clear that the leading n x n diagonal block of U is a diagona matrix,
since [y A}, _,(x)A!,_;(x)dx = 0if v # pand p = 1.q = 0in (7.130).
Its diagonal elements are

1 Xv
/ (A, (x)Pdx = [ %[(21} — 1)h —2x]*dx
0 Xp—1
_ 16 [@v—Dh-2F " 16
ot 3-(-2) ETR

Xp—1

v=1,2,...,n.

Then x (n — 1) block of U consisting of the first n rows and last n — 1
columnsis the zero matrix (and hence also the block symmetric to it). This
iS so because

1
/ A,_(X)B, (x)dx =0 if [u—v[>1,
0

on the next page the integrand being identically zero, and since by
symmetry (seethefigureforv =2andh = 1/4),
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0.8

0.6

0.4}

0.2}

1 1
[ s = [ 4l @Bm
0 0

Woq 1
= A‘,_l ﬁ[(Zv —1h— 2x]}—ldx

4 [@v—Dh—2x]|"
s 2-(=2)

Xy—1

Finally, thelast (n — 1) x (n — 1) diagonal block is tridiagonal, since

1
/ BJ(x)B/,(x)dx = 0 if [u—v| > 1,
0

and
1 2 1 1
[B,(x)]’dx = =, / BL(x)BL,,(x)dv = .
0 h 0 h
Thus,
1D O 16 .
U_Z[OT]’ D_?I,T_trl(—1,2,—1).

(d) Thefirst n componentsof theload vector p (cf. (7.142)) are

1 Xy
R T ] [ CE ] L
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With the change of variable x = x,_; + th, this becomes

1
Py = 4h/ r(x,—1 +thyt(1—0)de, v=1,2,...,n.
0

The remaining components are

: B Xy+41 _
Prtv = /r(x)BV(x)dx =/ V(X) —Ldx +[ r(x)—xVJF}i xdx’
0 x x

v—1

which, by the change of variable x = x, + ¢/, becomes

0 1
Pn+v = h {/ r(x, + th)(1 + t)dt +A r(x, +th)(1 —t)dt},

-1
v=12,...,n—1.

They can readily be interpreted in terms of weighted averages of r over
one or two consecutive subintervals. Indeed, if we introduce the weight
functions

1+t —1<t=<0,

Wo(t) =1(1—1), 0=t =1; wl(t)={1_l 0<7t <1

then, since fol Wy (r)dr = ¢ and f_llwl (t)dr = 1, we can write

1
/ r(xy,—1 + th)wo(t)dt
2 ~ 0

Py = ghfv, 7y = ;
/ Wy (7)dr
0

,v=12,...,n,

and

1
/ r(x, + th)w;(¢)dt

S = 1
pn+v=hr\h ry = ,v=1,2,....,n—1.

/ 1 wi (£)dr
—1

We can now interpret the system of linear equations U§ = p as follows.
First notethat in

n—1

u(x) = st - l(x)+an+uB (x)
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we have from (b) that

U(xy) = Epp, p=12,....n—1,

and

1
U(Xuy) = Bt + 3Gt + e

1
=&u+1 + E(U(xu) +U(x+1), p=0,1,....n— 1.

Thus, writing u, = u(x; ), the meaning of the &-componentsis

1
Ev = UU_% - E(uv—l + uu)7 v=1,2,...,n;

Eiqv=U,, v=12,...,n—1.
By Taylor'sformulacentered at x, 1,
hz
£, = —gu”(xv_%) + O(h*).
Thefirst n equations of the system U§ = p thusare

16

2
ﬁév = ghrw

that is,
—u”(xv_%) =7 +00h), v=1.2,...,n.

The remaining equations are the standard finite difference equations
—(Uy—y —2Uy + Upgy) = K27 + O(h?), v=1,2,....n—1,

whereuy = u, = 0.
19. (a) Wehave

n

[U, U] = nguv, ZEMUM = Z [UU’UH]E\)E# = ETUE
v=1 n=1

v,u=1

(b) We have

b n Xyt
Wz, = | W)Pdx = [U'(x)]Pdx.
L L UZ=0LU
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To each integral in the summation on the right, we apply integration by
parts:

Xp41 Xyt Xy+1
/ (U’ (x)dx = u'u|F —/ u”(x)u(x)dx
Xy Xy

= U/(X\,_H — O)U()C,,_H) — U/()C,) + O)U(X\,),

since U”(x) = 0 on (x,, x,+1). On the interval [xy, x;] one has u(x) =
&1B1(x), hence

U(xo) = 0. u(xy) = &i; u/(xo+o>=u'(xl—o)=ﬁél.

Ontheinterval [x,, x,+1] (1 < v <n—1),0onehasu(x) = & B,(x) +
£v+1By+1(x), hence

1

uCe) ==&, U(xy11) = Evgr: U (x,4+0)=U'(xy41—0) = s &v+1—-6).
Finaly, on [x,, x,+1], onehasu(x) = &, B, (x), hence
1
u(x,) = %-nv U(xp41) =0; U/()Cn +0) = U/()Cn+1 —-0) = _Ax Sn

Therefollows

) 1 i 1 1
Iz, = A—ms%;h—h@m L el G —su>su]+— ;

Axy "

n—1

L L 2 L
= — —_ _2 -
AXOSI + v§=1 Arxy &g — 2508041 + &) + Ax, &,

n—1

n
1 1\ ., 1
= )22y
) (= + 3822 gotbon

v=I

=£T¢.
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(c) We have
Jul2, = / u()Pdr = f ZaB (x)Zs,LB (x)dx
Z E.E, / B, (x) B, (x)dx.

v,u=1

Since fab B,(x)B,(x)dx = 0if [u —v| > 1, the matrix of this quadratic
formistridiagonal, and clearly symmetric. One computes

b W x = xo—g Y xug — x|
B2(x)dx = L I / T2 ) g
/4: V(X) * /x,,_l ( Ax,—1 ) o Xy Ax, *
1 1
= AxH/ tzdt+AxV/ (1—1)%dr
0 0

1
= g(Axu—l + Axy), v=12,...,n

and
/bB (¥)By 11 (x)dx = /x”+' Xpb] —X X — X, dic
; v v+1 - . AXV AXV
! 1
= Axv/(l —tdt = -Ax,, v=1,2,...,n—1.
0 6
Therefollows
lull7, = &' Tok,
as claimed.

(d) We have by (7.130) and the resultsin (b) and (c),

[u.ul = pIu'lIZ, +qlluly, = E"(pTi + qTo)§.

Comparison with (a) showsthat U = pT; + ¢qT. The Gershgorin disks of
the tridiagonal matrix U have centers at

1 1 1
p(Ax\,_l Axu)+§Q(Axv_1+Axv), v=12.....n.
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with respective radii

1 1
— + ZgAx,
prlJqu X

1 1 1
—q (Ax,_ Ax,), =2,...,n—1,
p(AxU_1+AxV)+6q( Xy—1 + Ax,), v n

1
+ _qAxn—l .

pA-xn—l 6

Since by Gershgorin’stheorem all eigenvalues A, of U are contained in the
union of these disks, and arereal, we have

Amax < max {2 ll—l—l +1 2A +A
I RN - —AX X1 ],
max = P\2ax; " Ax ) T29\35%0 :
1 1 1
2 )+ 3a @ Ax), v =20

1 1 1 1 2
2 - —q | Ax,— -A .
p(Axn,1 +2Axn)+2q( Xn 1+3 xn)}

! < l ! v=20,1 n
Ax, — B|A| ’ o
and therefore
S PIIN
BIA|
Similarly,

. 1 1
Amin = mMin{ p A + ol (2Axy + Axy);
0

1
gq(AxU_] 4+ Ax,), v=2,...,n—1;

1
)4 + Eq (Ap—1 4+ 2Ax,); .

Ax,

By the quasiuniformity of the grid and p > 0, we get

1
Amin > §Q/3|A|

Therefollows
Amax - 12p 3

cond, U = < + —.
? Amin 51182|A|2 :8
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(e) Itisclear from (d) that inthecase ¢ = 0 onehas U = pT), and for a

(f)

uniform grid with |A| = h = , by the definition of T,

b—a
n+1

[u,u]=gT§T§, v="2r,

>

where T = tri(—1,2,—1) isatridiagonal matrix of order n with elements
2 on the diagonal and —1 on the two side diagonals. Thus, cond, U =
cond, T . To find the eigenvalues of T, note that the characteristic polyno-
mia 7, (1) = det(T — AI) satisfies

Tt () = Q=DM — e (A, k=0,1,....n—1,
(A =0, m(d) = 1.

Hence, in terms of the Chebyshev polynomia 7, one has (cf. Chap. 2,
Sect. 2.2.4, (2.83))

1 1
m(A) =T, (1 - 5/‘\) ., n>2; m(d)=2T, (1 - EA) .

For the eigenvalues A, we thereforehave 1 — 14, = cos 24—, thus,

v — L 2v—1m
A, =2(1-cos ) =4s8n —, v=12,...,n.
2n 2n 2
It follows that
2n—1m T T
Amax = 4sin? — =4c08 —, Amin=4sn —,
mex 2n 2 4n min 4n
and

T
cond, U = cot® — .
4n

In particular, cond, U < 1/sin* £ .
In (7.130) use the mean value theorem of integration to write

[u.ul = p@&IVIZ, +alulz,.

Hence, p and ¢, throughout the argument in (d), can be replaced by p(§)
and ¢ (n), respectively. Theresult is

12p 3
conbh U < ————— + —.
B lAl> B
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Selected Solutionsto Machine Assignments

1 (3

(b)

(©

If A =0, then

giving
() =ciInr +c;

with constants ¢y, ¢,. Thefirst condition ¢(0) = a requiresc; = 0, ¢, = a,
hence ¢(r) = a. This contradictsthe third condition, ¢(1) = 0, sincea > 0.
With the suggested change of variablesx = Ar, y(x) = ¢(x/1), we have

dy 1, ¢y 1,
a—z‘ﬂ (x/A), W‘ﬁ‘” (x/A).

Putting r = x/A in the boundary value problem, we get

Azdy+& 2 aa-y) =o.

dx2 dx

¥(0) =a, d—ym) =0, y(1) =0,
X

that is,

&y | 1dy
—_ 1 _ —
e Tin T y(—y)=0,

_ W
y(0) =a, dx(O)—O.

Thus, we need to integrate this initial value problem until the solution y
vanishes for the first time. The corresponding value of x is the desired
eigenvalue.

PROGRAM ( Mapl e)

eq: =di ff(y(x),x, x)+(1/x)+di ff(y(x),x)+y(x)=*(1-y(x))=0;
ini:=y(0)=a, D(y)(0)=0;

Order: =10;

sol : =dsol ve({eq,ini},{y(x)},type=series);

p: =convert (sol, pol ynon);
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The results produced for the coefficients co, ¢1, ¢2,... iIn y(x,a) = ¢o +
c1x + cpx?. .. are

cpr=c3=cs=c7=0,

co=a,

1
= —a(l —a),
c 4a( a)

1
cq = aa(l —a)(1 —2a),

c6 = a(l —a)(1 —8a + 8a?),

2304
R
T 147456

cs a(l —a)(1 —2a)(1 —26a + 26a>).

(d) We use cubic interpolation (which has the same order O(h*) of error asthe
Runge—Kutta method) and add one more integration step after the solution
has become negative to make the interpolation problem more symmetric.

PROGRAMS

9%AVI I _1D
%
fOo=" 9. 2f 99.5f 9%1.4e\n’;
disp(’ a lanbda h’)
y=zeros(4,1);
for a=.1:.1:.9
h=.01; |aml=0; errlanrl;
whil e errl anp. 5e-5
h=h/2; | anD=l aml; x=.1,
y(2)=yMAVI | _1(x-2xh, a);
y(3)=yMAVI | _1(x-h, a);
[y(4),yl] =yMAVI | _1(x, a);
ul=[y(4);y1]; u=1,
while u>0
uO=ul; y(1l:3)=y(2:4);
ul=RK4( @ MAVI | _1, x, u0, h);
y(4)=ul(1); u=y(4); x=x+h;
end
y(1:3)=y(2:4);
Uu2=RK4( @ NMAVI | _1, x, ul, h);
y(4)=u2(1); p=[(-y(1)+3+y(2) ...
-3xy(3)+y(4)) /6 (2xy(1)-5+y(2)
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+4xy(3)-y(4))/2 (-11xy(1) ...
+18xy(2)-9*y(3) +2xy(4))/6 y(1)];
r=roots(p); |aml=0;
for k=1:3
if 1<r(k) & r(k)<2
I aml=x+(r(k)-3)*h ;
end
end
if lanml==0
fprintf([ interpolant not in
"range for a=%.2f\n’], a)

return
end
errl amrabs( 1l aml- | anD) ;
end
fprintf(fO0,a,lamnt, h)
end
9%FMAVI | _1

%
function yprime=fMAVI | _1(x,y)
yprime=[y(2);-y(2)/x-y(1)*(1-y(1))];

WMAVI | _1

%

function [y, yl] =yMAVI | _1(x, a)

y=a- (1/ 4)xax(1-a)*x"2+(1/ 64) xax(1-a)*(1-2+a)*x"4-(1/2304) ...
*ax(1l-a)*(1-8ra+8xa” 2)*x" 6+(1/ 147456) xax(1-a)*(1-2+a) ...
*(1-26xa+26*a" 2) *x" 8;

yl=-(1/2)*a*(1-a)*x+(1/16)*ax(1-a)*(1-2xa)*x"3-(1/384) ...
*ax(1l-a)*(1-8+a+8xa”2)*x" 5+(1/18432)xa*(1-a)*(1-2+a) ...
*(1-26+a+26*a"2)*x"7;

QUTPUT
>> MAVI | _1D
a | anbda h
0.10 2.49725 4.8828e-06
0.20 2.60240 4.8828e-06
0. 30 2.72378 4.8828e-06
0. 40 2.86654 4.8828e-06
0.50 3.03864 4.8828e-06
0. 60 3. 25347 4.8828e-06
0.70 3.53610 4.8828e-06
0. 80 3.94284 4.8828e-06
0.90 4.65326 4.8828e-06

>>
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()
PROGRAM
WAV | _1E
%

endpoi nt =[ 2. 497; 2. 602; 2. 724; 2. 867,
3. 039; 3. 253; 3. 536; 3. 943; 4. 653] ;

hol d on
for ia=1:9
a=i ax. 1;

[y,yll]=yMAVI| 1(.1, a);

uO=[y;yl]; xspan=[.1 endpoint(ia)];
[ x, u] =oded45( @ MAVI | _1, xspan, u0);
plot(x,u(:,1))

plot([0 .1],[a y])
end

plot([0 5],[0 0])
axis([0 5 -.1 1])
hol d of f

PLOTS

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0

-0.1

0 05 1 15 2 25 3 35 4 45 &
4. (a) Thefunctionv(x) = u(x;—1) satisfies

1 d
2 dx

/2_113
) _3dxv’

which, when integrated from 0 to x, and using v(0) = 0, V'(0) = —1, gives

WP~ 1= 3¢,
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(b)

(©
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that is,

V(x) =£/3V(x) + 1.

Sincev hasanegativeslopeat x = 0, andv(0) = 0, itinitially decreasesand
becomes negative. Therefore, in the formulaabove, we must take the square
root with the minus sign. This proves the assertion. Let v(xo & t) = 25 (¢).
Both functions z* satisfy the same differential equation z/ = z> with the
same initial conditions z(0) = Vmin, Z(0) = 0. Hence, they are the same,
zt(t) =z~ (1), proving symmetry of v with respect to the line x = x,.
From part (a) we have

1
—\/3V3 41, =,
NEVE!

from which therefollows, sincex = 0 forv = 0,

/V dr
- .
0 /§t3 + 1

x=x(\V):=—

Since xo = x (Vmin), We get

Vmin dr [Vimin| 3 1/3
_/ —_ = / [Vimin| = .
LY L ‘/1——1

The change of variables 3 3 = 1, dr = (18)7/3t=/ds yields

1
a3 [ =23 12 — (ev-13pel 1y NV T(A/3)
xo = (18) /0 7P (A=)t = (18) " /°B(3. 5 (18)1/3 TG/6)
since'(1/2) = /7. With the Matlab command
x0=sqrt (pi)*gamma(1/3)/ (18" (1/3)*gamma(5/6))

one computes
xo = 1.605097826619464.

PROGRAM

%VAVI | _4C

%

x0=1. 6050978; vm n=-(3/2)"(1/3);
vspan=[ x0 3*x0]; vO=[vnin;0];
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opt i ons=odeset (' AbsTol ', . 5e-8);

[ x, v] =oded5( @ MAVI | _4C, vspan, v0, opti ons);
v(size(v,1),1)

hol d on

plot(x,v(:,1))

pl ot (2*x0-x,v(:,1))

hol d of f

% MAVI | _4C

%

function vprime=f MAVI | _4C(x, V)
vprime=[v(2);v(1)"2];

PLOT

2.5¢

X

|
[
[
T

2 1 0 1 2 3 4 5
(d) Letu(x) = s>v(sx). Then

2
2l = s (sx) = sV (sx) = %,
x

showing that u satisfies the differential equation of (IVP). Furthermore,

u(0) =0, iu(x) =5V (sx)| 0= —s3.
dx x=0 =

Therefore, u(x) = u(x; —s*) asclaimed.
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PROGRAM

% MAVI | _4D
%
x0=1. 6050978; xf=3*x0;
vspan=[ x0 3*x0]; vm n=-(3/2)"(1/3);
vO=[vm n; 0]; options=odeset(’ AbsTol’,.5e-8);
[ X, v] =oded45( @ MAVI | _4C, vspan, vO, opti ons);
hol d on
for s=-2:.2:-.2
sx=x0:.01: xf;
vsx=interpl(x,v(:,1),sx,spline);
Xs=sx/s;
pl ot (xs, (s”2)*vsXx);
sx=x0:-.01:-x0
Xs=sx/s;
pl ot (xs, (s 2)*vsX);
axis([-15 15 -6 10])
end
for s=.2:.2:2
sx=x0: . 01: xf;
vsx=i nterpl(x,v(:,1), sx,spline);
Xs=sx/ s;
pl ot (xs, (" 2) *VvsX)
sx=x0:-.01:-x0
XS=sX/s;
pl ot (xs, (s~ 2)*vsXx);
axis([-15 15 -6 10])
end
hol d of f

PLOTS
101

8t

6F

-2}

-4}

-15 -10 -5 0 5 10 15
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(€

®

If y = e(x) isthe equation of the envelope, and v(x; s) := s?v(sx), then for
each x € R there must exist an s such that

e(x) =v(x;s) and €(x) =V(x;s),

where prime means differentiation with respect to x. If the first equation is
solved (in principle) for s asafunction of x and e, andtheresult s = s(x, e)
substituted into the second equation, there results the (rather complicated)
differential equation

e’ =V (x;s(x,e)).

If the point (b, B) liesin the domain above the envelope, there are exactly
two solutions of (BV P), one touching the right-hand border of the envelope,
the other the left-hand border. If (b, 8) lies on the envelope, there is exactly
one solution, the one touching the envelope at the point (b, B). If (b, ) lies
in the domain below the envelope, there cannot exist any solution.
Giventheuniformgrid A : xo =0 < x; < -+- < Xy < Xy41 = 3xo, With
|A] = h = 3x9/(N + 1), the simplest difference equations are

U,,_1—2U,1+U,1+] :hzui, n = 1,2,...,N,
Up =0, Uy41 = Vo.
Writing # = [uj,Uy,...,uy]" and letting A = tri(1,—2,1) be the

tridiagonal matrix of order N with elements —2 on the diagonal and 1 on
the side diagonals, the system of difference equations can be written as

f() =0, f(u):=Au—h*u*+voey,

whereu? = [u},u3,...,u3]Tandey = [0,0,...,0,1]". The Jacobian of f
is
fu(w) = A —2h*diag(u),

where diag(z) isthe diagonal matrix with diagonal elementsuy, u,, ..., uy.
Newton’s method therefore takes the form

uli T =gl gl o @a = @™y, i =0,1.2,...,

where «® = [ul” ¥ T W = G(x,) resp. Ul = v(x,). The
functionsV, V determining the two initial approximationsare

- Vo + 3xp _ Vo
V(x) = Gro)? x2—x, V(x)= 3—xox
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The program implementing this method with N = 50 and accuracy
tolerance 5y = .5 x 1078, and with initial approximations as suggested, is
shown below.

PROGRAM

% MAVI | _4F
%
N=50; eps0=. 5e-8§;
x0=1. 6050978; v0=2.2893929;
h=3%x0/ (N+1) ; h2=h"2;
uO=zeros(N, 1);
A=zeros(N);
e=eye(N);
eN=e(:, N)
hol d on
for i=1:2
for n=1: N
if(i==1)
uo(n) =n*h*(-1+((n*h)/(3+x0))
*(1+v0/ (3+*x0)));
el se
u0( n) =n*hxv0/ (3*x0) ;
end
A(n, n)=-2;
i f(n<N)
A(n, n+1) =1;
A(n+1, n) =1;
end
end
uOp=[ 0; uo; vO] ;
plot(udp,’--");
axis([0 55 -1.5 2.5])
plot([0 55],[0 0])
ul=u0; uO=zeros(N, 1);
i t=0;
whi I e(nor m(ul-u0, i nf)>eps0 & it<20)
it=it+1;
u0=uil;
u2=u0." 2
f =Axu0- h2* u2+v0*eN
J=A-2xh2xdi ag(u0) ;
d=J\f;
ul=u0-d;
end
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ulp=[ 0; ul; v0];
pl ot (ulp);
text(26,-1,  1st solution’,’ FontSize , 14)
text(21,.6, 2nd solution’,’ FontSize’' , 14)
end
hol d of f

When applying this routine, we get rapid convergence (within five to six
iterations). Plots of the answers are shown below. The dashed linesareinitial
approximations.

25F
2
1.5

1k

-0.5- NS 2
-1F 1st solution
-15 L L L L L L L . . . )
0 5 10 15 20 25 30 35 40 45 50 55

The method of successive approximations, described by
T = A7 (R @) —vpey), i =0,1,2,...,

does not converge, neither for N = 50 nor for N = 20, 10, or 5.
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contractive, 284, 511
Maple, xxi, 441
Mathcad, xxi
Mathematica, xxi, 29, 195
Matlab, xxi
double precision, 7
matrix
condition number of a, 22
diagonally dominant, 107
eigenvalues
computation of, 30
of condition numbers, 14
symmetric tridiagonal
charateristic equation of a, 261
charateristic polynomial of a, 264
matrix norm, 14



Index

maximum principle, 452
mean value theorem, 167
of integration, 166, 177, 188
measure
continuous, 58, 59
Dirac, 58
discrete, 58, 59, 72, 123
support of, 58
symmetric, 71
mechanics, 325
method
of bisection, 261, 274
of false position, 266
asymptotic error constant for, 268
linear convergence of, 268
Matlab program for, 267
of interpolation, 182, 183, 185, 187
of Sturm sequences, 261, 264, 265
linear convergence of the, 266

of undetermined coefficients, 182, 183, 186

robust
at the level of machine precision, 263
method of chasing, 510
method of deferred corrections
local use of
in finite difference methods, 511
method of difference-correction, 499
method of false position, 269
exceptionally slow convergence of, 268
extension to systems of equations, 289
generalizations to systems of equations,
287
history of, 288
method of lines, 327
text on the
with Fortran programs, 372
method of quasi-linearization, 510
method of successive iteration, 503
METOD PROGONKI, 510
metric, 32
midpoint rule
for differential equations, 404, 407
Peano kernel of, 407
truncation error of, 408
local use of
in finite difference methods, 511
modified
for differential equations, 454
of integration, 202
Milne estimator, 415, 454
global validity of, 455
Milne's method, 454
minimization problem
unconstrained quadratic in R”, 507

581

minimization problems, 288
model problem, 361, 450
scalar, 450
monosplines, 197
Monte Carlo methods, 197
textson, 197
mother wavelet, 115
Moulton’s predictor—corrector method, 453
Muller’'s method, 287, 290
multistep formulae
of maximum algebraic degree, given their
characteristic polynomials, 433
pairs of equilibrated, 438
multistep methods, 332, 399, 450
§2-degree of, 402
A(w)-stability of, 452, 456
A-stability of, 450, 451
Adams-type, 408
algebraic degree of, 404
algebraic degree vs. order of, 406
asymptotic global error estimates of,
426
characteristic equation of, 425
characteristic polynomial of, 420
consistency of, 402
convergence and stability theory of
text on, 453
convergence criterion for, 424
convergence of, 424
error constant of, 407, 426, 427
analytic determination of the
local, 435
analytic determination of the global,
435
example of strong instability of, 405
examples of, 408
explicit, 400
for stiff problems
codes of, 455
text on, 455
global description of, 416
global error of
asymptotic behavior of the, 426
asymptotic expansion of the, 454
implicit, 400, 401
successive iteration in, 400
index of, 399
involving derivatives, 373
irreducible, 450
linear functional L associated with, 404,
433

represented in terms of its Peano kernel,

406
linear operator L, associated with, 402



582

multistep methods (cont.)
local description of, 399
local truncation error of
bounds for the, 407
nonlinear stability and convergence of, 456
of algebraic degree p
truncation error of, 406
of order p
order estimate of the global error of,
425
on nonuniform grids
stability and convergence theory of, 454
one-legged, 456
order of, 402
polar pairs of, 455
polynomial degree of, 404
analytic characterization of the, 433
principal error function of, 402
explicit formulafor the, 406
reduced, 436
region of absolute stability for, 452
residual operator R, of, 401, 420
stability of, 420
criterion for the, 420
starting procedure for, 400
step number of, 399
strong instability of
concept of, 454
truncation error of, 402, 405
when the associated functional L is
definite, 406
variatinal differential equation for, 430
weak stahility of, 454

N
NAG library, xxi
Netlib, xxi
Newton increment
modified, 292
Newton step, 282, 483
double, 283
Newton's formula, 93, 96, 98-101
coefficients in
for Hermite interpolation, 98
error of, 99
Newton’s interpolation formula, 98, 107
Newton's iteration
error in, 277
Newton's law, 330
Newton's method, 274, 275, 279, 281, 282,
291, 401, 453, 483, 484, 503, 510,
511
accelerated, 282, 291
applied to algebraic equations, 280

Index

asymptotic error constant of, 278
complexity analysis of, xxiii
criterion for global convergence of, 276
cubically convergent modification of, 290
cyclein, 275
discretized, 289
doubly-relaxed, 299
efficiency index of, 278
example of global convergence of, 275
example of loca convergenc of, 275
example of slow convergence of, 276
for systems of equations, 284, 285, 286
quadratic convergence of, 286
for systems of nonlinear equations, 291
global convergence results for
in higher dimension, 290
history of, 289
ininfinite-dimensional spaces, 290
in parallel shooting, 491
in shooting methods, 483, 485, 487
local convergence of, 278
Matlab program for, 276
quadratic convergence of, 278
second-order convergence of, 280
Newton’s second law, 325
Newton—Cotes formula, 170, 196, 368
classical, 198
computer program for, 198
weighted
algorithms for computing the, 198
positivity of the, 216, 232-247
Newton—Cotes quadrature formula
two-point, 172
Newton—Kantorovich method, 510
Newtorn—Raphson method, 289
node polynomial, 170
nodes
limit distribution of, 116
nonlinear functionals
examples of, 184
Nordsieck-type methods, 373
normal equations, 106
algorithm for computing
the solution of, 64
cancellation problem in the
solution of, 63
for the least squares problem, 61
ill-conditiioning of, 63
number system
binary, 2
numerical agorithms
collection of general-purpose, xxi
numerical anaysis
handbooks of, xxiii



Index

history of, xxiii
journalsin, xxvi
software for, xxi
surveys on, xxiii
texts on, xxi

numerical linear algebra
texts on, xxiv

o
ODE, see ordinary differential equations
one-step and multistep methods
unified treatment of, 373
one-step methods, 332, 343, 399, 450
A-stability of, 362
criterion of, 366
A-stable, 360
applied to the model problem, 361
asymptotic global error estimates of, 347
consistency of, 334, 344, 348
necessary and sufficient condition for,
334
convergence of, 333, 344, 347, 348
embedded, 356
error accumulation in, 358
exact order of, 334
global description of, 333, 343
global error of, 333
asymptotic behavior of the, 349
estimates of the, 352
local description of, 333
local tolerance level in, 359
local truncation error vs global
error in, 357
monitoring the global error of, 352
order of, 334
principal error function of, 334, 348, 352
estimates of the, 354
region of absolute stahility for, 370
residual operator R;, of, 344
second-order two-stage, 339
principal error function of, 340
single step of, 333, 333
stability criterion for, 345
stability inequality for, 345
stability of, 333, 344
step control in, 352, 359
truncation error of, 333
variable-method codes for, 376
variational differential equation for, 352,
375
operator
linear symmetric, 504
operator norm, 14

583

optimal control problems, 325
optimization, 195
texts on, Xxiv
order of convergence, 259
order star theory, 377
on Riemann surfaces, 456
order stars
applications of, 377
order term O( ), 190, 402
ordinary differential equations
initial value problems for, 325
numerical solution of
textson, 371
solution by Taylor expansion of, 195
orthogonal polynomials, 69, 69
computation of, 115
discrete, 69
as interpolation polynomials, 73
method of, 114
discrete orthogonality property of,
207
interlacing property of the zeros of, 207
of Sobolev type, 114
reality and simplicity of the zeros of, 207
recurrence coefficients for, 70, 176
standard text on, 115
Sturm property of, 264
symmetric, 71
table of some classical, 177
three-term recurrence relation for, 70
orthogonal systems, 59, 60, 63, 65
examples of, 67
linear independence of, 61
orthogonality
defined implicitly, 257
of functions, 60
orthonormal polynomials
three-term recurrence relation for, 123
Ostrowski’s theorem, 281, 291
overflow, 4, 28

=]
Padé approximation
textson, 377
Padé approximants, 362
to the exponential function, 360
explicit formulae for, 363
properties of, 364
Padé approximation
to the exponentia function, 362
parallel computation, xix
parallel computing
texts on, xxiii



584

partia differential equations
numerical solution of
texts on, xxv
Peano kernel, 188
definite of order r, 188
of the functional L associated with a
multistep method, 406
PECE method, 413
characteristic polynomial of, 424
local truncation error of, 415
estimate of, 415
order of, 414
principal error function of, 414
residual operator R, of, 424
truncation error of, 414
Milne estimator of, 415
phase plane, 488
polynomial interpolation, 73
theory of, 159
polynomials
s-orthogonal, 198, 257
with respect to a positive measure,
257
algebraic, 67
algorithm for evaluating, 281
algorithm for evaluating the
derivative of, 282
and trigonometric functions
as gauge functionsin £2,,, 453
completeness in the L o, norm of, 67
deflated
coefficients of, 282
deflation algorithm for, 281
discrete orthogonal, 69
division algorithms for, 280
with quadratic divisors, 282
orthogonal, 69, 69
problems of conditioning
involving, 30
properties of interest in applied
anaysis of, 113
trigonometric, 167
Pontryagin maximum principle, 325
positive definiteness
of amatrix, 62
power
truncated, 117
power orthogonality, 257
power series expansion
truncated, 332
predictor—corrector methods, 413
Adams-type
Nordsieck’s formulation of, 455
practical codes based on, 455

strategies for step and
order control of, 455
convergence criterion for, 426
error constant for the corrector
formula of, 429, 430
globa error of
asymptotic behavior of the, 430
asymptotic estimate of the, 430
Milne estimator for the, 430
regions of absol ute stability of, 456
self-starting Adams-type, 455
stability of, 424
problem
computer solution of a, 30
initia value
associated with a boundary
va ue problem, 255
of apportionment, 8, 30
of resonance, 254
two-point boundary value, 254
product integration
of multiple integrals, 199
projection methods
application of
to two-point boundary value
problems, 512
convergence analysis of, 512

Q
QD algorithm, 290
QR algorithm, 177
quadature formulae
optimal, 197
Quadpack, 197
quadratic equation, 32
solving a, 29
quadratic form, 62
positive definiteness of, 62
quadratic interpolation
on equally spaced points
error of, 79
quadrature
weighted, 165
quadrature formula
degree of exactness of, 169
interpolatory, 169
of maximum degree of exactness, 170
weighted, 169
exact for rational functions, 210
quadrature rules
exact for all solutions of alinear
homogeneous differential
equation, 197

Index



Index

with multiple nodes, 198
quadrature schemes

convergence acceleration of, 165
quantum mechanics, 325
quasi-Newton methods, 287, 292, 511

R
rational arithmetic, 5
rational functions, 56
real numbers, 2
abstract notion of, 28
axiomatic approach to, 2
development of the concept of, 28
recurrence coefficients
table of, 199
reference solution, 333, 344, 357
derivatives of, 336
regulafasi, 289
relative error, 6
relaxation parameter, 501
Remez agorithms, 112
reorthogonalization, 511
residual operator R, 344, 401
residual operator Ry, 420, 429
in terms of the truncation error, 344
of multistep methods, 401
of one-step methods, 344
Richardson extrapolation, 191, 199, 499
local, 354
repeated, 191
Riemann sums, 44, 86, 159, 359
Rodrigues formula, 71, 72
Rolle's theorem, 78
Romberg integration, 190, 195, 218
aclassical account of, 199
Romberg schemes
for other sequences of composite
trapezoidal rules, 199
root condition, 416, 419-421, 424, 427,
440442, 444, 447
for linear difference equations, 418
roots
qualitative properties of, 254
roots of unity, 196
Rouché's theorem, 365
derivation of, 377
rounding, 1,5
by chopping, 6
symmetric, 6, 7
roundoff errors, 1
statistical theory of, 453
Routh—Hurwitz criterion, 364
derivation of, 377

Runge phenomenon, 154
Runge's example, 84, 116
Runge—Kutta formula
classical, 342
implicit r-stage of maximum
order 2r, 368
A-stability of, 368
Runge—Kutta formulae
4(5) and 7(8) pairs of
regions of absolute stability for, 378
embedded, 356
4(5) and 7(8) pairs of, 376
implicit, 367
pairs of, 356
Runge-Kutta method, 341
r-stage, 341
Butcher array for, 374
consistency of, 341
quadrature order of, 374
stage order of, 374
algebraicaly stable, 376
contemporary work and history of the,
375
explicit
maximum attainable order of, 342
of orders twelve and fourteen, 373
explicit p-stageof order p, 1 < p <4
region of absolute stability for, 370
explicit r-stage, 341
Gauss-type, 377
implicit
constructed by collocation, 374
continuous, 375
efficient implementation of, 377
implicit r-stage, 341
of order p, 368
implicit Gauss-type, 377
semi-implicit, 375
semi-implicit r-stage, 341
stability function for ageneral, 376
Runge—Kutta methods, 400
Butcher’s theory of, 375
simplified version of, 375
local use of
in finte difference methods, 511
Runge-Kutta—Fehlberg formul ae, 356
Runge—K utta—Rosenbrock methods, 377

S
S‘f 105
basis of, 104
dimension of, 104
Sk (a), 102

585



586

s-orthogonal polynomials, 198, 257
with respect to a positive measure, 257
scaling
of the independent variable, 334
Schrodinger’s equation, 325
Schwarz's inequality, 59, 505
Schwarzian derivative, 301
scientific computation, xix
scientific computing
texts on, xxiii
scientific notation, 3
secant method, 269, 277
efficiency index of, 273
extension to systems of eguations, 289
generalizations to systems of
equations, 287
history of, 289
local convergence of, 270
Matlab program for, 273
order of convergence of, 272
series expansion
truncated, 332
Shanks transformation, 288
Shannon sampling and interpolation
theory, 113
shooting, 483, 485, 510
backward, 492
forward, 492
multiple, 492
one-sided, 492
ordinary, 491
difficulties inherent in, 490
limitations of, 485
origin of the term, 511
parallel, 491, 494, 511
motivation for the name of, 492
various versions of, 511
simple, 511
two-sided, 493
shooting methods, 256, 288, 510
difficulties inherent in, 486
an example for the, 486
for linear systems, 485
for nonlinear systems, 485
Simpson's formula, 342, 343
composite, 166
Simpson’s rule, 165, 167
composite, 167
elementary, 166
for differential equations, 436, 447, 454
sinc functions, 42, 113
single-method schemes, 344
SIRK methods, 375
A-stable, 377

Index

Slatec, xxi
smoothing
involving cubic splines, 117
Sobolev inner product, 114, 136
Sobolev orthogona polynomials, 114
software packages
for ordinary differential equations, 330
specia functions, 326
numerical approximation
and software for, 113
theory of, 325
spline functions
asabasic tool of approximation, 113
of degree m
and smoothness class k, 56, 102
spline interpolant
complete cubic, 137, 509
convergence of natural, 118
natural cubic, 137
not-a-knot
error of, 118
periodic
error bounds of, 118
splines
complete
error bounds of, 117
cubic, 107
multivariate, 113
natural
minimum norm property of, 118
origin of the name, 112
textson, 113
spring
with large spring constant, 360
stability
concept of, 454
of multistep methods, 420
of one-step methods, 344
stability function, 361
relative, 377
stability inequality, 345, 348, 351, 420, 424,
429
statistical computing
texts on, xxiv
Steffensen’s method, 278
step control mechanisms, 326
Stieltjesintegral, 58
Stieltjes polynomial, 198
Stieltjes procedure, 70
tiff equations, 328, 455
stiff problems, 341, 441, 450, 453, 454
text on, 376
stiff stability, 376
stiff systems, 401



Index

stiffness, 450, 453
of adifferential equation
problem, 333
of differential equations, 360
phenomenon of, 361
stiffness matrix, 507, 509
Stirling's formula, 34, 129
stopping rule, 261
Sturm sequences, 261, 264, 288
Sturm’s theorem, 264, 264, 288
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